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Abstract. We consider the problem of iterates in some spaces of ultradiffer-
entiable classes in the sense of Braun, Meise and Taylor. In particular, we
obtain a microlocal version, in this setting of functions, of the “Theorem of
the iterates of Kotake and Narasimhan”.
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1. Introduction and notation

Let us first recall some classical results. Let {L,, }nen be an increasing sequence of
positive numbers such that Lo =1, N < Ly and Ly1 < ¢Ly for some ¢ > 0 and
for every N € N. As in [H], for an open subset ) C R" we denote by CZ(Q) the
set of all u € C°°(£) such that for every compact set K C €, there is a constant
C > 0 with

|Du(z)| < ClIHILY Vo€ K, a €N, (1)

where Ny := NU {0}.

When Ly = N + 1 this is the space A(f2) of real analytic functions in €;
when Ly = (N + 1)* for some s > 1, then CL(Q) is the space G*() of Gevrey
functions of order s in 2.

The problem of substituting in (1) the derivatives of u by the iterates PY of
a fixed linear partial differential operator P, is known as the “problem of iterates”.

It was first solved by Komatsu in [K] in the analytic class A(Q2), for a generic
elliptic operator P(D) of order m with constant coefficients, proving that u €
C> () is real analytic in  if and only if for every compact set K C Q) there is a
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constant C' > 0 such that
||PN’U,HL2(K) < CN+HLNNm VN € N.

Then Kotake and Narasimhan extended, in [KN], this result to the case of
an elliptic operator P(z, D) with real analytic coefficients in €2: this is well known
as the “Theorem of the iterates of Kotake and Narasimhan”.

Then Newberger and Zielezny considered in [NZ] the Gevrey case, for a hy-
poelliptic operator P(D) with constant coefficients. The case of Denjoy—Carleman
classes was considered by Lions and Magenes in [LM].

Later Bolley, Camus, Mattera and Rodino looked for a microlocal version of
the problem of iterates in [BCM], [BC], [BCR]. More precisely, they considered,
for s € R and P(x, D) a linear partial differential operator of order m with real
analytic coefficients in €2, the space C'Z(£2; P) of all distributions u € D'(Q) such
that for every compact set K C € there exists a constant C' > 0 with

||PNU||H5(K) < CN_HLm% VN € Np.

They define then C*(Q; P) := J,cx CF(Q; P) and prove that u € C*(V; P) for
a neighborhood V of z if and only if there exists a neighborhood U of zy and a
sequence {fn}nen C E'(R2) such that

fn = PNy inU

Fv(@ < CNPLTNA+E)Y YN EN, £€R,
for some C > 0 and M € R, where fN is the Fourier transform of fy.

Starting from this result they could define the wave front set WF (u; P)
of u € D'(?) with respect to the iterates of P as the complement of all points
(x0,&0) € @ x (R™\ {0}) such that there are a neighborhood U of z(, an open
conic neighborhood T of &, and a sequence {fn}nen C () with

fn=PNu inU
() < OV Ly + [E)™NFY VN EN, £€R",

[Fn(€)] < CNHLER (1 + g™ YN EN, €T,
for some C' > 0 and M € R.
Then
WEF(u; P) € WFL(Pu) C WFp(u) C WFL(u; P)UX, (2)

where WF 1, (u) is the classical wave front set as defined by Hérmander in [H], and
3. is the characteristic set of P defined by

L= A{(z,§) € @ x (R"\{0}) : Pp(x,8) =0} (3)
for P, the principal part of P.

Remark 1.1. If P is elliptic then 3 = () and (2) gives a microlocal version of the
“Theorem of the iterates of Kotake and Narasimhan”: WF (u; P) = WF(u).
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Recently, the problem of iterates and the wave front set with respect to the
iterates have been considered, in [J1], [J2] and [BJJ], also in some classes of non-
quasianalytic ultradifferentiable functions in the sense of Braun, Meise and Taylor
[BMT]. To be more precise, we recall from [BMT]:

Definition 1.2. A weight function is a continuous increasing function w: [0, +00) —
[0, +00) with the following properties:

(o) 3L > 0s.t. w(2t) < L(w(t) + 1) Vt > 0;

(7) logt = o(w(t)) as t — +o0;

(8) ¢: t— w(e!) is convex.

We say that w is non-quasianalytic if it also satisfies:

+o0 w
(8) /1 1) 4t < too.

t2

Assuming, without any loss of generality, that w|jo,1) = 0, the Young conjugate

©* 1 [0,+00) = [0,400) of ¢ is then defined by
" (s) := sup{st — o(t)}.
>0

It is a convex function and ¢*(s)/s is increasing and tends to infinity as s — +oo0.

The space of w-ultradifferentiable functions of Roumieu type is defined by

Ey(Q) ={ueC™Q): VKcCcQ3IkeN, c>0st.

sup [D%u| < cer? 12M) vo e N2 1.
K

The space of w-ultradifferentiable functions of Beurling type is defined by
Ew( Q) ={ueC>®(): VK ccQ, Vke N3¢ >0s.t.
sup |DYu| < cre®® (%) va € NG}

For a linear partial differential operator P(D) with constant coefficients, we
defined in [BJJ] (see also [J1]) the spaces

Efn( Q) :={ueC>(): VKCCQIkeN, c>0st.

HP(D)NU||L2(K) < cer® (MEN) yN € No}

and

Ey(Q):={ueC®(Q): VK cCQ, VkeN e, >0 s.t.

(w
N

IP(D)Nul L2y < ere®® (8) vN € No .
Assuming that P is hypoelliptic we proved in [BJJ]:
Proposition 1.3. Let 2 be an open subset of R"™, w a non-quasianalytic weight

function and P(D) a hypoelliptic linear partial differential operator of order m with
constant coefficients. Then, for u € D'(Q) and x¢ € Q, we have that u € E{JZJ}(V)

(resp. u € S(Ifu)(V)) for some neighborhood V' of xq if and only if there exist a
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neighborhood U of xg and a sequence {fn}tnen C E'(Q) such that the following
conditions (i) and (ii) (resp. (i) and (iii)) hold:

(i) fv = P(D)Nu in U;

(ii) (Roumieu) 3k € N s.t. VM € R 3Cy; > 0:

1Fn (&) < Carer® BNM(1 L [ehM YN €N, £ € R™ (4)
(iii) (Beurling) Vk € N, M € R 3 Cy. s > 0:
[N < Croae® XM (14 1gh)M YN EN, £eR™ (5)

This led to the following:

Definition 1.4 (Roumieu). Let €2, v and P(D) as in Proposition 1.3. We say that
a point (z9,&) € Q& x (R™\ {0}) is not in the {w}-wave front set WFfw}(u) with
respect to the iterates of P, if there are a neighborhood U of xy, an open conic
neighborhood T' of &, and a sequence {fx}nen C E'(2) such that fy = P(D)Nu
in U and satisfies:
(i) There are constants k € N, M > 0 and C' > 0, such that
()] < ON (erme?™ ™™D 1) (L4 )Y, YN €N, € R™
(ii) There is a constant k € N such that for all £ € Ny, there is C; > 0 with the
property
PN < Ceet” BN (14 1), YNEN ¢eT.
Definition 1.5 (Beurling). Let Q, w and P(D) as in Proposition 1.3. We say that
a point (xg, &) € 2 x (R™\ {0}) is not in the (w)-wave front set WF{;)(’LL) with
respect to the iterates of P, if there are a neighborhood U of xy, an open conic
neighborhood T' of &, and a sequence {fx}nen C E'(R2) such that fy = P(D)Nu
in U and satisfies:
(i) There are M,C > 0 such that for all £ € N there is Cj, > 0:
Fn (@) < CueN (e ) 4 1e) "1+ )Y, YN eN, £ R
(ii) For all £ € Ny and k € N there is Cj ¢ > 0 such that
PN (O] < Crpe? NmB(1 4 1g))™, YN EN, £el.

Denoting by £.(R2), £F(92) and WFZ (u) the above-defined spaces and wave
front sets, where # can be replaced either by {w} or (w), we proved in [BJJ,
Proposition 9 and Theorem 13]:

Theorem 1.6. Let € be an open subset of R™, w a non-quasianalytic weight function
and P(D) a hypoelliptic linear partial differential operator of order m with constant
coefficients. Then, for u € D'(Q):

WF? (u) ¢ WF,(v) c WEP (u) US, (6)

where ¥ is the characteristic set of P defined by (3) and WF . (u) is the x-wave
front set in the class E.(Q) defined as in [AJO, Definition 3.4].
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For the sake of completeness, we recall here the above-mentioned [AJO, Def-
inition 3.4]:

Definition 1.7. Let © be an open subset of R” and u € D'(Q). The {w}-wave
front set WF,,3 (u) (resp. (w)-wave front set WF ,,)(u)) of u is the complement in
Q2 x (R™\0) of the set of points (zg, &y) such that there exist an open neighborhood
U of zg, a conic neighborhood T' of &, and a bounded sequence uy € £'() equal
to u in U which satisfies that there are k € N and C > 0 with the property

€[N AN (€)] < Cer?" BN YN eN, ¢ eT. (7)

(resp. which satisfies that for every k € N there is Cf > 0 with the property
€1 [an (€)] < Cre?®" /P YN €N, € eT). (8)
Remark 1.8. If P is elliptic then ¥ = () and (6) implies that WFZ (u) = WF,(u).

2. Wave front set for non-hypoelliptic operators

In this paper we want to remove the assumption of hypoellipticity on P (and also
of non-quasianalyticity on w). To this aim we need to change the space where we
work; following the ideas of [BCM] we define:

Definition 2.1. Let Q be an open subset of R, w a weight function and P(D) a
linear partial differential operator of order m with constant coefficients. Then, for
s € R,

a) (Roumieu) we denote by Cs{w}(Q; P) the set of all u € D'(R2) such that for
every compact set K C Q there exist kK € N and ¢ > 0 with

IP(D)Nu|| o) < cek® NP yN € Ny;

b) (Beurling) we denote by C’S(w)(Q;P) the set of all u € D'(Q) such that for
every compact set K C Q and for every k € N there exists ¢, > 0 with

”P(D)NU'HHS(K) < Ckek‘p*(m’“N) VN € Np.
Finally, for * = {w} or (w), we define
P =, Ci(P). 9)
We can then prove the following:

Theorem 2.2. Let Q be an open subset of R™, w a weight function and P(D) a
linear partial differential operator of order m with constant coefficients. Then, for
u € D'(R), we have that u € CXH(V; P) (resp. u € C@)(V;P)) for a neighbor-
hood V' of ¢ € Q if and only if there exist a neighborhood U of o and a sequence
{[n}nen C E'(Q) that satisfies the following two conditions (i) and (ii) (resp. (i)
and (iii)):
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(i) fv=PD)NuinU;
(ii) Roumieu: there exist M,c > 0, k € N such that
PN < cek? ENM AL+ YN €N E€R™;
(iii) Beurling: there exists M > 0 such that for all k € N there is ¢, > 0 with
@) < et U@+ )™ YN eNceRr

Proof. Necessity. Roumieu case. Let v € C{«}(V; P) for some neighborhood V' of
xo and let s € R. Following the same ideas as in [BC], we choose ¢, € D(V') with
Yo = ¢ and p = 1 in a neighborhood U C V of xg. Setting fy = @P(D)Nu, we
have that fy € &'(V), fx = P(D)Nu in U and, denoting by f = F(f) the Fourier
transform of f:

P (€)= / ) o(z)Y(z)P(D)Nu(z)e =9 dx
= |F(o - vP(D)Yu)| = (2m)"|§ * F(vP(D)"u)]

~ oo | [ B = 0F PN w0
= (271071 /n(l + )€ —m) (1 + |n|)5.7-'(1/)P(D)Nu)(n)dn‘

1/2
<[9P ullseo ([ -+ 1) 1pl€ - mPan)

1/2
< PO ult (116D ([ (1516 = 0D 16~ man)

1, % s

e o 13) R[] PR
< C/Ie}cga*(me)(l + |§|)Nf

for some ¢, ¢, ¢” > 0, proving condition (ii).
The Beurling case is similar.

Sufficiency. Roumieu case.
Let {fn}nen C E'(Q) satisfying (i) in some neighborhood U of z and (ii)

for some M > 0.
Fix s < =M — (n + 1)/2. Then, for every compact set K C U we have that

IP(DYNullprsrey = I vl s (a6 < LNl are ey

([ ax |e|>25|fN<£>|2d5)1/2

1/2
< ( / (1+ |€])2ePere (mNR) (7 4 |€I)2Md€>
RTL
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1/2
< Ceiw*(me) (/ (1_|_ |§|)2(S+M)d§>

< c/eitp*(me)

for some ¢’ > 0, because of the choice of s.
The Beurling case is similar. U

The above theorem lets us define the wave front set with respect to the
iterates of an operator in the classes C*(Q; P):

Definition 2.3. Let Q be an open subset of R, v € D'(Q2), w a weight function and
P(D) alinear partial differential operator of order m with constant coefficients. We
say that a point (x9,&p) € 2 x (R™\ {0}) is not in the wave front set WF (.1 (u; P)
(resp. WF () (u; P)) with respect to the iterates of P, if there are a neighborhood
U of zp, an open conic neighborhood T" of £, and a sequence {fn}nen C E'(2)
that satisfies the following conditions (i) and (ii) (resp. (i) and (iii)):
(i) fv = P(D)¥uin U;
(ii) Roumieu: There are constants M,C > 0, k € N such that
(8) |fN(©)] < Cere ONm(Ly|g)MEN™, YN €N, £ € R™;
(b) [Fn(€)] < Ceke Nm 1+ ghM. YN eN, ¢eT.
(iii) Beurling: There is M > 0 such that Yk € N 3C};, > 0 with
(8) |FN(E)] < Crel?” /MLy g)MEN™, - YN €N, £ € R™;
(b) [Fn(€)] < Cre®" MMM (A4 ghM. YN €N, EeT.
Comparing the last definition with the one of WF, (u) (for * = {w} or (w))
as in Definition 1.7, we have that the new wave front set gives more precise infor-

mation about the propagation of singularities of a distribution, as the following
Theorem shows:

Theorem 2.4. Let 2 be an open subset of R™, u € D'(Q0), w a weight function and
P(D) a linear partial differential operator of order m with constant coefficients.
Then, the following inclusion holds:

WF ) (u; P) € WF 3 (u).
Moreover, if w(t) = o(t) as t tends to infinity, we have that
WEF () (u; P) C WE () (u).
Proof. Roumieu case. Let (zq,&p) ¢ WF (.} u. Then, by Definition 1.7, there exist

a neighborhood U of xg, an open conic neighborhood F' of £ and a bounded
sequence {un}nen C £'(R2) such that uy = w in U and, for some ¢ > 0 and k € N,

€1V AN ()] < cer#" N YN EN, €€ F. (10)

By [H, Lemma 2.2] we can find a sequence xn € D(U) such that yy =1 in
a neighborhood of zy and

|D Py x| < Co(CaN)P Vo, B e NZ, |B| < N. (11)
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Set then fny = xnmP(D)Nuny,. We want to prove (i) and (ii) of Definition 2.3.
Condition (i) is trivial by the choice of xn, since un,, = u in U. To prove (ii)(a)
we first remark that, since {un}nen C £'(Q) is a bounded sequence, there exist
c1, M > 0 such that [an(€)] < c1(1+ [¢])M for all N € N and ¢ € R". Moreover,
by [AJO, Lemma 3.5],

ek @ (Nmk)

(1] + exstor " (N

N+1

|5(\Nm( )| = (1 + |77|)7n717M7 (12)

for some co > 0. Also

(P& =Y < sl —nl¥™ < a1+ )N (1 + )™

for some c3 > 0.

Therefore
|fN<f>|—\(2i)nf(me>*f< (D) urn)(©)
< [ 1R (P& = )T (€ — )l (13)

< N+1 er®” (Nmk) 1 Nm(q Nm
< M Hlegey / (] pmbmerar (L EDY (L )

(L 1EDM (L + )M dn
< ciVJrle,gp*(Nmk)(l + |§|)Nm+M

for some ¢4 > 0.
To prove (ii)(b) we split the integral (13) into the sum of J; (&) + J2(§), with

Ti(6) = / R IP(E = )| [y (€ — m)ldn
[n|<cl|€]

Ta(€) = / R (M| P(E = m)|™ [@von (€ — )l d,
[n|>cl€]

for some 0 < ¢ < 1 such that, if T" is a conic neighborhood of &, with I' C F’, then
for ¢ €T and |€ — (| < ¢|§| we have ( € F.

From (12) we have that ||Xn.m|/ 1 < AY for some A > 0 and hence, from (10):

[T < IXnmlle, - sup PO [anm(C)]
le—Cl<cle]

< cév"’le'iW*(Nmk) vEel (14)

for some c5 > 0.
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Moreover, from (12) and

[inm (€ —n)| < er(1+ 1€ —n)M
<ci(L+nl+c )™, for |n| > cl¢],

we have that
Ta(E)] < cHeke ot |

< NHlehe (Nmh) e ¢ R7 (15)

1

Nm+M
(1 + |n|)Nmtn+14M (1 +1[n) dn

for some cg, c7 > 0.
Substituting (14) and (15) in (13), that we write as

|Fn(©)] < J1(€) + Ja(€),

we finally have (ii)(b) of Definition 2.3.

Beurling case. We argue similarly as in the Roumieu case. By Definition 1.7,
if (x0,&) ¢ WF () u, then there exist a neighborhood U of g, an open conic
neighborhood F of &y and a bounded sequence {un }yeny C () such that uy = u
in U for every N € N and for every k € N there is Cj, > 0, with

€[N N ()] < Cre® NK) YN EN, £eF. (16)
We take now xn and fxn as in the Roumieu case. Since w(t) = o(t) by assumption,
from [AJO, Remark 2.4] for every k € N there is ¢, > 0 such that
N < ckekf‘p*(N/k). (17)
Then (11) can be substituted by

.- 18]
1Dty y| < Ca (Cackew <N/k>) Va,B € NI, |B| < N

and hence (12) by (see also [AJO, Lemma 3.5]):

eke™ (Nm/k)

Xvm(m)] < G (14 [nl) =M, (18)

(1n] + € s " (Ym /)N

for some C), > 0.

From (16) and (18) we can proceed exactly as in the Roumieu case to obtain
(i) and (iii) of Definition 2.3. O

For the opposite inclusion of Theorem 2.4 we get:

Theorem 2.5. Let Q2 be an open subset of R™ and u € D'(Q). Let P(D) be a
linear partial differential operator of order m with constant coefficients and X its
characteristic set defined by (3). Let x denote {w} or (w), for a weight function w
with w(t) = o(t) for t that tends to infinity. Then

WF.,.(u) C WF,(u; P)UX.
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Proof. The proof is quite similar to that of Theorem 1.6 as in [BJJ, Theorem 13].
We take (z0,&0) ¢ WF.(u; P) with P,,,(&) # 0; there are then a neighborhood
U of zp, a conic neighborhood T' of & and a sequence {fn}neny C £'(Q) that
verifies (i), and (ii) (Roumieu case) or (iii) (Beurling case) of Definition 2.3. We
take F' C T" such that P, () # 0 for all £ € F, a compact neighborhood K C U of
xo and a sequence {xn}nen C D(U) satistying (11) with yy = 1 on K. Then we
set Uy = X3m2NU.
As in [BJJ, Theorem 13] (cf. also [BCM]), we have that

v (E) = / @0 e (i, pule)dir + / @8 PN (€ (2, €) P(D) N u(a)da

=: H\(€) + Ha(€) (19)
where
N mN
I ) [
h=1j=mN-+1—h
and

oy =S (7)1 R

=0\

for R =Ry + - + Ry, with R; = R;(§, D) a differential operator of order < j,
which depends on the parameter &, such that R;|£|7 is homogeneous of order 0.
As is [BJJ, Theorem 13],

[H1(€)] < N+ [N N TN, Ve > N, (20)

for some ¢, M > 0 and for every N € N. Moreover
1 ~

o) = Pr(©) - o1 [ OnFu(E—mdn = $1©)+ 520, (2)

(2m)" Jrn

where S1(€) is the integral on |n| < ¢|¢| and S2(&) on |n| > ¢|¢|, with ¢ > 0 to be
chosen.

Let us separate now the Roumieu and the Beurling cases.

Roumieu case. From [BJJ, formula (90)] we have that

|Dfwn| < A¥(mN)PL 5] < 2mPN, [¢] > mA, (22)
for some A > 0. Moreover, from condition (ii)(a) of Definition 2.3, we have that
Fn(©)] < C2N™ (exsim® BN ) V(1 4 |V YN €N EER”
for some C’, M’ > 0 and k € N. From (22) and [AJO, Lemma 3.5] we have that:

1, *
. er? (Nmk) ,
N ()] < CVH (L), wpeR?, (23)

(In] 4 e xms @ (Nmk))Nm

for some C' > 0.
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This implies, since |¢ —n| < (1 + ¢~ 1)|n| in S2(€), that

195(6)] < [Pul©)] N / (@ ()] - 1T (€ — )l

[n|>clé]
< Avrigmete g [ (1M (1
[n|>cl]
< BN+1ek1/<P*(Nmk’)|§|—Nm7 VN eN, |{|>N (24)

for some A, B > 0 and k' € N, since 9Nme " (Nmk) < De w @ (NmE) £51 some
D > 0 and k' > kL where L is the constant in Definition 1.2 (see proof of Lemma
3.1in [AJO]).

On the other hand

1S1E)] < [P M| 2, - Py <epe [ Fa (6 =)l (25)

Choosing ¢ > 0 as in the proof of Theorem 2.4 we have, from condition (ii)(b) of
Definition 2.3, that there is a conic neighborhood IV C T" of &, such that

sup |fn (€ —n)| < Derx® VmR) (1 4 )M ve e
[n]<cl¢|

for some D > 0.
Substituting in (25), since ||Wx|/;1 < EY for some E > 0 because of (23),
we have that

|Sl(§)| SGN+1€iW*(Nmk)|f|M7Nm (26)

for some G > 0.
Substituting (24) and (26) in (21), taking into account (20) and (17), and
substituting in (19) we have, by the convexity of ¢*, that

[N (€)] < e+ e @ (N || M=Nm

< CN+162k,,Lp (2Nk”)+2k,,tp (2N(m71)k”)|§|M7Nm
< ) Plea ¢ NG NN yie) > Ry (27)

where Ry := 62N<m1—1)k"“"*(QN(’"*I)'“”% k" € Nand ¢; > 0.
However, for |{] < Ry, since {un}nen is bounded in £'(Q2) and ¢*(x)/z is
increasing,

1+ [eh™

2N(771—1)k99*(2N(m 1)k )M +N|€|

[un (§)] <

| /\

C3le

\ /\

\ /\

e

(

ca(e T g
(e<N+}W>k~p*((N+M’)k )M +N|£|
e

IN

caen ® NED1e=N vje| < Ry (28)

for some cs, c3, ¢4 > 0.
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From (27) and (28) we have (7) and so (zo,&) ¢ WF.(u).

Beurling case. Since w(t) = o(t), from (17) we deduce, from (22) and [AJO,
Lemma 3.5], that for every k € N there exists C > 0 such that (see also [BJJ,
Theorem 13)):

ek (Nm/k)

N ()] < G (L)™', vpeR™ (29)

(1 + e V1)
We can thus proceed as in the Roumieu case obtaining, from (29) and (iii) of
Definition 2.3, via (19), (20) and (21), the desired estimate (8) for ty. O

Remark 2.6. If P(D) is elliptic and w(t) = o(t) (for instance if w is non-quasiana-
lytic), then Theorems 2.4 and 2.5 prove that

WF. (u) = WF.(u; P),

i.e., a microlocal version of the “Theorem of the iterates of Kotake and Narasimhan”
in the classes C*(£2; P).
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