Chapter 2
Oscillation of Delay Logistic Models

On earth there is nothing great but man, in man there is nothing
great but mind.

William R. Hamilton (1805-1865).

Every problem in the calculus of variations has a solution,
provided the word solution is suitably understood.

David Hilbert (1862-1943).

The qualitative study of mathematical models is important in applied mathematics,
physics, meteorology, engineering, and population dynamics. In this chapter, we are
concerned with the oscillation of solutions of different types of delay logistic models
about their positive steady states. One of the main techniques that we will use in the
proofs is the so-called linearized oscillation technique. This technique compares
the oscillation of a nonlinear delay differential equation with its associated linear
equation with a known oscillatory behavior.

In this chapter we establish oscillation results for a variety of autonomous and
nonautonomous delay models. It is possible to extend the theory in this chapter
to other models, for example, models with impulses and models with distributed
delays. Results for other models (which are based on the ideas in this chapter) can be
found in the reference list. Chapter 2 presents the current approach in the literature
on oscillation of delay equations.

2.1 Models of Hutchinson Type

In this section, we are concerned with the oscillation of an equation of Hutchinson
type about the positive equilibrium point. First, we consider the equation

’ N(it—1
N'(@t) = rN(t) [1 —g}, @2.1)
K
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10 2 Oscillation of Delay Logistic Models

where N(¢) is the population at time #, r is the growth rate of the species, and K > 0
is called the carrying capacity of the habitat (note that here there is no immigration
or emigration). The solution N(¢) of (2.1) is said to be oscillatory about the positive
steady state K if N(t,) — K = 0, forn = 0,1,2,.. and lim,,, 7, = o0. The
solution N(¢) of (2.1) is said to be nonoscillatory about K if there exits 7y > 0 such
that |[N(¢) — K| > 0 for ¢t > ty. A solution N(¢) is said to be oscillatory (here we
mean oscillatory about zero) if there exists a sequence {¢,} such that N(¢,) = 0, for
n=20,1,2,... and lim,_c0 t, = 00. A solution N(t) is said to be nonoscillatory if
there exits 7y > 0 such that |[N(¢)| > 0 for t > ¢.

Together with (2.1), we consider solutions of (2.1) which correspond to the initial
condition

N(@) =¢(@) for —7 <t <0, 2.2)

¢ € C([—7,0],[0,00)), and ¢(0) > 0. '
Clearly the initial value problem (2.1), (2.2) has a unique positive solution for all
t > 0. This follows by the method of steps. We begin with the usual result in any
book on oscillation and we quote here the linearized oscillation theorem taken from
[30].

Theorem 2.1.1. Consider the nonlinear delay differential equation

X O+ pifiltx(t =) =0, 2.3)
i=1
where fori =1,....,n,
pi € (0,00), 1; € [0,00), fi € C[R,R], (2.4)
Ji(w)

ufi(w) >0 for u+# 0and lin}) =1, (2.5)
u—>

u

and there exits a positive constant § such that

either fi(u) <u for0<u<$§ andi =1,2,...,n,

2.6
or fiw)>u for —§<u<0andi =1,2,...,n. (2.6)

Then every solution of (2.3) oscillates if and only if every solution of the linearized
equation

YO+ Y piyt—7)=0 2.7

i=1

oscillates.
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Corollary 2.1.1 ([30]). Assume that (2.4)—(2.6) hold. Then each one of the
following two conditions is sufficient for the oscillation of all solutions of (2.3):

S 1.
(@) > piti > 2

i=1

o (1) (51)-

and when n = 1 the condition pt > 1/e is necessary and sufficient for oscillation.

Now, we establish necessary and sufficient condition for the oscillation of all
positive solutions of the delay logistic model (2.1) about the positive steady state K.

Theorem 2.1.2. Every solution of (2.1) oscillates about K if and only if rt > 1/e.

Proof. The change of variables
N(t) ;= Ke*® (2.8)
reduces Eq. (2.1) to the nonlinear delay equation
X () +rf(x(t—1)) =0, (2.9)
where
fw) =e"—1. (2.10)

Clearly f(u) satisfies the conditions (2.4)—(2.6). Corollary 2.1.1 completes the
proof. ]

We now consider a generalization of the delay logistic equation (2.1) with several
delays of the form

N'(t) = N() |:a—Zﬂ,-N(t —r,-):|, 2.11)

i=1
where
o, B1, Ba,.. .. Bn€(0,00)and0 <71 <1, < T3...< T, = T. (2.12)

Again with (2.11), we associate the initial condition (2.2) and then it follows by the
method of steps that (2.2), (2.11) has a unique solution N(¢) and remains positive
forallz > 0.

Theorem 2.1.3. Assume that (2.12) holds. Then each one of the following condi-

tions implies that every solution of (2.11) oscillates about N* = a/ Y B; :

i=1
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o ee(fn) (50) - (57)
Proof. Set
N(1) = N*e*©.
Then x (¢) satisfies Eq. (2.3), where
pi=PBiN* fori=12...nand fi(u=e"—1. (2.13)

Clearly f;(u) fori = 1,2, .., n satisfy the conditions (2.4)—(2.6). The proof follows
from Corollary 2.1.1. ]

2.2 Models with Delayed Feedback

In order to observe the influence of a feedback mechanism on fluctuations of a
population density N(¢) around an equilibrium K via a constant A, Olach [53]
considered a modified nonlinear delay logistic model of the form

N(z(1))
K

N'(t1) = rN(1) |1 — ] 1>0, (2.14)

A K
8" [1“ NGE@)

where r, K, A € (0, 00) and the term 1 —N(z(¢))/ K denotes a feedback mechanism.
We consider those solutions of (2.14) which correspond to the initial condition

{ N(t) = ¢(t), fort(0) <t <0, (2.15)

¢ € C([z(0), 0].[0,00)). ¢(0) > 0.
It follows by the method of steps that (2.14), (2.15) has a unique positive solution
N(t) forallt > 0.

We discuss in this section the nonoscillation of positive solutions of (2.14) around
the positive equilibrium point K. We begin with the following lemma.

Lemma 2.2.1. Consider the nonlinear retarded differential equation

X(0) 4+ p) f(x(x(0) =0, 1>1>0, (2.16)
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such that for t > ty,

peCmeLRﬂ,teCmmeRﬂ,ﬂ0<uIE&I@zzw, (2.17)

feCRR), uf(u) >0 foruz#0, (2.18)

and
/00 p(t) = oo. (2.19)

Then every nonoscillatory solution x(t) of (2.16) satisfies lim; o x(¢) = 0.

Proof. Suppose that (2.16) has a nonoscillatory solution x (¢) which we shall assume
to be eventually positive (if x(¢) is eventually negative the proof is similar). Since
u f(u) > 0, we note that x'(t) <0 eventually for ¢ > #; > fy. Thus

lim x(¢) = L > 0, exists.
—>00

We claim L = 0. If L > 0, we have

x(n) = L+ / p(s) £ (e (x(5)))ds.

n

which with (2.19) gives a contradiction. Thus lim,,o, x(f) = 0. The proof is
complete. |

To prove the main oscillation results for Eq. (2./4) we need some oscillation
results for the equation

X'(0) 4 p@) |x(z(©)[* sgnx(z(1)) = 0, t > 1> 0. (2.20)

Let Cj,.([to, 0), R) denote the space of continuous functions x : [fy,00) — R
endowed with the topology of local uniform convergence.

Theorem 2.2.1. Suppose that (2.17) holds, A > 1 and for some o € (0, 1)

g&mnmmﬂmmwﬂ“<m. (2.21)

Then (2.20) has a nonoscillatory solution.

Proof. According to (2.21) there is a ¢ > 0 such that

L@ PO < ¢, for t > 1.
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Set

o 1/(A=1)
v(t) = cot®’ @ fort > t,, where ¢y = [ C(A_“W] .
-«

Let S C Cioc([to, 00), R) be the set of functions which satisfy
0 < x(t) <v(t),for t >t
and define the operator
F S — Cioe([ty,0),R)
by

[ p(9)[x(x(s))]*ds. for 1 > 1,

Fx)(@) = % v(t) —v(ty) + F(x)(1) for t € [tg.11),

where t| > f, is such that t(¢) > ¢y for all ¢t > ¢;. Note F(S) C S; to see this note if
x € Sand r > t; then

3

Fe@) = [ pobee)lds = [ po) e (e ds
< cgcﬁ /wsﬁ ds = v(t).

We note that S is a nonempty closed convex subset of Cj,. ([#p, 00), R) and the oper-
ator F is continuous. The functions belonging to the set F(S) are equicontinuous
on compact subintervals of [fy, 00). The Tychonov—Schauder Fixed Point Theorem
guarantees that the operator F has an element y € S such that y = F(y). The proof
is complete. ]

Theorem 2.2.2. Suppose that (2.17)—(2.19) hold, and
0
im

——— =1, A>1 (2.22)
u—0 |u|A sgnu

If (2.20) has a nonoscillatory solution then (2.16) also has a nonoscillatory solution.

Proof. Assume that v(¢) is a nonoscillatory solution of (2.20) such that v(z(¢)) > 0
for t > ty. According to (2.22) there is a ¢; > 1 and § > 0 such that f(u) < cju?
for u € [0, §]. From Lemma 2.2.1 we have

o= [ PO s, 1= 10,
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Now choose Ty > fo such that v(z) < § fort > Ty. Let S C Cjoc([t9, 00), R) be the
set of functions satisfying

0 < x(t) < cv(t), for t > Ty,
where clcé‘ < ¢ < 1, and define the operator

F:S— Cloe([l()’ OO),R)

[ p(s) fx(z(s)) ds, for ¢ > 1,

F(x)(r) = % ex[v(t) = v(t)] + F(x)(t1), for t € [T, 1),

where #; > Ty is such that 7(¢) > T for all ¢ > ¢#,. Note F(S) C S; to see this note
if x € Sand r > ¢, then

F(x(1)) = / p(s)er [x(x())]* ds < c1c§/ p(s) () ds < eav(t).

The remainder of the proof is similar to that of Theorem 2.2.1. |

Consider (2.14) about the positive steady state K. The transformation N(¢) =
Ke*® transforms Eq. (2.14) to Eq. (2.16) with

fw) =|1—e"|sgnu.

Clearly the function f(u) satisfies the hypothesis (2.18) and (2.22) so the above
results apply to (2.14).

2.3 «a-Delay Models

Aiello [2] considered the nonautonomous delay logistic model

a—1

_NE@) , t>0, (2.23)

N'(t) = r(1)N() [1 - W} ‘1 ©

where K, o are positive constants, @ # 1, r(¢z) and 7(¢) are positive continuous
functions defined on [0, co) such that

7(t) <t, and Ilim (1) = oc. (2.24)
—00
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Our aim in this section is to study the oscillation and nonoscillation of all positive
solutions of (2.23) about the positive steady state K. We consider (2.23) with an
initial condition

N(t) = ¢(t), forr(0) <t <0,

2.25
¢ € C([£(0),01.0.50)). $(0) >0, 22
The change of variables
_NO
y(t) = X 1 (2.26)
in (2.23) gives us the nonlinear delay equation y (1) = —r(1)y(t()[l +
y(0)] |y (x(2))|*". Since N(r) > 0in (2.23) then y(¢) > —1.
In this section we consider
Y (@) ==r@yEo)1+yOlyEe)*". = . (2.27)
Assume that
/ r(s)ds < oo (2.28)
or
fwr(s)ds = o0. (2.29)

From the change of variables (2.26), we see that the oscillation or nonoscillation of
(2.23) about K is equivalent to the oscillation or nonoscillation of (2.27) about zero.
In the following, we are concerned with the existence of a nonoscillatory solution
of (2.27) and the results in this section are adapted from [2].

First, we consider the case when (2.28) holds. Note for ¢t > ¢, the function r(¢)
is positive and

o
/ r(s)ds = R, where 0 < R < oo. (2.30)
1o

Theorem 2.3.1. Assume that (2.24), (2.28), and (2.30) hold. Then (2.27) has a
positive, nonoscillatory solution bounded away from zero.

Proof. Note if y is a positive solution of (2.27) then

Y () = —r(O[ + yOl(r(z(t)))". (2.31)
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Let ¢ denote the locally convex space of continuous functions on [fg, o0) with the
topology of uniform convergence on compact sets of R. Define the set S C ¢ as

y is nonincreasing

y(t) = Ca, to<t<T
S=1veo:Czy0) = Coexp(~ fir(ds), 12T
T t .
% <exp (fto r(s)ds), t>T;

here C, > 0 is defined so that

[Cy + 1]C0‘:‘_1 <exp (— /t r(S)dS),
T

and T is sufficiently large so that t(z) > ¢y for all # > T'. Such a constant C, exists
since the function

h(u) == (u+ Du*™!
is monotone increasing and
h(0) =0and h(1) =2.

Since 0 < e™® < 1 (here R is as in (2.30)) there is a uy such that i(uy) = e K.
Then let C,, be any constant satisfying the inequality 0 < Cy < 1y, and

[Co +1]CH" <R

necessarily follows. Let R(¢) = ftz r(s)ds. Note that, since r(¢) > Oand T > 1y,
we have

/t r(s)ds < R(t).
T

We can easily see that S C ¢ is nonempty, since y(t) = C, is in S. In addition, S is
a closed convex subset of ¢. Let y € S and define the map

for 1o <t < T,

o
Cuexp (— f} FNBOIEON 4 for ¢ = 7.

Fy@)=

Clearly F y(t) is continuous, nonincreasing and satisfies

=C,, for to <t < T,

Fy(t
y(){gca, for ¢ > T,
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and since y(t) < C,, we have by definition that

1+ yENEE)* " <e <1, and %%)) < k0 < g

R

Then

/t r(s)(1 + y(s)(y(z(s)))*ds - /I o R r(s)y(z(s))ds
T y(s) “r y(s)

t t
5/ e_ReR(S)r(s)dsff r(s)ds,
T T

S0,

t
Fy() > Cyexp (—/ r(s)ds), fort > T.
T

Alsofort > T

Fy@®) _ exp( r@d+yE))oEE)” S)
Fy(@) () y(s)
([ i)
= exp — 5 as
(1) y(s)
<e —R R(s) d )
w([ e e rs
<e ( o r(s)ds) < exp (/mt r(s)ds),

SO,

Fy@@) _

R(t)
<e™W fort>T.
Fy@)

Thus, F(S) C S. Note S is bounded above by C, and bounded below by C,e™ %
We now prove that {F' y : y € S} is equicontinuous on compact sets of [y, 00). Let
Ty and T; be elements in R and let 7;* = max{7, T;} fori = 1, 2. Then

|F y(Ty) — F y(Ty)| = |F y(T}*) = F y(T;)|
exp (_ /Tl* r(6)(1+ ¥ () (E(6)" ds)
T

= CO(
y(s)
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e ( /TTz —r(5)(1+ y(6) ()" ds)‘

y(s)
= Co|l—exp ( /T T —rs)a +§8)(y(r(s)))“ ds)‘
5
=Cojfmew (/ _r(s)dS) -0, asTy > T,
T}

uniformly so {F y : y € S} is equicontinuous on every compact set in [¢y, 00).
Apply the Arzela—Ascoli Theorem to conclude that FS is compact in S. The
Tychonov-Schauder Fixed Point Theorem guarantees a fixed point y* of F. This
y* solves (2.31) from the definition of F. The proof is complete. |

Now, we consider the case when (2.29) holds. First, we prove that every
nonoscillatory solution of (2.27) tends to zero as ¢ tends to infinity.

Theorem 2.3.2. Assume that the conditions of Theorem 2.3.1 hold, except that con-
dition (2.28) is replaced by (2.29) and (2.30) is removed. Then every nonoscillatory
solution of (2.27) will satisfy lim; 0 y(¢) = 0.

Proof. First, we consider the case when y(¢) > 0 forall ¢ > #; > 0. Let

V() = sup{s : t(s) = ¢},

and since lim, oo T(f) = oo there exists T = v*(f;) such that y(t) > 0 and
y(z(¢)) > Oforall ¢t > T. From (2.27) we have

Y @) =—r@0 + yOly (@) <0. (2.32)

Thus,

lim y(¢) = y > 0 exists.

—>0o0
Suppose y > 0. Forallt > T, y(t) > y and y(z(¢)) > y and so (2.32) implies that

Y0 = =@+ yly©,
so integration and (2.29) implies that y(¢) is negative, and this is a contradiction.
Thus y = 0. Next, we consider the case when y(¢) is negative. Let y(¢) be an

eventually negative solution of (2.27), such that

—1 < y()<0and y(z(t)) <O,
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for t > Ty sufficiently large. Let 77 > T be such that t(¢) > T; for all t > T;.
Now, since y(z(t)) < 0 fort > Tj, we have from (2.27) that

Y () ==rO +yOly®)) [y@)*™" >0, t > Ty. (2.33)
Then
tl_lglo y(t) = —B exists, where 0 < 8 < 1.

Suppose that B # 0. Since y'(t) > 0 and

y(@) <-B, t>T,

we have

YO ==+ y@1p, 1 = T, (2.34)
Now, since y(t) is nonincreasing and lim,_,, y(t) = —p then there exists T, > T}
such that

M+y@®)]=1-B8—-¢>0,
so with (2.34) we have

YO z @ = p—elp*. 12T,
which by integration gives a contradiction. Then 8 = 0 and this completes the
proof. |

Now, we give sufficient conditions for the existence of nonoscillatory solutions
of (2.27) when (2.29) holds and « # 1.

Theorem 2.3.3. Assume that (2.24) and (2.29) hold and o # 1. Furthermore
suppose that

t
lim sup/ r(s)ds <h, where 0 <# < oo.
t—00 ()

Then (2.27) has a nonoscillatory solution.

Proof. Let ¢ denote the locally convex space of continuous functions on [z, 00)
with the topology of uniform convergence on compact sets of R. Define the set
SCeoas
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y is nonincreasing

y(1) = Cq, hh=<t<n
— ye@:Cy>y() > Coéexp(—f:1 r(S)ds), Hh<t<oo
@) L Lk r>1

y@)

where 0 < C, < 1 is defined so that
[Co + 1]CE < 1/,

and 7, is sufficiently large so that

t
/ r(s)ds < h, for t > t,.
(1)

The remainder of the proof is similar to that of Theorem 2.3.1 and hence is omitted.
|

From the change of variables y(¢) = N(¢)/K — 1 and Theorems 2.3.1-2.3.3 we
have the following results on the delay logistic Eq. (2.23).

Theorem 2.3.4. Assume that (2.24), (2.28), and (2.30) hold. Then (2.23) has a
positive, nonoscillatory solution bounded away from K.

Theorem 2.3.5. Assume that (2.24) and (2.29) hold. Then every nonoscillatory
solution of (2.23) will satisfy lim;_,o, N(t) = K.

Theorem 2.3.6. Assume that (2.24) and (2.29) hold and a # 1. Furthermore
suppose that

t
lim; 00 sup/ r(s)ds < h, where 0 <h < oo.
()
Then (2.23) has a nonoscillatory solution.

The following examples illustrate the theory.

Example 1. Consider the nonlinear delay logistic equation
/ 1
N (1) =S NOA =N -1)/K)[1 — N —-0)/KI*, 1> 1,
where K is a positive constant. Here 7 (t) = 1/¢2, and for t, > 0,
o0
/ (1/s*)ds = 1/ty < .
fo

The conditions of Theorem 2.3.4 are satisfied, so there exists a nonoscillatory
solution to this equation which is bounded away from K.
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Example 2. Consider the nonlinear delay logistic equation
N'(t) = rN@t)(1 = N(t —7)/K) |1 = N(t —7)/K|*. 1 > tq,

where K is a positive constant. Here () = r > 0 satisfies

o0
/ rds = oo.
to

The conditions of Theorem 2.3.5 are satisfied, so there exists a nonoscillatory
solution to this equation for any t > 0 and by Theorem 2.3.5 it tends to K when ¢
tends to infinity.

It is important to establish necessary conditions for the existence of nonoscil-
latory solutions to (2.23). Li [38] considered this problem and established these
conditions by analyzing the generalized characteristic equation corresponding to
(2.27). These conditions are equivalent to the sufficient and necessary conditions
for the existence of positive solutions of (2.23).

We begin with the following theorem which gives the characteristic equation of
(2.27).

Theorem 2.3.7. A necessary and sufficient condition for the existence of a
nonoscillatory solution of (2.27) is that there exist a constant Cy, a function A(t),
and t such that

At) = |Ca|a—1 (1 + Cy exp (_/’ r(s)/\(s)ds))

t (1)
X exp (/( : r(s)A(s)ds + (1 —a)/ r(s))&(s)ds). (2.35)

Theorem 2.3.8. Assume that o € (0, 1). Then (2.29) is a necessary and sufficient
condition for every solution of (2.27) to be oscillatory.

Proof. (i) Necessity. If (2.29) does not hold, we can assume that there exists a
constant

1

k =:
Q-a)(1+4+ Cy)CeV’

where C, is a positive number, such that

/oo r(s)ds <k.

to
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Let Ty = inf;>, 7(¢) and let C([Tp, 00), R) denote the locally convex space of
continuous functions on [T}, oo) with the topology of uniform convergence on
compact sets of [T, 00). Define the subset 2 of C ([T, 00), R) by

Q={xeC(Ty,x),R):x(t) >0, |x@)]<e(l+ Ca)C;H, t > Tp}.

Let x € Q and define a mapping F on €2 by

|Ca|a—1 (1 + Cy exp (— f;o r(s)x(s)ds))
(Fx)(1)=1 xexp ( Sl r©)x(s)ds + (1—a) [50 r(s)x(s)ds), t >t
(F x)(to), to>t>Tp.

Then as in the proof of Theorem 2.3.1 we have F x(¢) is continuous and
F(2) C Q. Also {F x : x € Q} is equicontinuous and uniformly bounded.
Apply the Arzela—Ascoli Theorem to conclude that F  is compact in 2. Now,
by using the Tychonov—Schauder Fixed Point Theorem, we see that there exists
a A € Q such that for ¢z > ¢, we have

M) = 1C "™ (14 Cue™ I 0200%)

t (1)
X exp (/( : r(s)A(s)ds + (1 — oe)/T r(s)A(s)ds). (2.36)

By Theorem 2.3.7, (2.27) has a nonoscillatory solution.
(if) Sufficiency. If (2.27) has an eventually positive solution, by Theorem 2.3.7
there exit Cy, t;, and a continuous function A(¢) satisfying

Alr) = (1 + Cae—ft’l ’(S))L(s)ds)

(1)

% |Ca|"‘_l exp (/t r(s)A(s)ds + (1 — oc)/

r(s)k(s)ds)
(0

(1)

> |Co|* " exp ([t r(s)A(s)ds + (1 —Ot)/

r(s)l(s)ds)
(1)

> |Cy|“ exp ((1 —a)/t r(s))\(s)ds).
Set

z(t) = exp(—(1 — a)/t r(s)A(s)ds)
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and note
20 = =G (1= a)r(n)a(n).
Integrate and we have by (2.29) that
M2 = 7o

a contradiction. Similarly, we can show that (2.27) has no eventually negative
solution y(¢) with 1 + y(¢) > 0. The proof is complete. |

Now, we consider the case when o > 1.

Theorem 2.3.9. Assume that o > 1. Then a necessary and sufficient condition for
the existence of a nonoscillatory solution of (2.27) is that there exists a positive
continuous function A(t) such that fort > T

t (1)
exp (/( : r(s)A(s)ds + (1 — oz)/T r(s)/\(s)ds) <mA(t), (2.37)

where m and T are some positive constants.

Proof. (i) Sufficiency. We only consider the case (since the other case is similar)
when

/00 r(s)A(s)ds < oo.

to

Then there exist o, T and C, > 0 such that

o0
1
/ r($)A(s)ds <o, (14+C)C2" < —.
T mo

Let Ty = inf;>, 7(¢). Define a mapping F on C([Ty, 00), R") as follows
S @A+ y )y (cs)ds, =T
(Fy)t):=1{ (Fy)T)+ Caexp(— [5, r(s)A(s)ds)
~Caexp(— [ r(A(s)ds), Ty<t <T.

Clearly F is an increasing operator. Set

t
vo 1= Cqy exp(—/ r()A(s)ds), yny1=Fy,, n=1,2,....
T
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Then we have that
o) = yi@) = ... =2 yu(t) = ... =20, for t = Tg. (2.38)

In fact

nw=Ewo= [ (1 + Cyexp(— /T | r(u)Mu)du))

t

7(s)
X (Cg exp(—oe/ r(u))k(u)du) ds
T
<Cj(1+Cy)m /00 r(s)A(s)ds exp (— /t r(s)k(s)ds))
t T

< Coexp (— | t r(s)l(s)ds)) — @), (=T
T

Continue to obtain (2.38). Then lim, o y,(t) = y(t) > 0, ¢t > T, exists.
From the Lebesgue’s Dominated Convergence Theorem

@+ y)y ()ds, =T

1) :=
Yo (F )(T) + Cyexp(— f1 r()A(s)ds)
—C, exp(— sz r(A(s)ds), To<t <T.
It is easy to see that y(¢) > 0 on [Tp, T] and hence y(t) > O for all ¢ > Tj.
Therefore, y(t) is a positive solution of (2.27) on [T, c0).

(ii) Necessity. If (2.27) has an eventually positive solution then from Theo-
rem 2.3.7 there exists a continuous positive function A(¢) such that

At) = (l + Cy exp (_ [’ r(s)){(s)ds))

xC¥ 'exp </[ r(s)A(s)ds + (1 — oe)/
(1) n

(1)
r(s)l(s)ds)

t (1)
= Co‘z‘_l exp (/ r(s)A(s)ds + (1 — a)/ r(s))t(s)ds)_ (2.39)
(1) I3t

Let m = 1/C0‘j‘_1. Then (2.39) implies (2.37). If (2.27) has an eventually
negative solution, then
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t

(1)
AMt) = (1=]Cy]) [CE ' exp (/ )r(s))t(s)ds +(0- oz)/ r(s))k(s)ds),

(

where |C,| < 1. Thus (2.37) is also true. The proof is complete. [ |

From Theorems 2.3.8 and 2.3.9 one can immediately derive some explicit neces-
sary and sufficient conditions for the oscillation and the existence of nonoscillatory
solutions of (2.23) about the positive steady state K.

2.4 «-Models with Several Delays

In this section, we consider the nonlinear delay logistic equation with several delays
of the form

m ap—1
/ N(hi (1)) N(hi (1)) |™
N'(t) = l;rk(t)N(t) [1 -— - — L 1>0, (240
where oy <1,k =1,...,mora; > 1,k = 1,..., munder the conditions:
(b1) re, k =1,2,...,m, are Lebesgue measurable functions essentially bounded
in each finite interval [0, b], r; > 0,
(b)) hy : [0,00) — R are Lebesgue measurable functions, h;(t) < ft,
lim; o0 hg(t) =00,k =1,2,...,m.
The case oy = 1,k = 1,...,m, will be considered in detail in Sect. 2.6.

We consider positive solutions of (2.40) with an initial condition

%N(z) = (1), for 7, <1 <0, (2.41)

¢ € C([T*,O], [07 OO)), ¢(0) > O’

where

1<k<m

T4 = min (tir>1£{hk(t)}).

Clearly the initial value problem (2.40), (2.41) has a unique positive solution for all
t > 0. This follows from the method of steps. In this section we consider

X () =~ @ + 1Y e @Oxu ) xGuc )™ 120, (242)

k=1
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and it is also possible to consider

¥ (0) = = [e(@) + 1Y re@x (o) e G )" 1 = 1,

k=1

x(t) = @), t <ty, and x(ty) = xo > —1,

where
(b3) ¢ : (—00,1ty) — is a Borel measurable bounded function.
We also consider the delay differential inequalities

xX(6) < =[x (@) + 1) re(@)x (i () [x (i ()", 1 = 0, (2.43)
k=1

xX'(1) = = [x(t) + 1] D r@)x (hie (1)) [x (hie ()|, £ = 0. (2.44)
k=1

In the following we discuss the nonoscillation of solutions of (2.42) which is
equivalent to the nonoscillation of positive solutions of (2.40) about K. The results
in this section are adapted from [5].

In the following we assume o < 1,k = 1,2,...,m, and that (b;) — (b,) hold
and we consider solutions of (2.42), (2.43), and (2.44) for which 1 + x(z) > 0.

We prove the following comparison theorem.

Theorem 2.4.1. The following statements are equivalent:

(1) Either inequality (2.43) has an eventually positive solution or inequality (2.44)
has an eventually negative solutions.

(2) There exist ty > 0, ¢ : (—00,ty) — R, with either ¢(t) > 0, C > 0, or
o(t) <0, —1 <C < 0, such that the inequality

u(t) > (1 + C exp {—/t u(s)ds}) i(Fku)(t), (2.45)
fo k=1

where

|CI* re(t) x expl [y () u(s)ds}
(Fe)(t) = 1 xexp{(1 —ax) [ u(s)ds}.  if he() = 1o
2 expl [, u(s)ds} o (), if hi (1) < 1o

has a nonnegative locally integrable solution on [ty, 00).
(3) Equation (2.42) has a nonoscillatory solution.
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Proof. 1) = (2) Let x be a solution of (2.43) and x(z) > O for ¢ > t;. Then there
exists fo > t| such that sy () > ¢t fort > t9, k = 1,...,m. Denote ¢(t) = x(2),
t <ty,and C = x(tp). Let

u(t) = _;(t()t), 1> 1.

Then u(t) > 0 and

C exp{— flg u(s)ds}, t=>ty,

D=3 0 t < to.

(2.46)

Then by substituting x in (2.43) we obtain inequality (2.45). Similarly (2.45) can be
obtained, if x(¢) < 0 is a solution of (2.44).
2) = 3). Let uy be a nonnegative solution of inequality (2.45) with
p(t) <0, —1<C <0.

Denote a sequence

uy (t) = (1 + Cexp %—/ un_l(s)ds}) > (Freun—1)(@0). (2.47)

k=1
Inequality (2.45) implies u; (t) < uo(¢). By induction, we have
0 <uy(t) < up—1(t) < uo(?).

Then there exits a pointwise limit of the nonincreasing nonnegative limit u, (¢). Let

lim u,(t) = u(t).

n—00
Then by the Lebesgue Convergence Theorem

nli)nc}o(Fkun)(t) = (Fuw@®), k=12,....,m.

Thus (2.47) implies that

u(t) = (l + C exp {—/t u(s)ds%) Z(Fku)(t).
fo k=1

Hence the function x(¢) defined by (2.46) is an eventually negative solution of
(2.42). Now let uy be a nonnegative solution of inequality (2.45) with ¢(¢) > 0,
C > 0.Let C; = —C, ¢1(t) = —@(t). Then u is also a solution of (2.45) with
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C, (respectively ¢;(¢)) instead of C (respectively, ¢(¢)). As in the previous case
it follows that there exists an eventually negative solution of (2.42). Implication
3) = 1) is evident. The proof is complete. |

Corollary 2.4.1. Suppose there exist ty and A > 1 such that the inequality

ut) > A rr(t) exp{
o]

t

hie (1)
u(s)ds} X exp { 1- ak)/ u(s)ds} (2.48)

k(@)

has a nonnegative, locally integrable solution, where the sum contains only such
terms for which hy(t) > ty. Then (2.42) has a nonoscillatory solution.

In the following we give some necessary and sufficient conditions for the
existence of nonoscillatory solutions of (2.42).

Theorem 2.4.2. There exists a nonoscillatory solution of (2.42) if and only if
o0
/ re()dt <oo, k=1,2,...,m. (2.49)
0

Proof. First, suppose that (2.49) holds. Then there exist #y and A > 1 such that

Aexp{Z/ Zrk(t)dt} < 2.
o k=1

For any nonnegative u

m t hie ()
A Z re(t) exp %/h u(s)ds} X exp { 1- (xk)/ u(s)ds§

k=1 k(1)

<A Z”k(t) exp %/t u(s)ds} .
k=1 fo
Let

u(t) =2y (1)

k=1

From the above inequalities we see that u is a solution of inequality (2.48).
Corollary 2.4.1 implies that (2.42) has an eventually positive solution.

Suppose now that for some i, 1 <i < m, we have fooo ri(t)dt = oo. Let x be
a positive or negative solution of (2.42) for ¢t > t,. There exists #y > ¢, such that
hp(t) >t fort >tyandk = 1,2,...m. Let

—x'(1)

u(t) = x0) , 1=

to.
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Then u(¢) > 0 and x(¢) satisfies (2.46) where C = x(¢p). Substituting x in (2.42)
we obtain for t > ¢,

i ICI* T () (1 + € expi— [, u(s)ds})

u(t) =
X exp{—ay ftg"(t) u(s)ds} exp{ft[t) u(s)ds).
Then
t
u(t) > min{l, 1 4+ C}|C|* " r;(t) exp{(1 — ai)/ u(s)ds}.
1o
Hence
||~ '
i(t) < t —(1 -« d
0 = e e Rt —a) [ uwyds)
and so
t d |C|1_ai t 1 ' dt}d
ri(s)ds < — u(s)exp{—(1 — «; u(t)dtlds
[ s = S | et e [ uwan
|C|1—Ol[ t
= 1-— —(1 — d
ey (1ot ) [ )
'
~ min{l,1+ C}|C|
Hence
o0
/ ri(s)ds < oo,
to
which gives a contradiction. The proof is complete. |
It is also possible to establish results when o = 1 for k = 1,2,...,m (see
Sect. 2.6 where a more general situation is considered).
Next, we consider the case when oy, > 1 fork =1,2,...,m.

Lemma 2.4.1. [fh € Ly[a, b], then the linear integral operator

[M x(s)ds, it h(1) € [a, b]

(Hx)(t) = 0. if h(t) ¢ [a.b]

is a completely continuous operator in Loo[a, b].
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Proof. Let € > 0 be given. Divide H ([a, b]) N [a, b] into a finite number of subsets
F;,i =1,...,n, such that for every s, s, € F; we have |s; — 55| < €. Let

E;=h"(F),i=1,....n, Ey=1{t €a.b]: h(t) ¢ [a. D]},

S ={x € Leola,b]: ||x]| =1} and M = H(S).

For dilatation E;,i = 1,2,..., we have
h(s)
sup |[(Hx)(t) — (Hx)(s)| = sup | x(wydw| < sup |h(t) — h(s)| < e.
ts€E; tsEE; h(t) ts€E;

If i = 0 then sup, ;cp, |(Hx)() — (Hx)(s)| = 0. Now Theorem 1.4.10 implies
M = H(S) is a compact set. |

Theorem 2.4.3. Suppose for some ¢ > 0, there exists a nonoscillatory solution of
the linear delay differential equation

xX(1) ==& ) r()x(he(1)). (2.50)
k=1

Then there exists a nonoscillatory solution of (2.42).

Proof. Letty > 0, C,and ¢ : (—00, 1)) — R be such that
—1<C <0, o) <0, |p)]<|C|< /@D,

and hence C < ¢(t) < 0. Now (2.50) with x(¢) = ¢(t), t < ty, and x(t)) = Xxo
with xo = C has a negative solution x(¢) < 0. Let

_ %)
xo(t)

Then wy(t) > 0 and

t
xo(t) =C exp{—/ wo(s)ds}, t>t.
to
By substituting x in (2.50), we have

S exp{f}f 0 wo(s)ds}, if hg(t) > to,
t) = t k
wo(?) 8121%( ) X { exp{ft(t) wd”d”%y if he(t) < to.
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Consider now two sequences
t m
wy(t) = (1 + C exp {—/ wn_l(s)ds}%) Z re(t)
fo k=1

IC % exp {fhtk(,) wn_l(s)ds}
X 4 X exp {—(Olk -1) ft';"(’) Vn— l(s)ds}, if i (t) > to,
exp {ﬁ Wae 1(s)ds} M if hy (1) < to,

V() = (1 + Cexp %—/t vn_,(s)ds}}) > )
o k=1

I exp |y va1(s)ds )
X 4 X exp {_(Olk l)f,}”(l) Wy l(s)ds} if hi(t) > to,
exp {fm Vn— l(S)dS} w, if hi(t) < to,
where vo = 0. We have
ol @)™~ < |C|" ! <e
Then
wo(t) = wi (1), vi(t) = vo(t) =0, and wo(t) > vo(r).
Hence by induction
0 <wu(t) w1 (t) < ... <wolt), va(t) > vui(t) > ... > vo(t) =0,

and w, () > v,(t). There exist pointwise limits of the nonincreasing nonnegative
sequence wy, (¢) and of the nondecreasing sequence v, (¢). If we denote

w(t) = lim w,(¢) and v(t) = lim v,(?),
n—oo n—o00

then by the Lebesgue Convergence Theorem, we conclude

w(t) = (1 + C exp {—/t w(s)ds}}) irk(t)
0 k=1

|C | exp {fhtk(l) w(s)ds}
x xexp{—(ak — 1) [0 v(s)ds}, if () >1,  (2.51)
exp {j,; w(s)ds} Lo O 56 (1) < 1,
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v(t) = (1 + C exp %—/[ v(s)ds}}) irk(t)
fo k=1

|C | exp {fhtk(l) v(s)ds}
x 3 xexpi—(ay — 1 m® o (s)ds L if (1) > 1, (2.52)
1o

exp {ftfJ v(s)ds} W, if hi(t) < 1.

Fix b > 1y and denote the operator F : Lyo[ty, b] — Leolto, b] by

(Fu)(t) = (1 + Cexp { - /l u(s)ds}}) > o)
fo k=1

|C | exp {fhtk(t) u(s)ds}
x { xexp {—(ozk -1 ft(}:"(t) u(s)ds}, if hi(t) > 1o,

exp |, u(s)ds } LB, if i (6) < to.
Note for every function u from the interval v < u < w, we have v < Fu < w.
Lemma 2.4.1 implies that the operator F is completely continuous on the space
Lo[to, b] (for every b > ty). Then by the Schauder Fixed Point Theorem there
exists a nonnegative solution of equation u = Fu. Let

t
(1) = C exp{— [, u(s)ds}, t >t
e(1), t <to.
Then x () is a negative solution of (2.42), which completes the proof. ]

2.5 Models with Harvesting

In this section we study the dynamics of a population affected by harvesting, i.e.,

‘2_];7 =r(N(t),t)N(t) — E(N(),1), (2.53)

where E(N,t) is a harvesting strategy for the population.
We consider the delay model

N'(1) = r(t)N() [a = Zka(hk(l)):| — Y a@N(@@), =0, (254
k=1 I=1
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with
N(1) = ¢(1), t <0, N(O) = No, (2.55)

under the following conditions:

(ay) a>0,b; >0;

(az) r(t) =0, c;(¢) > 0 are Lebesgue measurable and locally essentially bounded
functions;

(az) hi(t), gi(t) are Lebesgue measurable functions, hx(t) < ¢, gi(t) < t,
lim; o0 Mg (1) = 00, lim;—e0 g1 (1) = 00;

(a4) ¢ : (—00,0) — Ris aBorel measurable bounded function, ¢(¢) > 0, Ny > 0.

In this section we obtain sufficient conditions for positiveness, boundedness, and
extinction of solutions of equation (2.54). The results in this section are adapted
from [14]. An absolutely continuous function N (: R — R) on each interval [0, 5]
is called a solution of problem (2.54), (2.55), if it satisfies equation (2.54) for almost
all t € [0, 00) and equality (2.55) for ¢ < 0.

First, we present some lemmas (the proofs can be found in [12, 13], and [30])
which will be used in the proof of the main results. Consider the linear delay
differential equation

X0+ Y a)x(gn) =0, 120, (2:56)
=1

and a corresponding differential inequality

Y0+ a)y@) <0, t=0. (2.57)
=1

Lemma 2.5.1. Suppose that for the functions c;, g;, hypotheses (a,) — (az) hold.
Then

(1) If y(¢) is a positive solution of (2.57) for t > ty, then y(t) < x(t), t > ty, where
x(t) is a solution of (2.56) and x(t) = y(t),t < to.

(2) For every nonoscillatory solution x(t) of (2.56), we have lim,_, o, x(t) = 0.

3) If

n

1
supZ/ ci(s)ds < —, (2.58)
ming g (f) e

t>0 =1

then equation (2.56) has a nonoscillatory solution.

If in addition, 0 < @(t) < Ny, then the solution of the initial value
problem (2.56)—(2.55), where N(t) in (2.55) is replaced by x(t), is positive.
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Consider also the linear delay equation

X+ a®x(g®) —a@)x() =0, t>0. (2.59)

=1

A solution X(¢, s) of the problem

X0+ Y ax(@@) —a®x@®) =0, t =,

=1
x(t)=0, t<s, x(5) =1,

is called a fundamental function of (2.59).

Lemma 2.5.2. Suppose for the functions c;, g;, hypotheses (a;) — (a3) hold, a is a
locally bounded function such that a(t) > 0,

>awzaw. [ [Zm(t)—a(r)}oo, (260)
I=1 0 I=1

and

Jim sup [a(f)(l —G@) + Y a®)(G) - gz(l))} <1 (2.61)

=1

where G(t) = max; g;(t). Then

(1) If there exists a nonoscillatory solution of (2.59), then for some ty and t > tg
we have X(t,s) > 0 fort > s > to, where X(t, s) is a fundamental function of
(2.59).

(2) For every nonoscillatory solution x(t) of (2.59) we have lim;_, o x(t) = 0.

Let
h(t) = min{hi (D)}, (1) = min{g (0)}.

In addition to (a;) — (a4) consider the following hypothesis:
(as). h(t) is a nondecreasing continuous function.

If in (2.54) we neglect harvesting terms, i.e., assume ¢; = 0, then the positive
equilibrium becomes a/ Y \'_, by.

Theorem 2.5.1. Suppose (ay) — (as) hold,

o) < Ny < for t <O, (2.62)

a
Z’:=1 bi
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and

supZ/g ci(s) exp {){(t)/g r(r)dr} ds < %, (2.63)

>0 7= Jg() 1(1)

where

x(t) =a [exp %a sup/[ r(E)dS% — 1i| .
>0 Jh()

Then for any solution of (2.54)—(2.55), we have

t
0 < N() 5% exp {a sup/}l r(s)ds% . (2.64)

t>0 Jh(r)

Proof. Suppose (2.64) is not valid. Then either there exists a f > 0 such that

t
0<N@) < W,Lexp%asup/ r(s)ds}, 0<t<it,
w=1 bk >0 Jh()
- a ! ‘o
N(t) = —=7——exp %a sup/ r(s)ds}, N (t) > 0, (2.65)
e=1 bk >0 Jh()

or there exists a # > 0 such that

t
0<N@) < asupf r(s)ds%, 0<t<t, Nt)=0. (2.66)
h

a
N~ g OXP
Zk:l bk { t>0 Jh(t)
Suppose we have the first possibility for a solution N (#) of (2.54)—(2.55). Denote by
Hh<b<--<Il<...

a sequence of all points 7, such that

N(h(t)) = , N'(h(t)) > 0.

a
>imibi
Now

a - a
NO) =N < = N(O) > =
Zk=1bk Zk=lbk
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and (as) imply that the set {#; } is not empty. Suppose ¢* is a point where we have a
local maximum for N(¢). We prove that if

N(t*) > ———, then t* € U[h(tk) 1]

Zz—lb

Let #; be the greatest among all points of the sequence {#; } satisfying h(f;) < t*.
Suppose first

N
(t) N Zl 1

for some ¢ and h(#;) < t < t. The definition of #; and ¢* imply t* < ¢ and hence
€ [h(te), t].

Now suppose

N(t) > for h(ty) <t < t.

a
ST b

Suppose there exists a smallest point ¢’ such that

a
N() = =——-
Zi=1bi

Then (2.54) implies N /(t) < 0, tx <t < t'. Hence in this interval N(¢) has no
maximal points. Thus i(t;) < t* < t;.

If such a ¢’ does not exist then N ’(t) < 0 fort > t; and so once again /(t;) <
t* <ty.

Equation (2.54) implies now that

N () < ar)N(), hit) <t <1*, N((n)) = Zm“ -
i=1%i

Then

¥

a
N@*) < —5——exp a/ r(s)ds
2i=1bi { hae)
‘ " )
< — exp{a/ r(s s}
> iz bi W)

a t
< m—exp%a sup/ r(s)ds},
Y1 bi >0 Jh()

which contradicts our assumption (2.65).
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Suppose now there exists a # > 0 such that (2.66) holds. After substituting

N(t) = exp { [0 t r(s) |:a -3 ka(hk(s)):| ds§ x(1), (2.67)
k=1

in (2.54)—(2.55), we have the system

x/(t) = —Zc;(t)exp{—/
I=1 &

t

O [a - ka(hkm)} ds} x(g1(0)),
it k=1

(2.68)

fort > 0, and (we assume r(¢) =0, t < 0)
x(t) = ¢(t), for t <0, x(0) = N. (2.69)

Consider now the initial value problem
n
YO ==Y pi)y(gi(0).t >0, (2.70)
I=1

y(@) =y (@), 1 <0, y(0) = yo, (2.71)

where

t

(1) = C/(I)CXP{—/ o r(s) |:a - Zka(hk(S))i| ds} :
it k=1

It is evident that if ¥ (1) = @(¢), yo = Ny, then the solutions of (2.68)—(2.69) and
(2.70)—(2.71) coincide. Inequalities (2.64) and (2.63) imply that

t

pi(s)ds
),

(1)

= Z t c1(s) exp % /S r(t) |:Zka(hk(t)) —a] d‘L’} ds
=1 8 k=1

g() 1(s)

IA

supZ/’ cz(s)exp{%(t) ' r(f)dr} ds < é,

>0 7= Je() gi(s)

where

x(t) =a [exp {a sup/[ r(E)dé} — 1i| .
>0 Jh()
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Note (2.62) which say ¢(#) < Ny. Thus Lemma 2.5.1 yields that if ¢ () = ¢(¢),
yo = Ny, then y(¢) > 0,7 > 0. Hence x(¢) > 0, ¢ > 0. Consequently by (2.67)
we have N(t) > 0, ¢+ > 0, which contradicts assumption (2.66). The proof is
complete. |

Theorem 2.5.2. . Suppose (al) — (a5) hold, then for every eventually positive
solution of (2.54)—(2.55) there exists to > 0 such that (2.64) holds for t > t.

Proof. Suppose N(t) is an eventually positive solution of (2.54)—(2.55). If
a
N(t) £ —=—,
( ZZ:I by

for some #y > 0 and ¢ > t,, then the statement of the theorem is true.
Suppose now that

a
N> ——.
Zk=1 by

for some #; > 0 and t > ¢;. Now (2.54) implies that
n
N'(@) ==Y aON@®). t >0,
=1

for some #, > ¢;. Lemma 2.5.1 implies that 0 < N(¢) < x(¢), t > t,, where x(¢) is
a solution of the equation

X0+ amx(@@)=0.t>n, x(t)=N@).t <n,
=1

and lim, o, x () = 0. Then lim; . N(t) = 0. We have a contradiction with our
assumption.
Hence there exists a sequence {z,}, lim,_.oc#, = 00, such that

N(h(t,)) = ﬁ
k=1

The end of the proof is similar to the corresponding part of the proof of
Theorem 2.5.1. ]

Consider now

N'(t) = r()NQ) [a —byN (1) — Zbuv(hk(t))} — Y a@N(g@). 2.72)
k=1 =1
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Theorem 2.5.3. Suppose by > 0, hypotheses (ay) — (a4) hold,

@(t) < No < b%’ (2.73)

and

supZ/ ci(s) exp { |:aZZ—0=1bki| /s r(u)du} ds < é. (2.74)
g g

>0 7= Jg() 1(s)

Then for any solution of (2.72)—(2.73) we have

0<N(t) < b% (2.75)

Proof. We follow the scheme of the proof in Theorem 2.5.1. Suppose (2.75) is not
true. Then either there exists 7 > 0 such that

0<N@t) < bi, 0<t<7, NG) = bi,N’(f) >0, (2.76)
0 0

or there exists f > 0 such that

0<N(z)5bﬁ, 0<t<i, N@{) =0. 2.77)
0

Suppose the first possibility (2.76) holds. Then for 0 < ¢ < ¢ we have

N'(t) < r@N®la —byN(@)]. N(©O) = No.
Denote by x a solution of the problem

X (1) = r()x(0)[a — box (1)], x(0) = No. (2.78)
Then

N(t)Sx(t)<i, 0<r<t,
bo

since the solution of (2.78) tends to a/by and is always less than a/by. We have a
contradiction with assumption (2.76).
Suppose now that for 7 > #q (2.77) holds. Substituting in (2.72),

N(t) = exp § /: r(s) |:a —boN(s) — Zka(hk(S)):| ds} x(1), (2.79)

k=1
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we have the system

X () ==Y p)x(gi(1). t >0, (2.80)

=1
x(t) =p(t), t <0, x(0) = Ny,

where

t

1(1)

pi(0) = ci(t)exp { - [ r(s) [a — b (s) - Zka(hm))} ds} .
8 k=1

Inequalities (2.75) and (2.74) imply that

Yo piods
=1

1=1 g(?)

X €xp { /S r(7) |:Zka(hk(r)) + boN(7) —ai| dt} ds
& k=1

1(5)

< supZ/t c;(s)exp{[azg—:lh‘] /S r(‘C)d‘L’} ds < é.
g

>0 125 Js() 165)

As in the proof of Theorem 2.5.1, Lemma 2.5.1 implies N(¢) > 0, 0 < ¢ < . This
contradiction proves the theorem. ]

Similar reasoning to that in Theorem 2.5.2 yields the next result.

Theorem 2.5.4. Suppose by > 0, (a;) — (a4) hold. Then for every eventually
positive solution of (2.72)—(2.55) there exists a ty > 0 such that (2.75) holds for
t > 1.

Now we obtain sufficient extinction conditions for solutions of the logistic
equation with harvesting. To this end consider the following equation which is more
general than (2.54):

N'(t) = N() [a(r) - Zbkmzv(hk(z))] — Y a@N(g@), t 20. (281)

k=1 =1
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Theorem 2.5.5. Suppose a(t) > 0, by > 0 are locally essentially bounded
functions and for c;, hy, g; conditions (a3), (az) hold. Suppose in addition (2.60)—
(2.61) hold. Then for any solution of (2.81)—(2.55) either

lim N(¢t) =0
—>00

or there exists t > 0 such that N(f) < 0.

Proof. 1t is sufficient to prove that for every positive solution N(#) of (2.81)—(2.55)
we have lim,_,, N(¢) = 0.
Suppose N () > 0 is a solution of (2.81)—(2.55). Equation (2.81) implies

N'(6) + ) el®)N(gi(0) —a()N(@) 0.
=1

Lemma 2.5.2 guarantees that there exists 7y > 0, such that the fundamental function
X(t, s) of the equation

X0+ ) e)x (@) —a)x() =0 (2.82)
=1

is positive for # > s > fy. Then the variation of constant formula [30] implies

N(t) = x(t) + /t X(t,s) f(s)ds,

where x(¢) is a solution of (2.82) with the initial condition x(¢) = N(t), t < t,
and f(¢) is a nonpositive function. Hence 0 < N(¢) < x(¢). Lemma 2.5.2 implies
that

lim x(¢) = 0.
—>00

Thus lim;—c N(¢) = 0. The proof is complete. |

2.6 Models with Nonlinear Delays

We return now to Sect. 2.4 when o = 1,k = 1,...,m. Consider the delay logistic
model with several delays

| NOw(0)

N = NOY S (o) [ a

} . he(t) <t (2.83)
k=1
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Motivated by (2.83) in this section we consider first the scalar delay differential
equation

X (1) = =) e (e () [ (0) + 1] (2:84)

k=1
under the following conditions

(c1) re, k =1,2,...,m, are Lebesgue measurable functions essentially bounded
in each finite interval [0, b], r; > 0,

m

co m t
/ > r(n)dt = oo, lim inf ) / re(s)ds > 0;
O —00

k=1 Y maxg hi (1)

(c2) hx : [0,00) — R are Lebesgue measurable functions, h(t) < ¢,
lim; o0 My (t) = 00,k =1,2,...,m.
Together with (2.84), we consider for each ¢y > 0 an initial value problem

X(1) ==Y n@x() [x(0) + 1], 1 =10, (2.85)
k=1
x(t) = @(t), t <ty, and x(fy) = xo > —1, (2.86)

where
(c3) ¢ : (—o00,t)) — Ris a Borel measurable bounded function.
Consider the linear delay differential equation

X O+ r®)x () =0 (2.87)

k=1

and the delay differential inequalities

X+ Y rOx (i) <0, £ =0, (2.88)
k=1

X+ rOx () = 0. ¢ >0. (2.89)
k=1

The following Lemma follows a standard argument (see the proof of
Theorem 2.4.1).

Lemma 2.6.1. Assume that (c¢1) — (c3) hold. Then the following statements are
equivalent:
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(1) There exits a nonoscillatory solution of (2.87).

(2) There exists an eventually positive solution of t inequality (2.88).
(3) There exists an eventually negative solution of (2.89).

(4) There exists ty > 0 such that the inequality

u(t) > ri () exp(
oo (]

has a nonnegative locally integrable solution.

If x(t), y(), z(t), t > 0, are positive solutions of (2.87), (2.88), (2.89),
respectively, x(t) = y(t) = z(t), t <O, then y(t) < x(t) < z(¢t) fort > 0.

t
u(s)ds) , t =1, ut) =0, t <ty, (2.90)
k(1)

Lemma 2.6.2. Assume that for the equation
m
X (@) + Y ar®)x(g() =0, >0, (2.91)
k=1

assumptions (c;) — (c2) hold.

@) Ifar(t) < ri(t), gr(t) = hi(2), and (2.87) has a nonoscillatory solution, then
(2.91) has a nonoscillatory solution.

(@) Ifar(t) = r(t), g (t) < hi(t), and all solutions of (2.87) are oscillatory, then
all solutions of (2.91) are oscillatory.

Theorem 2.6.1. Assume that (c,) — (c3) hold. Suppose that for every sufficiently
small € > 0 all solutions of the linear delay differential equation

X+ A=) n®x(he(t) =0, t >t (2.92)
k=1

are oscillatory. Then all solutions of (2.85) are oscillatory.

Proof. Suppose (2.85) has a nonoscillatory solution. Then by the condition x(¢) +
1 > 0 either there exists a positive solution x(¢) > 0 for all t > T > ¢, or there
exists a solution x (¢) such that

—1<x(t) <0, fort>T.

We can assume /iy (t) > to for all ¢t > T, since lim;—, o 1 (1) = o0.
First, we suppose that x(¢) > 0 for ¢t > T. From (2.85), we have

X (0) + Y re@x () < 0. 1 =10,

k=1

Lemma 2.6.1 implies for ¢ = 0 that (2.92) has a nonoscillatory solution, which
gives a contradiction.
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Suppose now
—1<x(t) <0, for t >T.
Let us introduce the function « as a solution of
x (1) = —u()x (1) [x(t) + 1], x(T) =xo < 0. (2.93)

Now, since x(7) + 1 > 0, we have x (¢) > 0 and this implies that u(z) > 0. From
(2.93) we obtain

exp (— [y u(s)ds + c)

x(1) =— ,
1 +exp (— 7 u(s)ds + c)

where ¢ = In[|xg| /(1 + x¢)] . Substituting in (2.85) we have

exp (_ th u(s)ds + c) _ irk(t) exp (— ;’k(ht) u(s)ds + c) |
1 +exp <— f; u(s)ds + c) k=1 1 + exp (— ka(t) u(s)ds + c)

Hence

u(t) = re(t) exp(

t

1 + exp (— [7 u(s)ds + c)

L 2.94)
1 + exp (— f;”‘([) u(s)ds + c)

u(s)ds)
110

Equality (2.94) implies that u(z) > ) r¢(¢) and from (c;) we have
k=1

[Too u(t)dt = oo.

Consequently there exists 77 > T such that

1 +exp (— f} u(s)ds + c)
max > (1—¢), fort > T.

Isk=m 1 4 exp (— f;’k(t) u(s)ds + c)

Then,

1

u) > (1 —¢) Z re (1) exp (/ u(s)ds).
k=1 h

k(1)

From Lemma 2.6.1, (2.92) has a nonoscillatory solution, which is a contradiction.
The proof is complete. u
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From Lemma 2.6.2 and Theorem 2.6.1 we have the following oscillation
comparison theorem.

Theorem 2.6.2. Suppose a;(t) > ri(t), gr(t) < hi(¢t), and the assumptions of
Theorem 2.6.1 hold. Then all the solutions of the equation

X+ ar®Ox (@)1 +x(0)] =0, >0, (2.95)
k=1

are oscillatory.

Theorem 2.6.3. Assume that (c;) — (c3) hold. Suppose for every sufficiently small
& > 0 there exists a nonoscillatory solution of the linear delay differential equation

m
X O+ (1 +e) ) nx(he(®) =0. 1 =1, (2.96)
k=1
Then (2.85) has a nonoscillatory solution.
Proof. From Lemma 2.6.1 for some T > t, and for ¢ > T there exists a nonnegative

solution 1 of

t

ut) > (1+¢) Zrk(t) exp (/
k=1 h

This inequality implies that uo(f) > Y (), and hence by (c;) we have that
k=1

u(s)ds), t>T. 2.97)

k(@)

(e9)
/ uy(s)ds = oo.
T
Let ¢ be some negative number. Then there exists 77 > T such that

1 —exp (— f;l uo(s)ds + c)
max < (1+e¢)), fort > Ty, (2.98)

k<m m
t=k=my —exp (— 7{’1"([) > re(s)ds + c)
k=1

and by (c;) fort > Tj, we have

k=1

> 1.
1 —exp (— f;l uo(s)ds + c)

. oom 1 —exp (— ;’l"(’) > rr(s)ds + c)
12}2;11 exp |:/h Z Ik (s)ds:|

k(1) k=1
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From (2.97) and (2.98), we have

1 —exp (— thl uo(s)ds + c)

m t
up(t) > Z 1 (1) exp (f uo(s)ds) —
P () I — exp (_ 0

o 2 rk(s)ds + c)

k=1
(2.99)
Let us fix #; > T} and consider the nonlinear operator
m t
(Fiu)(t) = Z re(t) exp (/ u(s)ds)
P hie(0)
1 —exp (— f;l u(s)ds + c)
X he () m
1 —exp (— Jr7 3 re(s)ds + c)
k=1
in the Banach space Lo[77, #;]. We have
m exp (f;l u(s)ds)
(Fu(t) = Y ret)——
= e (J, & 9)uts)ds)
1 —exp (— f}] u(s)ds + c)
X , (2.100)

| he ()
—exp | — [r," 2 rk(s)ds + ¢

k=1

where (i (z,5) = 1,if s < h(¢t) < t, and & (¢,5) = 0, if hi(¢) < s. The operator
F} is continuous. Consider all functions v € L[T1, t1] such that

D () < v(t) < (o).
k=1

We have (Fiv)(t) > Y ri(t). Inequality (2.98) implies that
k=1

F0) <3 r (r)exp(

1 —exp (— f;l uo(s)ds + C)

1 —exp (— fﬁl"(” kgl re(s)ds + c)

<48 ) r (t)exp(
o]

t

uo(s)ds)

k(@)

X

t

uo(s)ds) < uy(t).

k(@)
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Hence for each v such that
D k() < v(1) < u(t)
k=1
we have
3" rt) < (F)(0) < uo(0).
k=1
Then by Knaster’s Fixed Point Theorem (see Sect. 1.4), there exists u; such that

Zrk(l) Su(t) <up(t) and uy = Fuy.
k=1

This means that
t

1 —exp (— f;} ui(s)ds + c)

| he () <
—exp|—Jp > rk(s)ds + ¢
k=1
(2.101)

w(t) =Y r(t)exp (/ u](s)ds)
k=1 h

k(1)

Consider the operator

t

1 —exp (— f;l u(s)ds + c)
1 —exp (— ;llk(l) ui(s)ds + c) '

(Fu)(t) = Y () exp ( [ u(s)ds)
k=1 h

k(@)

If

Do nt) < v() < w(0),

k=1

then (2.101) and (2.98) imply

/t ul(s)ds) 1 —exp (— f}l ui(s)ds + c)

(F)(0) = Y ryenp
2 ,; ¢ R () 1 —exp (— fThlk(z) u(s)ds + c)

< ui (1),
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and
(F2v)(1)
m Com 1—exp (— f;l é:l re(s)ds + c)
> kZ::lrk(t)exp </hkm kZ::l rk(S)dS> R (_ ;llk(t) o(s)ds + c)
> i 7 ().
k=1
Hence

Y ore) < (Fav)(6) < w(¢)

k=1

and as in the previous case we obtain that there exists a solution u, of the equation
u = Fou such that

Do) Swp(t) < (o).
k=1

By induction we prove that there exists a solution u,, of the equation u = F, u which
satisfies

Zrk(t) = Mn([) = l/tn_l(t),
k=1

where

1 —exp (— f;] u(s)ds + c)
1 —exp (— ﬁlk(l) Up—1(8)ds + c) .

(Fyu)(t) = ;rkmexp ( /h )u(s)ds)

t
k(@
A monotone bounded sequence {u,} has a limit u = lim,_, o, u, () and this limit is
a solution of the equation

1 —exp (— f}l u(s)ds + c)
1 —exp (— ﬁlk(t) u(s)ds + c).

— X d
u(t) ;rk(z)ep(/h o s)

t
Kk
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From this, we have that

exp (— [7 u(s)ds + c)

x(t) =—
1 +exp (— [y u(s)ds + c)

(where ¢ = In[|x(Ty)| /(1 + x(T})]) is a positive solution of (2.85) for T} <t < 1,.
Since ¢, is an arbitrary number, we have a positive solution for all # > Tj. The proof
is complete. |

For the remainder of this section we consider
X0+ Y n @ fillx ()] =0 (2.102)
k=1

under the following assumptions:

(al) re(t) = 0, k = 1,...,m, are Lebesgue measurable locally essentially
bounded functions;

(a2) hy :[0,00) — R, for k = 1,...,m, are Lebesgue measurable functions
hie(t) < t,limt, oy (t) = 00;

(@3) fr :R—=> R,k =1,...,m, are continuous functions, x f; (x) > 0 for x # 0.

Together with (2.102), we consider for each 7y > 0 an initial value problem
X0+ Y @) fillx ()] =0, 1 = 1, (2.103)
k=1

x(t) = ¢(t), t <to, x(f) = Xo. (2.104)
We also assume that the following hypothesis holds:

(ad) ¢ :(—o0, ty) — Ris a Borel measurable bounded function.

We will also use the following lemma (whose proof is standard) which can be
found in [33].

Lemma 2.6.3. Suppose there exists an index k such that

/00 re(t)dt = oo (2.105)
0

and x(t) is a nonoscillatory solution of (2.103). Then lim,_,, x(t) = 0.

Theorem 2.6.4. Assume that (a\) — (a4) and (2.105) hold. Furthermore assume
that
i @ _
im —/—— =

u—o0o U

1, k=1,2,...,m. (2.106)



2.6 Models with Nonlinear Delays 51

If for some & > 0 all solutions of the linear equation

X0+ 1 —e) Y ) x(hi() = 0. 1 = 1o, (2.107)
k=1

are oscillatory, then all solutions of (2.103) are also oscillatory.

Proof. Assume (2.103) has a nonoscillatory solution x(¢). Then, by Lemma 2.6.3
we have that lim,_, o x(¢) = 0.
Assume that there exists #; > ty sufficiently large such that x(z) > 0 for¢ > #

and Ay (t) > t; for t > t,. From condition (2.106) there exists #3 > , such that

felxe(hie(®))) = (1= e)x (e (1)) t = 1.
Hence
X0+ 1—e) Y n@Ox(u() <0, =1
k=1

Now Lemma 2.6.1 implies that (2.107) has a nonoscillatory solution. This is a
contradiction.

Suppose now, x(¢) < 0 for ¢t > ¢, for some #; sufficiently large such that /() >
t; fort > t,. Let

y(@) = —x(0), &) =—fi(=y)

and the functions g; satisfy all the assumptions for fi, and y(z) is an eventually
positive solution of the equation

YO+ ) gy (i (1)) = 0.
k=1
As was shown above, we have
YO+ 1=8)) n@)y () <0.
k=1

for t, > t;. Now Lemma 2.6.1 implies that (2.107) has a nonoscillatory solution.
This contradiction proves the theorem. |

Theorem 2.6.5. Assume that (a1) —(a4) hold. Suppose forallk = 1, ..., m, either
fi(x) <x for x >0 or fr(x)>x forx <0, (2.108)

and there exists a nonoscillatory solution of the linear delay differential
equation (2.87).
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Then there exists a nonoscillatory solution of (2.103).

Proof. Suppose fr(x) < xforx >0,k = 1,...,m. By Lemma 2.6.1 there exist
to > 0 and Mo(l) >0,t > 1, uo(l) = 0,1 < 1y, such that

up(t) > i (1) exp(

Let us fix b > fy and consider the nonlinear operator F : Loo[ty, 5] = Loo[to, D]
given by

m hy (1) t
(Fu)(t) = Z re(t) fr (exp (—/ u(s)ds)) exp (/ u(s)ds).
k=1 to 1o

For any function u from the interval 0 < u < uy we have

m hi (¢ t
0<(Fu@) < Z re (1) exp (_/ )u(s)ds) exp (/ u(s)dS)
k=1 fo fo
< t
=< ];rk( ) exp (/hk(

Hence 0 < Fu < up. Lemma 2.4.1 implies that the operator F is completely
continuous in L [t, b]. Then by the Schauder Fixed Point Theorem, there exists a
nonnegative solution of the equation u = Fu. Let

uo(s)ds) , 1> 1y,

¢
k()

t

uo(s)ds) < uy(t).
)

exp (— f[f) u(s)ds), t > 1,
0, t <l.

x(1) ={

Then x () is an eventually positive solution of (2.87).
If fi(x) > x,x <0,k = 1,...,m, then (2.87) has an eventually negative
solution, which completes the proof of the theorem. |

Consider (2.83). Let N(t) = Ke*"). Then x is a solution of (2.102) with
fe(x) = f(x) =e" — 1.

Note fi(u) > uforu < 0 and u fi (u) > 0 for u # 0.
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2.7 Hyperlogistic Models

In this section, we are concerned with the oscillation of the delay hyperlogistic
models. First, we consider an autonomous delay hyperlogistic model of the form

N'@®) =rNO ] [1 - W} i, (2.109)
j=l1

where r, K, t; € (0,00), and«; = p;/q; are rational numbers with ¢; odd, p; and
q; are co-prime, 1 < j < m, and

[]n* =-1.
j=1

By making a change of variables

x(t) = % -1,
Eq. (2.109) becomes
XO+r[+xO[ [ (¢ —7) =0. (2.110)

J=1

We are interested in those solutions x(¢) of (2.110) satisfying x(¢) > —1 which
correspond to solutions N(¢) of (2.109) satisfying N(¢) > 0. Thus we consider the
initial condition

x(1) =¢@) = -1, 1 €fto—1.10],
{ ¢ € C ([to—.10].[~1,00)) and P(to) > —1, (2.111)

where 7 = max{ty,..., T, }. Now (2.110), (2.111) has a unique solution x(; #o, ¢)
on [ty — t,00) and x(¢) > —1 for t > t,. We will show that all solutions of (2.110)
m

and (2.111) are oscillatory when Z a; < 1, but at least one nonoscillatory solution

j=1
m m

exists when Zoe_, > 1. For the case where ZC{ 7 = 1, we will establish an
Jj=1 Jj=1

equivalence, as far as oscillation is concerned, between (2.110) and its so-called

quasilinearized equation

YO +r[[y@e—-z)=o0. (2.112)
j=1

The results in this section are adapted from [84].
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m
The case Zaj <L
j=1
m
Theorem 2.7.1. If ¢ = Zotj < 1, then every solution of (2.110)—(2.111)
j=l1
oscillates.

Proof. Assume that (2.110)—(2.111) has a nonoscillatory solution x(¢). We first
suppose that x (¢) is eventually positive. Then, by (2.110), we eventually have

X)) =-r(+x@) [[x¥¢-1) <0,

j=1
which implies that x (¢) is eventually decreasing. Thus

x(t —1;) > x(t), eventually, for j =1,...,m,

m
and hence (note o = Z aj)
j=1

XO+rA+xO)xO) =X O+r0+x@) [[x9¢—1)=0.
Jj=1

Thus

%xl_“(t) <-(0-ar[l+x@®)]<-01-o)r,

which implies that
x!7%(t) - —o00, ast — oo.
This is impossible since x(¢) > 0 eventually and 1 —« > 0.

We next suppose that x(¢) is eventually negative. Noting that x(¢) > —1 for
t > 0, we have eventually

X' (1)

—r(l+x@) [[x“@—1))

Jj=1

r(+x@) [][-x@ -] >o0.
j=1
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which implies that x(¢) is eventually increasing, so there exists 77 > 0 such that
x(t—1;)<x()<O0forj=1,...,mand

1+ x()>14+x(T7) >0, forallt > T;.
Therefore
X' (1) + (14 x(0)x*(t)

>xO+r(d+x@) [[xv@¢-1)=0 t>T.
j=l1

and hence

%xl_“(t) < —r(l—a)(1+x(2))

<-—r(l-a)(+x(T1)) <0, t >T.

Integrating the above inequality from 7} to ¢ > 0 and letting t — o0, we get
x'7%(t) — —o0, as t — oo. This is a contradiction to the fact that x(t) > —1 for
t > 0 and completes the proof. |

m
The case Zaj > 1.
Jj=1
We now recall the following well-known result.

Lemma 2.7.1. Every solution of (2.112) with Z a; = 1 oscillates if and only if
j=1

= 1
r TP > .
TR
=1
Moreover, the above inequality holds if and only if

m
y/(t) +r 1_[ Y% (t —t;) <0, has no eventually positive solution,
j=1
m
y/(t) +r 1_[ Y% (t — ;) = 0, has no eventually negative solution.
j=1

m
Theorem 2.7.2. Ifa = Z aj > 1, then (2.110) has a nonoscillatory solution.
j=1
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Proof. Choose rational numbers ; = :_j € [0.00) with s; odd, 1 < j < m,
such that
m m
Bj <aj, forj=1,...,m, Z'BJ =1, l_[(—l)ﬂf - _1
j=1 j=1

Let € > 0 satisfy

- 1
re E ﬂj‘[j < -.
e

j=1

Then, by Lemma 2.7.1, the equation

m
X +re[[xPi—-1)=0 (2.113)
j=l1

has a positive solution x(¢) defined on [ty, co) for some #, > 0. It is clear that
x(t) > O0ast — oo. Since B; < a; and

m m

E IBj < E Olj,

Jj=1 j=1
we have

Hx“f(t -1;)

lim (1 +xy—— =0
[[xfr@—1)
j=1

Thus, there exists t; > f( such that

A+ x@) [[x¥@—1) <e[[xP(t—1)). fort =1,
j=1 j=1
and hence for ¢ > ¢, we see that

XO+rA+x@O) [[x¥ -t <x'@O+er [[xP—1) =0 (2114)

j=1 j=1
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Set y(t) = In(1 + x(¢)). Then, from (2.114), we have

V(@) +r 1_[ [ey(’_”) — l]aj <0, fort > 1,

Jj=1

which yields

y(t) > r/l_[ [e2¢ ) —1]" ds, fort>1. (2.115)

¢ /=1

Define X to be the set of piecewise continuous functions z : [t; — t,00) — [0, 1]
and endow X with the usual pointwise ordering <, that is,

U= Zl(l) < Zz(l), for t >t — 1.

Then (X; <) becomes an ordered set. It is obvious that for any nonempty subset
M of X, inf(M) and sup(M) exist. Thus (X; <) is a complete lattice. Define a
mapping W on X as follows:

m

s | [TleC ) — 1] ds, 1 = 1,
(U2)@) = 0 J=1
(¥ 2)(@) + (1 - %) h—t<t<t.

For each z € X, we see that

Oom
0<(\Pz)(t)<m/l_[ ey(s %) —1 ds <1, fort > ty,
y =

and
0<(Wz)(t) <1, for tely—r1,1t].

This shows that WX € X. Moreover, it can be easily verified that ¥ is a monotone
increasing mapping. Therefore, by the Knaster—Tarski Fixed Point Theorem (see
Sect. 1.4), we have that there exists a z € X such that ¥ 7 = z, that s,

OOm

ﬁ/ [[[ere = —1]" ds, 1 > 1.
;=1 (2.116)
W)+ (-5, n-T=t=h.

z2(t) =
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By (2.116), z(t) is continuous on [¢; — T, 00). Moreover, since z(t) > 0 for ¢ €
[t, — 7,11), we must have z(¢) > 0, forall t > ¢;. Set w(t) = y(¢)z(¢). Then w(z) is
positive, continuous on [f; — t, 00), and satisfies

© m
w(t) = r/ [Tlerc= —1]" ds, fort > 1. 2.117)

¢ J=1

Differentiating (2.117) yields

o0
d n .
EW(Z) + r/ l_[ [ew(s_’f) — 1]% =0, fort > 1,

¢ J=1

which shows that e¥*) —1 is a positive solution of (2.110) on [t;, 00). This completes
the proof. |

The case Zaj =1

j=1
The following theorem establishes an equivalence between the oscillation of
(2.110)—(2.111) and the oscillation of (2.112).

m
Theorem 2.7.3. When Za‘/ = 1, every solution of (2.110)—(2.111) oscillates if
j=1
and only if every solution of (2.112) oscillates.

Proof. =: Assume that (2.112) has a nonoscillatory solution y(¢). Since —y(¢) is
also a solution of (2.112), we may assume that y(¢) is eventually positive. We, will
prove that (2.110)—(2.111) has a nonoscillatory solution for some #;. To this end, we
only need to prove that the equation

m
d) +r[Ja-e ) =0 (2.118)
j=1

has an eventually positive solution. Let 7y be such that y(t — 7) > 0 fort > f¢,.
Using the inequality 1 —e™ < x for x > 0, we have for ¢ > ¢, that

m m
Yoy +r[Ja-es <y'@+r[[ye—mp=0. @119
j=1 Jj=1

It can be easily shown that y(t) — 0, as t — oo. Integrating the above inequality
from ¢ to oo, we obtain

R m
y(1) Zr/l_[(l—e_y("’f))“f, for t > 1.
¢ /=1
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Now an argument similar to the proof of Theorem 2.7.2 shows that (2.119) would
have an eventually positive solution z(¢) on [tg, 00) satisfying z(¢) > O for all # > #,.
<: Assume, for the sake of contradiction, that (2.110)-(2.111) has a non-
oscillatory solution x(¢) for every #y. Then 1 + x(¢) > 0, for t > 5. We now
distinguish two cases:
Case (i):  x(t) is eventually positive.
Then there exists T > t; such that x(¢) > 0, for ¢t > T. From (2.110) it follows
that

XO+r[]x@—) <X @+r0+x@) [[x¥ @ —1)) =0. 2.120)

j=1 j=1

This, together with Lemma 2.7.1, implies that (2.112) has a nonoscillatory

solution, contrary to the assumption that every solution of (2.112) oscillates.
Case (ii):  x(t) is eventually negative.

Since 1 4+ x(t) > Ofort >ty and x(¢) < O for¢t > T for some T > f,, we have

X =r(+x@) [[l-xt -7 >0, fort>T,
j=1

from which we can easily see that x(¢t) — 0 as ¢ — oco. On the other hand, in
view of Lemma 2.7.1, we can choose € € (0, 1) such that

“ 1
r(l—e)> ajt; > - (2.121)

J=1

Now, let 71 > T be sufficiently large such that 1 > 1 4+ x(¢) > 1 —¢, fort > T.
Then by (2.110), we have for t > T + t that

X +ra—o[xv@-1)
j=1

>x'O+r(+xo) [[x¥¢-1) =0, (2.122)
j=1

which is also a contradiction since, by Lemma 2.7.1, (2.122) implies that the
inequality
m
X (t)+r(l—e)l_[x°‘f(t—rj) >0
j=1

cannot have an eventually negative solution. This completes the proof. ]
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The following corollary is an immediate result from Theorem 2.7.3 and
Lemma 2.7.1.

Corollary 2.7.1. If Z aj = 1, then every solution of (2.110)—(2.111) oscillates
j=1

(or every positive solution of (2.111) oscillates about the steady state K) if and

only if

“ 1
r E (Xj‘[ >—.
e

Jj=1

Next, in the following we consider the nonautonomous hyperlogistic delay model

m o ﬂj
N' @) =r@NO ] [1 - W} ,for 1 >0, (2.123)
j=1

where0 < 1y <15 <...< 1y, B1,..., B are rational numbers with denominators
that are positive odd integers, and

r € C([ty, 00),[0,0)), K > 0.
We will establish some sufficient conditions for the oscillation of all positive

solutions of (2.123) about K. The results are adapted from [71]. To prove the main
results we study the oscillation of the equation

m
X @)+ p@ [ |x@ =] signlx(t — ;)] =0, t =10, (2.124)
j=l
where
p € C([t),00),[0,00)), 0 <11 =T = ...Z Ty, a; >0, j =1,2,...,m,

and then apply the obtained results on the hyperlogistic model (2.123).
We will consider the equation

x/(t) +p@)f(x(t—11),...,x({ —1y)) =0, fort > 1, (2.125)
where the function f satisfies the following condition (H):
(H). f €e CR™",R), f(x1,...,Xx,) is nondecreasing on each x;, i = 1,...,m,
and

x; >0,fori =1,....m= f(x1,...,xy) >0,

x; <0, fori=1,....m= f(x1,...,xy) <0,
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and
lim M =M > 0.
@1 et)=>(0...0) o
H |/
j=1
We will apply the results on the equation
X () + > pi @) xP (t—1;) =0, fort =1, (2.126)
j=1
where i, ..., B, are rational numbers with denominators that are positive odd

integers and
pj € C([tp,00),[0,00)), for j =1,2,...,m.

In the following, we consider the case when
m
> a1 (2.127)
j=1

and study the oscillatory behavior of (2.124) in terms of p(¢) and the delays
Tlyeuoes Ty

The following lemma whose proof is standard (see [21]) will be needed to prove
the main results.

Lemma 2.7.2. Assume that (H) holds, and for large t,
p(s) #0, fors e [t,t + 1], (2.128)

where T = max{ty, 72, ..., Tn}. Then (2.125) has an eventually positive solution if
and only if the corresponding inequality,

X @)+ pO) fx(t =11)s .. x (E—1T0) <0, > 1o, (2.129)

has an eventually positive solution.

Associated with (2.125), we consider the equation
x/(t) +q@)f(x(t—11),...,x({—1y)) =0, fort > 1, (2.130)

where ¢ € C([ty, 00), [0,00)). Applying Lemma 2.7.2, we have the following
lemma.
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Lemma 2.7.3. Assume that (H) and (2.128) hold, and that for large t

p ) =q (). (2.131)
If every solution of (2.125) oscillates, then every solution of (2.130) oscillates.
Theorem 2.7.4. Assume that (2.127) holds. Then the following conclusions hold:
(i) Ifthere exists A > 0 such that
Zm:aje—*ff <1, (2.132)
Jj=1
and

. . )L-[
Jlim inf [p(t)exp (—e*")] > 0, (2.133)

then every solution of (2.124) oscillates.
(if) If (2.128) holds and there exists i > 0 such that

m
D ajem > 1, (2.134)
j=1
and
tlim sup [p(t) exp (—e"")] < oo, (2.135)
—00

then (2.124) has an eventually positive solution.

Proof. (i) From (2.132) and (2.133), we may choose A, < A < Aand T > £

such that
Zaje_“f < Zaje_)“’f < Zaje_lﬂf <1, (2.136)
=1 7=l J=1
and
1 m
p) = hettexp | S Doaj— 1M, =T (2.137)
j=1
Set

1 m
@) =dieMexp | S| D ey —1) et (2.138)
j=1
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By Lemma 2.7.3, it suffices to prove that every solution of the equation

x/(t) +q(t) 1_[ \x(t — rj)\a/ sign[x(t—1)] =0, t=>t, (2.139)
j=1

oscillates. Assume the contrary, and let x (¢) be an eventually positive solution
of (2.139). Then there exists a 77 > T such that

1>x(t—1,) > Oandx/(t) <0, fort > Ty.

Let y(t) = —Inx(¢) fort > Ty — 7,,. Then y(¢) > 0 fort > T} — 1,,,, and from
(2.139) we have

y'(@) =qt)exp | y(@) — Zajy(t —1;) |, fort > T. (2.140)

Jj=1

m
Set ] = Za je% Then 0 < [ < 1. We consider the following three
j=1
possible cases.
m
Case (1): Consider the case when y(f) < Za/e(x‘*)‘”ffy(t — 7;) eventu-
j=1
ally holds.

Choose T> > T such that

m
y(@) < Zaje@‘_“)ffy(t —1;), fort > 7.
j=1

Consequently, we have for ¢ > T, that

m — . m

y(t) - Z Olje’ht AT y(t _ Tj) B Za

oMl — oAl eM=1)
j=1 J=1

‘e_A,ZTj y(l B tj)
Y eM—1j) °

Set z(t) = y(t)e'". Then

m
) £ Y aje Nzt — 1), fort = Th. (2.141)
j=1

This implies that

lim z(¢t) = 0. (2.142)
—>00
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From (2.142), it follows that there exists a 73 > T, such that

1
y(t) < Ee*", t> T, (2.143)

which, together with (2.140), implies for ¢t > T3 that

Y@ =q@exp| | 1= a; | y(@)
j=l1

1 m
> q(t) exp 3 I—Zaj M| =AM
=1

It follows that
y(t) = y(T3) + M =Bt > T,
which contradicts (2.143).

m
Case (2):  Consider the case when y(t) — Z otje()“_h)ff y(t — 7;) is oscil-
j=1
latory.

In this case, there exists an increasing infinite sequence {#, } of real numbers
with 75 < t; < t, < ... such that

m
Yt) =Y ey, — 1), n=1.2,..., (2.144)
j=l
and
y@) > Y eyt — 1)), 1€ (tmrita), n = 1,2, (2.145)
j=1
Set

u(t) = y(0) = Y _ajeM Uy — 1),

Jj=1

Then u(t) is oscillatory and there exists an increasing infinite sequence {&,} of
real numbers such that

M(En) = max{u(t) Llhypy—1 <t < Ign},



2.7 Hyperlogistic Models 65

andu'(§,) =0,n =1,2,....Note
m
W (&) =y () — Y a;eM Uy (E, — 1)),
j=l1
and fort > T
m
y (@) =q@t)exp | ut) + Zaj (™M™ U — Nyt —1)) |. (2.146)
j=l1
It follows that

qE)exp [uE) + ) oMU —1)y(E, — 1))

j=1

m
— Zaie(luf)»z)fiq(gn —1)
i=1

m
xexp | u(§, — 1)+ Zaj(e(kl—kz)rj — Dy —1 — 1))
j=1

1 m
< At exp 3 Za-/ — 1| MG
j=1

A1—A2)T;
X exp lrgizlsxm{u(én -1} + E laj (MU _1)y(E, — 11 — ;)
=

Consequently, we have

w(E) + Y@M 1)y, — 1)

Jj=1

m
e, (oA1=A)T; N o
< lfﬁnlaﬁﬁ{u(én Tt)} + leaj (e 7 l)y(%‘n 7 Tj)
j=

1 m
-3 Daj -1 A=t n=1.23... (2.147)
j=1
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If

lim sup u(¢) = lim sup u(§,) = oo,
t—>00 n—o0

then there exists a subsequence {£,, } of {§,} such that
u(bn) =max{u(r) : <t <&}, k=12,....
Hence, from (2.147), we have

0< Y aj(e™ ™5 —1) [y, — ;) = y(En — 11 — 7))]

j=1
1 m
<= Zaj — 1| (1 —e MMyt <0, k =1,2,... .
j=1
This is a contradiction. If
lim sup u(¢) = lim sup u(§,) < oo,

—>00 n—o0

then from (2.147),

0 < lim sup (u(§&,)

n—o0

+ Y (@MY 1) [y, — 1) = y(E — 1 —T)])

Jj=1

<lim sup { max {u(§, — 7;)}
n—oo | 1<i<m

1 m
-3 Za_, —1] (1 —eMm)eMi L = o0,
i=1

This is also a contradiction.

m
Case (3):  Consider the case when y(f) > Za je@‘_“)f/ y(t — t;) eventu-

j=1
ally holds.

Let T, > T3 be such that

m
y() > Zaje‘“_m”'y(t —1;), t > Ty
j=1
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It follows from (2.140) that

Y0 =q@)exp | y(t) =Y a;y(t — 1))

Jj=1

> g(t)exp[(1— P07 r(1)], fort > Ty.
Setc =1 —e® )7 Then 0 < ¢ < 1, and the above inequality reduces to
Y (0O = q(1), for 1 = T.

Integrating the above inequality from 7} to oo, we obtain

o0 o0 1

/Q(t)df < /y/(t)e"'f"(’)dt < 2o (M) < oo,
c

T4 T4

which contradicts the definition of ¢ ().
Cases 1, 2, and 3 complete the proof of (7).
(if) By (2.134) and (2.135), we may choose (; >  and T' > ¢, such that

m m
D ajem >y ajemMY > 1, (2.148)
j=l j=1
and
m
p) < peexp | [ Y aje i 1|t | 1= T, (2.149)
j=1

Set o(t) = e*" and x(t) = e *?) . Thenfort > T,

x (1) + p(t) H |x(t —1)[" sign[x(t — 7))

Jj=1

m
= —p0e™ + p(o) [Tem?™
j=1

m m
= 1_[ e L p(t) — e exp Zaje_’“’f —1]em |t <0.
j=1 j=1
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This shows that the inequality

x'(t) + p() 1_[ |x(r — rj)\a/ sign[x(t—1)] <0, t>1,
j=1

has an eventually positive solution. In view of Lemma 2.7.2, the corresponding
equation (2.124) also has an eventually positive solution. The proof is com-
plete. |

Applying Theorem 2.7.4 on the special form
x/(t) + p(?) |x(t — tj)|a signx(—1)] =0, t > 1, (2.150)
where
p € C(Jty, 00),[0,00)), T >0, o > 0,

we have immediately the following result.
Corollary 2.7.2. Assume that @ > 1. Then the following conclusions hold:

(i) If there exists A > v 'Ina such that (2.133) holds, then every solution of
(2.150) oscillates.
(ii) If p(t) # 0 on any interval of length v, and there exists i < Tt~ 'Ina such that
(2.135) holds, then (2.150) has an eventually positive solution.
m
Note that if Z a; > 1, then it follows that there exists a unique Ao > 0 such
j=1
that

m
E aje_l‘”f =1.
j=1

Therefore, applying Theorem 2.7.4 to the following equation which is a special form
of (2.124)

x'(t) + C exp(e) 1—[ |x( — tj)|aj sign[x(t —1)] =0, t >1, (2.151)
j=1

where C > 0, we have that every solution of (2.151) oscillates if A > g and (2.151)
has an eventually positive solution in A < Ay.
In the following, we apply Theorem 2.7.4 to (2.125), (2.126), and (2.123).
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m

Theorem 2.7.5. Assume that (H) holds and Zaj > 1. Then the following
j=1

conclusions hold:

(i) If there exists A > 0 such that (2.132) and (2.133) hold, then every solution of
(2.125) oscillates.
(i) If (2.128) and

o

/p(t)dt =00 (2.152)

to

hold and there exists . > 0 such that (2.134) and (2.135) hold, then (2.125)
has an eventually positive solution.

Proof. (i) Assume the contrary, and let x(¢) be an eventually positive solution of
(2.125). Then from (2.125) and (2.133), we easily see that tl_i)m x(t) = 0. Then
o0

from (2.125) and (H) there exists a T} > f( such that
1>x({—1,) >0, and x/(t) <0, for t>T,
and
1 “ .
Fx@t=1), ..., x(t — 1)) > oM [Tl —n]”. =T (2153
Jj=1
Substituting (2.153) into (2.125), we have
1 “ o
x'(1) + SMp(@) [][x¢—7)H]" <0, for 1 =T. (2.154)
j=1

This shows that the inequality (2.154) has an eventually positive solution. In
view of Lemma 2.7.2, the corresponding equation,

x'(t) + %Mp(t) l_[ lx(t —7j)|[*sign[x(t —t)] =0, t =19, (2.155)

Jj=1

also has an eventually positive solution. But, by Theorem 2.7.4, (2.132) and
(2.133) imply that every solution of (2.155) oscillates, and this contradiction
completes the proof of (i).
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(i1) In view of Theorem 2.7.4, (2.128), (2.134), (2.135), and (2.152) imply that the
equation

X0 +2Mp() [ [ Ix(t — )| sign(x(t =) =0. t =10, (2.156)
j=1

has an eventually positive solution x(¢) with lim;—. x(#) = 0. From this,
(H), and (2.156), there exists a T, > fo such that

x(t —1,) >0, and x/(t) <O0for t>T,,

and

S =1).. . x@—1) <2M [[Ixt =)™, =T (2157

j=1
Substituting (2.157) into (2.156), we have
X ()4 pO) f(x(t —11).....x(t —Tp)) <0, 1> Ts. (2.158)

This shows that inequality (2.158) has an eventually positive solution. In view
of Lemma 2.7.2, the corresponding equation (2.125) also has an eventually

positive solution. The proof is complete. ]
m
Theorem 2.7.6. Assume that Z B; > m, and that there exists A > 0 such that
j=1
m
Z ﬂje_)lfj <m, (2.159)
j=1
and
m
. . . _ At
tl_l)rgo inf l_[ p(t) | exp ( me ) > 0. (2.160)

j=1
Then every solution of (2.126) oscillates.

Proof. Assume the contrary, and let x(¢) be an eventually positive solution of
(2.126). It follows from (2.126) that there exists a T' > f, such that

x(t —1ty) >0, and x,(t) <0, for t>T.



2.7 Hyperlogistic Models 71

From (2.126), we have

moom

X0 +m|[]pi® l_[[x(t—r_,)]%/fo, t>T. (2.161)

j=1 j=1
This shows that inequality (2.161) has an eventually positive solution. In view of
Lemma 2.7.2, the corresponding equation,

1

x/(t) +m 1_[ p;(t) l_[ |x(t — tj)|%sign [x(—1)] =0, t>1, (2.162)

Jj=1 Jj=1

also has an eventually positive solution. But Theorem 2.7.4, (2.159), and (2.160)
imply that every solution oscillates. This contradiction completes the proof. ]

Now, we consider equation (2.123). Note that if

m
H(_l)ﬂj =1,
j=1
then by making a change of variables,

x()=1In [%} ,

one can write (2.123) as
m :
X0 +r@ ][ =117 =0, for 1> 0. (2.163)
ji=1

Set
f(x],...,xm) = l_[(ex_/ _ 1)/3/
i=1

Then f satisfies condition (H) for By, ..., Bum.
Hence, in view of Theorem 2.7.5, we have immediately the following result.

Theorem 2.7.7. Assume that

[TV =1 and iﬂ, > 1.
j=1

j=1
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Then the following conclusions hold:

(i) If there exists A > O such that

> Bjet <1, (2.164)
j=1
and
. . M
Jlim inf [r(1)exp (—e*')] > 0, (2.165)
then every positive solution of (2.123) oscillates about K.
(ii) Ifr(t) # O for any interval of length t, where T = max {1y, ..., T},
(e}
/ r(s)ds = oo, (2.166)
0

and there exists | > 0 such that

> Bjet > 1, (2.167)

Jj=1
and

. t
Jlim sup [r(1)exp (—e"')] < oo, (2.168)

then (2.123) has a solution greater than K eventually.

2.8 Models with a Varying Capacity

In the delay logistic equations we assumed that the carrying capacity K > 0
is a constant. The variation of the environment plays an important role in many
biological and ecological dynamical systems. It is realistic to assume that the
parameters in the models are positive periodic functions of period w.

Consider the nonautonomous delay logistic model

(2.169)

N'(0) = rON () [1 - M} ,

K(1)
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where m is a positive integer and w > 0. Assume r and K are positive periodic
functions of period w. We consider solutions of (2.169) corresponding to the initial
condition

% N(t) = (), formw <t <0, (2.170)

¢ € C[[-mw,0],RT], ¢(0) > 0.
It is easy to see that there exist a unique positive periodic solution N *(¢) of (2.169).

Theorem 2.8.1. If

/°° rON*®) 4 _ o, 2.171)
0

K(7)
then every nonoscillatory solution N(t) of (2.169) satisfies

;1—1310 N(@) = N*(0). (2.172)

Proof. Assume that N(t) > N*(t) for ¢ sufficiently large (the proof when N(¢) <
N*(t) is similar and will be omitted). Set

N(1) = N*(1)e*®. (2.173)

Then z(¢) > 0 for ¢ sufficiently large, and for ¢ large

Z@) + % (e'=m) —1) =0, (2.174)
SO
d(0) = ——r(tgr;(—t) (e —1) <0.

Thus, z(¢) is decreasing, and therefore
tﬁ)noloz(t) =« € [0, 00).
We claim o = 0. If @ > 0, then there exist ¢ > 0 and 7, > 0 such that for ¢t > T,
O<a—e<z(t) <a+e.

However, then from (2.174), we find

r(ON*(@)

() + 0

(e**-1)<0, t>T,
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By integrating from 7 to oo and using (2.171) we immediately get a contradiction.
Hence o = 0. Thus

Jim (N(1) = N*(1)) = lim N*(@)(e —1) = 0.

This completes the proof. |

Theorem 2.8.2. Assume that r and K are positive periodic functions of period @
such that (2.171) holds. Suppose for every sufficiently small ¢ > 0 all solutions of
the linear delay differential equation

X () + @ —g)%x(t —mw) =0, t> 1, (2.175)

are oscillatory. Then all solutions of (2.169) are oscillatory about N*(t).

Proof. Assume that (2.169) has a solution which does not oscillate about N *(t).
Without loss of generality we assume that N(¢) > N*(¢), so that z(r) > 0; here
z is defined in Theorem 2.8.1. (The case N(¢) < N*(¢) implies that z(t) < 0 and
the proof is similar. In fact, we will see below that if z(¢) is a negative solution
of (2.176) then U(t) = —z(¢) is positive solution of (2.176)). It is clear that N(¢)
oscillates about N *(¢) if and only if z(¢) oscillates about zero. Also

() + % fz(t —mw)) =0, (2.176)
where
fw) = ("= 1.
Note that
t 2% =1

Then by Theorem 2.6.4, since every solution of (2.175) oscillates, then every
solution of (2.176) oscillates. Thus every positive solution of (2.169) oscillates about
N*(t). The proof is complete. |

Next we discuss the oscillation of (2.169) about the positive periodic function
K (t). The result is adapted from [86].

Theorem 2.8.3. Assume the following:

(i) K is a nonconstant positive differentiable periodic function of period .
(ii) r is positive and continuous for t > 0 such that
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t
1
lim inf r(¢) > 0, and lim inf / r(s)ds > —. 2.177)
t—00 t—>00 [0 e
Then every positive solution of (2.169) is oscillatory about K.
Proof. If we define y(t) = In[N(¢)/K(¢)], then y is governed by

K'(1)
K@)’

Y () =r(@)[1 —e’ O] — (2.178)

and the oscillation of N about K is equivalent to that of y about zero and thus it is
sufficient to consider the usual oscillation of y. We simplify (2.178) by letting

. K()
Q(t) = In( K1) ) (2.179)
and note that (2.178) becomes
Y (0 +r@) [T 1] = 0 (). (2.180)

Suppose now the conclusion of the theorem is false. Then there exists an eventually
positive or eventually negative solution for (2.180).

Let us first assume that (2.180) has an eventually positive solution y. Since Q is
a nonconstant periodic function, there exist two sequences {t,;} and {t,;/} such that
lim,, 00 t,; = 00, lim, 5 t,;/, and

—00 < g1 = Q(1) < g2 <00,
q1=0@)and ¢, =0(,), n=12,.... (2.181)
Let
u(t) = y@)—Q(@), fort =T,
(where y(t — mw) > 0 fort > T). Note that (2.180) becomes
W (1) =r(0)[1—e )] <. (2.182)
We claim u(t) + g; > 0. Suppose for some ¢ > ?", u(t) + q = 0. Since y(t) > 0,
we have u(¢) + Q(¢t) = y(¢t) > 0 and hence u(t,) + ¢q1 = y(t,) > 0 showing that

u(t) + q1 < 0is not possible. Therefore,

u(t) +q; >0, forlarget > T. (2.183)
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Let z(#) = u(t) + g1 and we see that

W) =u @)=y @)- 0 ()
=r(t) [1 — eY(’_”’“’)]
_ r(t) [1 _ eu(t—mw)+Q(t—mw)]

IA

—r(t) [ut —mw) + Q(t —mw)] < —r(t)z(t —mw). (2.184)

Note that (2.184) has an eventually positive solution and this is impossible due to
(2.177) (a standard argument is used here).

Let us now consider the case when y(¢) is an eventually negative solution of
(2.169). This implies that

NO 1 fortarge 1 (2.185)
—_— or large r. .

The boundedness of K (due to periodicity) and (2.185) imply that N(¢) is bounded.
It follows from (2.169) that N’ (t) > 0 eventually and this implies that

lim N(t) =1 > 0. (2.186)
t—>o0

Integrating (2.169), we have

Y N(t — mw)

Hence

Tim infr (1) (1 - M) — 0.

K(1)
But liminf; oo r(¢) > 0, so

lim s NG —mw)
up —— =1,
t—>00 P K([)

i.e., there exists a sequence {f; } such that

N(ty — mw)
im ——= =
k—o0 K(t)
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Since N(r) < K, we see that lim; ., N(f) = ! = min,¢jo,) K(). But then

* Nt —mw)
/ 7€) (1_ <0 )dl

infr(t) /'oo
— K(t) — N(t — mw)) dt
S — A (K(1) = N( )
s o0
, _ infr@® (K(t) — min K(t)) dt = oo,
max;efo.o) K(t) Jy r€f0.0]

which contradicts (2.187). This completes the proof. |
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