Chapter 2
2D Graphics

Abstract Objects can be drawn, edited and transformed in 2D and 3D spaces. One
can create objects ranging from simple 2D primitives to complex 3D environments.
Planar objects, sometimes called 2D shapes, are created on a single plane (usually the
xy-plane) while 3D objects utilize all three dimensions of space. Focusing on planar
objects, 2D primitives like lines, circles, etc. may be used to create more complex
shapes. Thus, it is important to know how to create/draw such primitives as groups of
pixels utilizing their equations; a process that is referred to as scan conversion (Work-
ing with graphics as mathematical equations is referred to as vector graphics while
working with them as a series of pixels is called raster graphics.). A line can be scan-
converted (i.e., expressed as a set of pixels that approximate its path) if we know its
endpoints, which define its equation. Likewise, a circle is scan-converted if we know
the location of its center as well as its radius; i.e., components that define its equation.
The same concept applies to other primitives. Different operations may be applied
to objects in 2D space. For example, an object can be clipped using a clip window or
a clip polygon to preserve a part of that object. (Some systems refer to the clipping
process as trimming.) Other operations that may be applied to such objects are called
transformations. Such operations include translating (i.e., moving), rotating, scaling,
stretching, reflecting (i.e., mirroring) and shearing the objects. In this chapter, we
will look at how to create 2D primitives like lines and circles. Also, we will talk about
polygons and polylines and how to clip line segments and polygons. We will dedi-
cate Chap. 3 to talk about different transformations in 2D space. 3D object creation
and operations will be discussed in subsequent chapters. Before starting the discus-
sion, we should mention that there are two different Cartesian coordinate systems
that could be used. These are left-handed and right-handed coordinate systems (see
Sect. B.1.1). In the right-handed coordinate system, the origin is at the lower left
corner of the screen and the y-axis is pointing upwards. On the contrary, in the left-
handed coordinate system, the origin is at the upper left corner of the screen and
the y-axis is pointing downwards. In this chapter, we will show a line drawn in both
systems only once. Afterwards, we will stick to the right-handed coordinate system
to avoid confusion. (The usual convention working with raster images is to use the
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10 2 2D Graphics

left-handed coordinate system where the origin is at the upper left corner and the
y-axis is pointing downwards. However, switching between the left- and right-hand
coordinate system is easy and can be done using Eq. (B.7).)

2.1 Lines

Drawing a line on a computer screen given its two endpoints is done by intensifying
(or turning on) pixels along the path of this line. Figure 2.1a depicts an example of a
line starting at pixel [xg, yo]T and ending at pixel [x1, y; 17 where these pairs indicate
the column and row numbers of the pixel respectively. The pixels to be intensified
(i.e., those that are shaded in Fig. 2.1) could be exactly on or close to the linear path.
Such a line can be expressed as

Y1 —Yo
y—yo="—"—(x—xp). (2.1
X1 — X0
——
slope
This can be written as
y = m(x — xo) + Yo, 2.2)
where m = % = )yci%)ycg is the slope of the line.

Note that the coordinate system used in Fig. 2.1a is a right-handed coordinate
system where the origin is at the lower left corner of the screen and the y-axis is
pointing upwards. (This is the coordinate system that will be used throughout this
book unless otherwise specified.) Alternatively, the same line is drawn using a left-
handed coordinate system in Fig. 2.1b where the origin is at the upper left corner
and the y-axis is pointing downwards. Consequently, the slope of the line (i.e., m)
in these cases is <1. Practically, the cases where the line is horizontal, vertical or
having a slope of 1 are handled as special cases.

2.1.1 Digital Differential Analyzer Algorithm

A simple and direct way to draw the line is performed by looping or iterating through
Eqg. (2.2), incrementing the value of x from xg to x1 (i.e., moving from one column to
the next) and obtaining the corresponding y to plot the pixel [x, y]”. There are some
remarks to be mentioned here.

1. The x-value is an integer value as it is a column number; however, the resulting
y-value could be a floating point number. In this case, the y-value must be rounded
to the nearest integer in order to have the value |y 4+ 0.5] where |.| denotes the
floor operation.
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Fig. 2.1 A 2D line as a path
from [xo, yol” to [x1, yi]”.
The slope of this line is <1.
a The line is drawn using
the right-handed coordinate
system where the y-axis is
pointing upwards. b The line
is drawn using the left-handed
coordinate system where the
y-axis is pointing downwards

2. At each iteration, the slope m is re-calculated although the slope is a constant
number that does not change for the entire line. This could be time consuming.
Thus, the value m should be pre-calculated before looping.

Using Eq. (2.2) at iteration i, we can write
yi = m(x; — xo) +yo = mx; + yo — mxo, (2.3)
————
B

where B = yg — mxg is the y-intercept, which is a constant value for the line. Since
the x increment is 1, the subsequent value of y is obtained as

Yit1 =mxip) +B=mx;+ 1)+ B=mx;+ B+m=y;, +m. 2.4)
——

Vi
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This means that subsequent y-values can be calculated by adding the value of the
slope m to the previous y-value at each iteration. Thus, for |m| < 1 as in Fig. 2.1, the
algorithm can be written as follows:

Algorithm 2.1 DDAI algorithm

Input: on,‘yo,xl,yl

= =

Sy =)0

: for (x = xp to x1) do
Plot [x, |y 4+ 0.5]]7
y=y+m

end for

AN

end

This algorithm is referred to as the digital differential analyzer (DDA) algorithm.
Note that for [m| < 1, a fraction is added to the previous y-value each time. This
means that, after rounding, y may maintain the same value as in the previous iteration
or be incremented by 1.

Example 2.1: [DDA line drawing algorithm]
Using the DDA line drawing algorithm, determine the pixels along a line segment
that goes from [3, 4] to [8, 6]7.

Solution 2.1: According to Algorithm 2.1, the first step is to calculate the slope m
where

Ay yi—yo _6-4
Ax X1 —Xg 8—3

0.4.

The second step is to loop along the x-direction from 3 to 8 using a step size of 1
and get the corresponding y-value by adding the value m to the previous y as listed
in the following table:

3:x 4: ly+0.5] 4: Plot S5y

3 4 13,417 40404=44
4 4 4,417 444+04=48
5 5 [5,517 484+04=52
6 5 16,517 52404=56
7 6 7,617 5.6+04=6.0
8 6 18,617 6.0+0.4=064

Each exact value of y appearing in the last column is rounded and used in the next
row to plot a pixel. Thus, the line segment is approximated by the pixels [3, 4],
4,417, 15,517, 16,517, [7,6]" and [8, 6]". O

Algorithm 2.1 assumes that |m| < 1. On the other hand, if |m| > 1, it can be
written that



2.1 Lines 13
1

xi=—©i—B). (2.5)
m

Consequently, x;4 is calculated as by incrementing the value of y by 1; so, we can
write

1 1 1 1 1
Yigl = —Qip1 =B =—0i+1-B)=—0i—-B+—=xi+—. (2.0
m m m m m

——
Xi

Thus, the roles of x and y are reversed by assigning an increment of 1 to y and an
increment of % to x; consequently, the DDA algorithm can be modified as follows:

Algorithm 2.2 DDA?2 algorithm

Input: xo, yo, X1, 1
Lm= 4y _ n1=%

. Ax X1 —X0
X =X
: for (y = yo to y;) do
Plot [|x 4 0.5], y]”
x:x+%
: end for

[T I SR Y

end

2.1.2 Bresenham’s Algorithm

In Example 2.1, notice that a difference could arise between the accurate value of y
and its integer value to be used for plotting or displaying the pixel. This difference
represents an error value. Also, note that the y-value is incremented by 1 only if the
fraction included in the accurate value of y is >0.5; otherwise, y remains unchanged.

This suggests that each time x is incremented, the slope m can be added to an
error value (indicating the vertical distance between the rounded y-value and the
exact y-value) and if the new error is >0.5 (i.e., the line gets closer to the next y-
value), y is incremented by 1 while the error is decremented by 1. This idea is listed
in Algorithm 2.3.

Algorithm 2.3 Modified DDA algorithm

Input: on, Y0, X1, 1
= 3=
FY=)o

error =0

: for (x = xp to x1) do
Plot [x, y]©

AN
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6 error = error +m

7: if (error > 0.5) then
8
9

y=y+1
error = error — 1
10:  end if
11: end for
end

Example 2.2: [DDA and Bresenham’s algorithm] Re-solve Example 2.1 using
Algorithm 2.3

Solution 2.2: The values are shown in the next table where the initial values for x,
y and error are xy, yo and O respectively.

y 5:Plot  6:error 8y 9: error

(3,417 0+04=04

(4,417 044+04=08 4+1=5 08—1=-02
5.5 —02404=02

(6, 517 02404=06 5+1=6 06—1=-04
[

[

7,617 —04404=0
8, 61" 0+04=04

SIS IO NEV RN NI ES
NN VNV RN B

O
Algorithm 2.3 does not handle the general case of a line and cannot be used to

draw an arbitrary line. In particular, there are three cases that need to be considered
to generalize it. In a right-handed coordinate system, these cases are:

1.

2.

if the line goes up but the slope m > 1 or |Ay| > |Ax| (i.e., a steep line) as shown
in Fig. 2.2a;

if the line slopes upwards but heads in the opposite direction where xp > x; as
shown in Fig. 2.2b; and

. if the line goes down where yg > y; as shown in Fig. 2.2c.

The solutions to the three cases mentioned above are the following:

. If the line is steep, reflect it about the line y = x in order to obtain a line with

smaller slope (i.e., with m < 1). This is done by swapping x¢ with yg and x; with
y1. The x and y parameters are swapped again for plotting (i.e., to plot [y, x]7).

. If the line slopes upwards but heads in the opposite direction, swap the endpoints

[x0, yol” and [x1, y117.

. If the line goes down, decrement y by 1 instead of incrementing it (i.e., step y by

—1 instead of 1).

Algorithm 2.4 accommodates these changes.
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(a)

[xp, 01" (b) (c)

[xp. 3" [xg oI™

' -
P
Ed
’l
R [J"l*II]T \ \

[.1'0, yo]T ,/ [.‘,l'o, )',O]T [v\‘ls J"1]T
-

[ xo]"

Fig. 2.2 Cases considered to generalize the line algorithm. a If the slope is > 1. b If the line slopes
upwards but heads in the opposite direction. ¢ If the line goes down

Algorithm 2.4 Modified Algorithm 2.3

Input: xo, yo, X1, 1

1:

PO DD = s o e s e e e
iy N e AR U

[N
(98]

o]
W

26:
27:
28:
29:

tm=

)
.. N

[\
N

AXx = x1 — Xxg

DAy =y1—Yo

Ay

s steep = | 72| > 1
. if (steep = TRUE) then ... ... <= Fig. 2.2a

swap (xo, yo0)
swap (x1, y1)
end if

cif (xo > x;) then...... <= Fig. 2.2b

swap (xo, x1)
swap (¥, ¥1)

. end if

:if (o > y1) then ... ... <= Fig. 2.2¢c

sy = —1

: else

dy=1

. end if

[Ayl _ Iyi—yol

Ax X1 —X0

1Y =)0
: error =0

: for (x = xp to x1) do

if (steep = TRUE) then
Plot [y, x]”

else
Plot [x, y]”

end if
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30: error = error +m
31:  if (error > 0.5) then
32: y=y+4y
33: error = error — 1
34:  endif
35: end for

end

The main source of problem with Algorithm 2.4 is that it works with floating-
point numbers (e.g., m and error), which slows the process down and may result
in error accumulation. Working with integer numbers will be much faster and more
accurate. Switching to integers can be achieved easily by multiplying m and error by
the denominator of the slope; i.e., Ax. Also, both sides of the condition error >0.5
are doubled to get rid of the fraction. Such an algorithm is referred to as Bresenham’s
algorithm (Bresenham 1965). It is listed in Algorithm 2.5.

Algorithm 2.5 Bresenham’s algorithm

Input: xo, yo, X1, y1

1: steep = |y1 — yo| > |x1 — xol
2: if (steep = TRUE) then

3 swap (x0, Yo)

swap (x1, y1)
end if

if (xo > x1) then
swap (xo, x1)
swap (o, y1)

10: end if

11:

12: if (yo > y1) then

13: dy=-—1

14: else

150 dy=1

16: end if

17:

18: Ax = x1 — Xp

19: Ay = |y1 — yol

4:
5:
6:
7
8:
9:

20: y = yo
21: error =0
22:

23: for (x = xp to x1) do

24:  if (steep = TRUE) then
25: Plot [y, x]”

26:  else
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27: Plot [x, y]”

28:  end if

29:  error = error + Ay

30: if (2 x error > Ax) then

31: y=y-+4y
32: error = error — Ax
33:  endif
34: end for
end

Note that Bresenham’s algorithm can be tuned for integer computations of
circumferential pixels in circles.

Example 2.3: [Bresenham’s line drawing algorithm] You are asked to draw a line
segment between the points [1, 117 and [4, 3]7. Use Bresenham’s line drawing algo-
rithm to specify the locations of pixels that should approximate the line.

Solution 2.3: We will follow the steps of Algorithm 2.5. The line is not steep as
[y1 — Yol < |x1 — xo0|. The y-step is 1 as yg < y;. We have

sy =1,
Ax=x1—xp=4—1=23,
Ay=y1—y=3-1=2,

y=1

error = 0.

The following table shows the loop along the x-direction from 1 to 4 (i.e., the loop
that starts at Line 23 in Algorithm 2.5):

23:x  27:Plot  29: error 31y 32: error

1 (1, 11" 0+2=2 14+1=2 2-3=-1
2 2,217 —-1+42=1

3 13,217 1+42=3 2+1=3 3-3=0
4 (4,317 0+2=2 341=4 2-3=-1

Thus, the line is approximated by the pixels [1, 117, [2,2]7, [3,2]7 and [4,3]7. O

2.1.3 The Midpoint Algorithm

The midpoint algorithm (Pitteway 1967; Aken 1984; Van Aken and Novak 1985) can
be used instead of Bresenham’s algorithm to approximate straight lines. Actually,
it produces the same line pixels; however, a difference does exist. In Bresenham’s
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Fig. 2.3 m = [xo + 1,y0 +

%]T is the midpoint between

[xo + L, yol” and [xo + 1,
yo+ 117

algorithm, the smallest y-difference between the actual accurate y-value and the
rounded integer y-value is used to pick up the nearest pixel to approximate the line.
On the other hand, in the midpoint technique, we determine which side of the linear
equation the midpoint between pixels lies.

Consider Fig. 2.3 where a line is to be drawn from [xo, yo]” to [x1, y1]7. When x is
incremented at the second iteration as done before, the exact intersection happens at
point p. Thus, there will be two choices for the pixels to be picked up at x = xg + 1;
these choices are p; and p; (hatched in Fig. 2.3). The main idea of the previous
formulation is to calculate the distances from p to p; and from p to p>. According
to the smaller distance, a pixel will be selected. Hence, p; is selected in our case.

In the midpoint algorithm, the equation of the line spanning from [xg, yo]T to
[x1, yl]T is expressed [as in Eq. (2.3)] as

Ay
y=mx+B=—x+B, (2.7)
Ax

where m is the slope; Ax = x; —xo; Ay = y1 — yo; and B is the y-intercept. Equation
(2.7) can be re-written in implicit form (i.e., ax + by + ¢ = 0) as

Ay x—Axy+ AxB =0, (2.8)
= ——
a b ¢

where a = Ay; b = — Ax; and ¢ = AxB. Now, the midpoint m = [xo + 1, yg + %]T
between [xg + 1, yo]7 and [xo + 1, yo + 1]7 is applied to Eq. (2.8) to get

1 1
f(xo—i— l,yo+§) =dn = Ay(x()—i—l)—Ax(yo—i—E) + AxB
(2.9)

1
:a(xo—l—l)—l—b(yo—i-i)—i-c.
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There are three possibilities for dy:

~+ve, the line is passing above my; thus, p is selected;
dm = § —Vve, the line is passing below m; thus, p; is selected;
0, the midpoint m is exactly on the line; thus, select either p; or ps.

Choosing the pixel in the next column depends on whether p; or p; has been chosen.
Assume that p; is selected. The midpoint [xg + 2, yo + %]T between [xg + 2, yo]”
and [xo + 2, yo + 117 is applied to Eq. (2.8) to get

1 1
9(X0+2,y0+§)=a(XO+2)+b(yo+§)+c

1
=a(xo+1)+b(yo+—) +c+a
2 (2.10)

dria
=dm +a
= dm + Ay.

On the other hand, if p;y is selected, the midpoint [xg + 2, yo + %]T between
[xo + 2, yo + 117 and [xo + 2, yo + 2]7 is applied to Eq. (2.8) to get

3 3
f(Xo—i—lyo-i-E)=a(XO+2)+b(yo+§)+c

1
=a(xo+1)+b(yo+—)+c+a+b
2 2.11)

dria
=dpnw+a+b
=dn + Ay — Ax.

This means that the subsequent sign of di; can be obtained by incrementing it by
either Ay if p; is selected or Ay — Ax if py is selected. An initial value for dy, can
be obtained using the start point [xg, yo]T and Eq. (2.9). So,

1 1
ﬁ(?fo-i-l,)’o%-z) =a(XO+1)+b(}’o+§)~l—c

(2.12)

b
=axo+byo+c+a+§,
[ —

F (x0,y0)

where a + % = Ay — % is the initial estimate of dy. The midpoint algorithm is
listed in Algorithm 2.6.
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Algorithm 2.6 Midpoint algorithm—floating-point version

Input: xo, yo, X1, 1
1: Ax =x1 — Xxp

2: Ay =y1 — Yo

3: diy = Ay — %

4: di(p1) = Ay

5: dipn(P2) = Ay — Ax
6:y =)0

7.

8: for (x = x¢ to x1) do
9:  Plot [x, y]”
10:  if (dj < 0) then

11: di = diy + din (P1)
12:  else
13: din = dwa + di (P2)
14: y=y+1
15: end if
16: end for

end

Algorithm 2.6 uses floating-point numbers which slows the process down. This can
be easily overcome as listed in Algorithm 2.7.

Algorithm 2.7 Midpoint algorithm — integer version

Input: xo, yo, X1, 1
1: Ax =x1 — Xxp
Ay =y1— Yo
din = 2Ay — Ax
di(P1) = 24y
Yy =Yo0

for (x = xg to x1) do
Plot [x, y]©
if (di < 0) then
dir = dra + dia (P1)
else
13: dvin = diia + diin(P2)
14: y=y+1
15:  end if
16: end for

DR AN S

_—
N2 e

end
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Example 2.4: [Midpoint line drawing algorithm]

You are asked to draw a line segment between the points [1, 117 and [4, 3]7. Use
the midpoint line drawing algorithm to specify the locations of pixels that should
approximate the line.

Solution 2.4: We will follow the steps of Algorithm 2.7. So,

Ax=x1—xo=4—-1=3,
Ay=y1—y=3-1=2,
=24y —Ax=2x2-3=1,

dn(p1) =24y =2x2 =4,
dn(p2) =24y —2Ax =2x2—-2x3=-2,
y=1.

The following table shows the loop along the x-direction from 1 to 4 (i.e., the loop
that starts at Line 8 in Algorithm 2.7):

8:x 9:Plot 11:ds 13: dna 14:y

1 [ 17 l-2=-1 1+4+1=2
2 2,217 —-1+4=3

3 3,217 3-2=1 24+41=3
4 14,317 1-2=—-1 3+4+1=4

Thus, the line is approximated by the pixels [1, 117, [2, 2], [3, 2]7 and [4, 3]7. This
is the same result obtained by Bresenham’s algorithm in Example 2.3. (]

2.2 Circles

As shown in Fig. 2.4, a pixel [x, y]T on the circumference of a circle can be estimated
if the center [xg, yo]T, the radius » and the angle 6 are known. The location of the
pixel [x, y]” is obtained using trigonometric functions as

X = xg + rcos(6),

: (2.13)
y = yo + rsin(8),

which represent the parametric form of a circle where the parameter is the angle 6.
In order to draw the whole circle, Eq. (2.13) can be used iteratively with different
6-values going from 0° to 360° (i.e., 8 € [0°,360°) or 0 < 0 < 271).1 The problem
with this approach is that working with trigonometric functions is time-consuming.
The calculations could be very slow especially if the angle increment is small. On
the other hand, if the angle increment is large, the algorithm will be fast; however,

1[0°, 360°) represents a half-open interval where 0° is included while 360° is excluded.
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Fig. 2.4 A pixel [x, y]” on
the circumference of a circle [xy]"
can be estimated if the center
[x0, yo]T, the radius r and the
angle 6 are known

rsin (8)

some circumferential pixels may be missed. Also, if the radius value is too large,
some pixels may be skipped as well. There must be a more efficient way to draw a
circle.

2.2.1 Two-Way Symmetry Algorithm

A circle equation may be expressed as
(o —x0)* + (= yo)? =17, (2.14)

where [xg, yo]T is the center point of the circle, 7 is its radius in pixels and [x, y]T is
a point on the circumference. Equation (2.14) can be re-written in an explicit form
to solve for y in terms of x as

y=yo £ Vr? — (x —xp)2. (2.15)

This explicit circle equation can be used to draw the circle by iterating along x-
direction. Assuming that the center of the circle [xo, yo]” is at the origin [0, 0]7, the
x-values lie in the interval [—r, r]. Each iteration results in two values for y which
makes it faster than the previous method. Hence, comes the term two-way symmetry
approach. However, discontinuities may appear with this approach when the slope

y—=Yo
X—X0

is <1 (.e., ) < 1). An example showing a quarter of a circle is shown in
Fig. 2.5 where discontinuities appear. Note that there is only one pixel marked for
each x in this upper quarter of the circle.

Algorithm 2.8 calculates the points comprising a circle centered at the origin and
then moves the points estimated by the amount [xy, y()]T (i.e., the center of the circle)

to get the correct positions.
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Fig. 2.5 Two-way symmetry
approach results in discon-
Y=o
X—X(
Pixels selected to represent
this quarter are shaded

tinuities where < 1.
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Algorithm 2.8 Two-way symmetry algorithm

Input: xg, yo, r
: Plot [xog + r, yo]T
: Plot [xg — r, yO]T

—

: end for

end

cfor(x=—-r+1tor—1)do
y=[VrZ—x2+0.5]
Plot [xo + x, yo + y1”
Plot [xg + x, yo — y]T

Note that the start and endpoints of the horizontal diameter are treated as special
cases before entering the loop. This is to avoid reflecting these points about them-
selves. Also, be careful that Algorithm 2.8 does not check if the points estimated
lie inside the boundaries of the screen or viewport. In order to accommodate this
constraint for a point [x, y]T, checkifx > 0,y > 0, x < Xpax and y < yjuqr Where
Xmax and yy,q, are the width and height of the screen or viewport in pixels.

Example 2.5: [2-way symmetry algorithm]
A circle having a radius of 5 pixels and centered at [3, 417 is to be drawn on
a computer screen. Use the 2-way symmetry algorithm to determine what pixels

should constitute the circle.

Solution 2.5: The start and endpoints of the horizontal diameter are [8, 47 and
[—2, 4]". The rest of the points are listed in the following table:
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3:x 4y 5: Plot 6: Plot
—4 V52— (=42+05]=3 [-1,71" [

-3 V52 —-(=3)2+05] =4 [0,8]" [

-2 W52 —(=2)2405]=5 [1,9]T [

1 W52 —(-124+05/=5 [2,9" 2,

V52 —0240.5] =5 13,97 (3, —117

[

[

[

[

0

1 V52 —1240.5] =5 (4,917
2 V52 -22405]=5 [5,91"
3 W52 —-3240.5] =4 16, 817
4 W52 —42405] =3 (7,717

Of course, all points with negative coordinates are disregarded. Hence, the points
considered are [8,4]7, [0, 8], [0,017, [1,91", 2,917, [3,91", [4,91", [5,9]",
[6, 81", 16,01", [7,7]" and [7, 1]. U

2.2.2 Four-Way Symmetry Algorithm

The symmetry of the circle can be utilized such that the circle may be split into
four quadrants. In this four-way symmetry approach, the pixels of only one quadrant
are estimated as done with the two-way symmetry approach while the pixels in
the remaining three quadrants are mirrored/reflected. In this case, the number of
iterations is reduced along the x-direction if compared with the two-way symmetry
approach to almost half the number of iterations. This makes this approach faster than
the previous one; however, it keeps the same problem of discontinuities as shown
in Fig. 2.6 where the upper two quadrants of a circle are drawn using the four-way
symmetry approach.

Assuming that the center of the circle [xg, yo]T is at the origin [0, 017, Eq. (2.15)
can be used to get a point [x, y]” on the circumference. This is followed by mirroring
this point to obtain three other points [x, — y]T, [—x, y]T and [—x, —y]T in the other
three quadrants. In this case, the x-values lie within the interval [0, r]. In the general
case where the circle is centered at an arbitrary point [xo, yo]T, we calculate the
points of the circle as if it is centered at the origin and then move the points estimated
by the vector [x, yo]T that represents the center point to get the correct positions.
Algorithm 2.9 lists the four-way symmetry algorithm.

Algorithm 2.9 Four-way symmetry algorithm

Input: xg, yo, r

1: Plot [xg, yo + rT

2: Plot [xg, yo — T

3: Plot [xg + 7, yo]T

4: Plot [x¢ — r, yo]T
5:for(x=1tor—1)do
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Fig. 2.6 Four-way symmetry approach. Only two quadrants are shown

6 y=I[vrP—x2+05]
7. Plot [xo +x, yo + 17
8: Plot [xg + x, yo — y]T
9:  Plot [xo — x, yo + yI”
0:  Plot [xg — x, yo — y]T
11: end for

—

end

Note that the start and endpoints of each quadrant are treated as special cases
before entering the loop as done before with the two-way symmetry approach.
This is to avoid reflecting these points about themselves. Also, you may tune
Algorithm 2.9 to check if the points estimated lie inside the boundaries of the screen
or viewport as mentioned before with the two-way symmetry approach.

Example 2.6: [4-way symmetry algorithm)]

A circle having a radius of 5 pixels and centered at [3, 417 is to be drawn on
a computer screen. Use the 4-way symmetry algorithm to determine what pixels
should constitute the circle.

Solution 2.6: The start and endpoints of each quadrant are [3, 97, [3, —1]7, [8, 4]7
and [—2, 4]7. The rest of the points are listed in the following table:

x 6y 7:Plot  8:Plot 9: Plot 10: Plot

V52 —12405]=5 [49" &4 -11T7 2,97 2, -11"
V52 —-22405]=5 [59" [5-117 [1,97 1, -17
V52 -32405]=4 [6,8" 6,017 [0, 817 [0, 01"

W32 —42+05]=3 [7.71" .17  [-1,77 [-1,1]7

N e B
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Fig. 2.7 Eight-way symmetry approach. Only four octants are shown

We discard all points with negative coordinates. Hence, the points considered are
[3.917, [8.41", [4.91". [2.91". [5.91", [1.9]", [6. 8], [6, 0], [0, 8], [0, 0],
[7,717 and [7, 1]. Note that those are the same points obtained in Example 2.5 using
the 2-way symmetry algorithm but with less number of iterations. ]

2.2.3 Eight-Way Symmetry Algorithm

The four-way symmetry approach can be further enhanced by splitting the circle
into eight octants instead of only four quadrants. This is referred to as the eight-way
symmetry approach in which the pixels of only one octant are estimated as done
before while the pixels in the remaining seven octants are mirrored/reflected. In this
case, the number of loop iterations is reduced more than before. This makes this
approach much faster than the previous ones. In addition, it avoids the problem of
discontinuities as shown in Fig. 2.7 where the upper four octants of a circle are drawn
using the eight-way symmetry approach.

Assuming that the center of the circle [xg, yo]T is at the origin [0, 017, Eq. (2.15)
can be used to get a point [x, y]” on the circumference. This is followed by mirror-
ing this point to obtain seven other points [x, —y]7, [—x, y]”, [—x, =17, [, x]7,
[y, —=x17, [—y, x]" and [—y, —x]7 in the other seven octants. Note that the x-values

o . . r
within the loop lie in the interval [1, \ATEJ ]

If the circle is centered at an arbitrary point [xg, yo]”, we calculate the points
comprising the circle as if it is centered at the origin and then move the points
estimated by the amount [xp, yo]” to get the correct positions. Algorithm 2.10 lists
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the eight-way symmetry algorithm, which results in better and faster-to-generate
circles.

Algorithm 2.10 Eight-way symmetry algorithm

Input: xg, yo, r

1: Plot [xg, yo + r]”

2: Plot [xg, yo — T

3: Plot [xo + 7, yol”

4: Plot [x¢ — r, yo]T
5:x=1

6: vy = |12 —x24+0.5]

7

8: while (x < y) do

9: Plot [xo + x, yo + yI”
10:  Plot [xo + x, yo — y]T
11:  Plot [xo — x, yo + y]©
12:  Plot [xo — x,yo — yI©
13:  Plot [xo +, yo + x]”
14:  Plot [xo +y,yo — x]"
15:  Plot [xo — y, yo + x]7
16:  Plot [xo — y, y0 — X7
172 x=x+1

18:  y=|~r2—x24+0.5]
19: end while

20:

21: if x = y then

22:  Plot [xg +x,yo + y]7
23:  Plot [xg + x, yo — y]T
24:  Plot [xo — x, yo + yI”
25:  Plot[xg — x,y0 — y]T
26: end if

end

Notice that the start and endpoints of each octant are treated as special cases
as done with the two- and four-way symmetry approaches to avoid reflecting these
points about themselves. (Check Lines 1-4 and 22-25.) You may also check if the
points estimated lie inside the boundaries of the screen or viewport by testing if
x>0,y>0,x < Xpgy and y < yypax Where x4 and yy,,, are the width and height
of the screen in pixels.

Example 2.7: [8-way symmetry algorithm]

A circle having a radius of 5 pixels and centered at [3, 4] is to be drawn on
a computer screen. Use the 8-way symmetry algorithm to determine what pixels
should constitute the circle.
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Fig.2.8 1= [x+1,y+ 1]
is the midpoint between
[x+ 1,y and [x+ 1,y + 11"

Solution 2.7: The start and endpoints of each quadrant are [3, 917, [3, =117, [8, 4]7
and [—2, 4]7. The rest of the points are listed in the following table:

5/17: x 6/18:y 9: Plot 10: Plot 11: Plot 12: Plot 13: Plot 14: Plot 15: Plot 16: Plot
1 5 4,97 4, —-117 2,917 [2,-117 8,517 [8,3]1" [-2,5] [-2,3]7
2 5 (5,917 (5, —117 11,917 [1,-117 18,617 (8,217 [-2,6]7 [-2,2]
3 4 (6,817 16,01" 10,817 10,017 (7,717 (7,117 [-1,717 [-1, 117
4 3 no iteration as x >y

After neglecting all points with negative coordinates, the points considered are
[3.917. [8.41", [4.917, [2.91". [8.5]". [8.3]", [5. 91", [1.9]", [8. 6], [8,2]",
[6, 817, 16,017, [0, 817, [0, 017, [7,7]" and [7, 1]7. Notice that the discontinuity
problem has been overcome in this case. (Check out points [8, 217, [8, 317, [8, 517
and [8, 6]7.) In addition, calculations have been done with a faster algorithm.

Also, notice that the number of iterations along the x-direction may be calculated

as )L :

2.2.4 The Midpoint Algorithm

The midpoint algorithm used to draw lines in Sect. 2.1.3 can be modified to draw
circles (Foley et al. 1995). Similar to the 8-way symmetry algorithm (Sect. 2.2.3),
only one octant is considered. The rest of the circle is obtained by symmetry as done
before. Similar to the midpoint technique used to draw lines, we determine on which
side of the circle equation the midpoint between pixels lies.

Consider Fig. 2.8 where a part of a circle is shown and where a pixel [x, y]” is
determined to belong to the circle. When x is incremented at the next iteration as
done before, the exact intersection happens at point p. Thus, there will be two choices
for the pixels to be picked up at x + 1; these choices are p; and p;.
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The implicit form of a circle equation is given by
Fx,y)=x>+y*—r* =0, (2.16)

where r is the radius of the circle and [x, y]T is apoint on the circle. Now, the midpoint
m=[x+1y+ %]T between [x + 1, y]” and [x 4+ 1, y 4 1]7 is applied to Eq. (2.16)
to get

1 5 N
F x+1,y+§ =dmn=x+1)"+ y+§ —r. (2.17)

There are three possibilities for dy:
+ve, m is outside the circle; thus, p» is selected,;
din = {1 —ve, m is inside the circle; thus, p; is selected;

0, the midpoint m is exactly on the circle; thus, select either p; or p».

Choosing the pixel in the next column depends on whether p; or p, has been selected.
Assume that p; is selected. The midpoint [x + 2,y + %]T between [x + 2, y]” and
[x + 2,y + 117 is applied to Eq. (2.16) to get

1 1\2
ﬁ(x+2,y+§)=(x+2)2+(y+—) —r?

2
1 2
=(x+1)2+(y+§) — 24+ 2x+3 (2.18)
drn
=dmn + 2x+3.

On the other hand, if p, is selected, the midpoint [x+2, y+ %]T between [x+2, y+1]7
and [x + 2, y + 217 is applied to Eq. (2.16) to get

3 > 3\ ,
F x+2,y+§ =x+2)"+ y—l—z —r

1 2
=(x+1)2+(y~|—§) — 4+ 2x4+2y+5 (2.19)

drn

This means that the subsequent sign of dy; can be obtained by incrementing it by
either 2x + 3 if p; is selected or 2x + 2y + 5 if p is selected where [x, y]” is the
previous point on the circle (i.e., the increments are functions rather than constants
as in line midpoint algorithm). Assuming that the center point is at the origin, an
initial value for dy; can be obtained using the lowest point [0, —r]T and Eq. (2.17)
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where the next midpoint lies at [1, —r + %]T. So,

F l—r—i—1 =12+ —r—}—l 2—r2
' 2 2

5 (2.20)

= —r,

——
drn

where % — r is the initial estimate of dy,. The midpoint algorithm for circles is listed
in Algorithm 2.11. This algorithm assumes that the center of the circle is at [xp, yo]T.

Algorithm 2.11 Midpoint algorithm for circles — floating-point version

Input: xg, yo, r

4:

5: Plot [xg, yo + r’

6: Plot [xg, yo — r]”

7: Plot [xg + r, yo]T

8: Plot [xg — r, yo]T

9:

10: while (x < —(y 4+ 1)) do
11:  if (di, < 0) then

12: dipn = dm +2x+3

13:  else

14: dm=dm+2x+2y+5
15: y=y+1

16:  end if

17: x=x+1

18:  Plot [xo + x, yo + yI©
19:  Plot [xo + x, yo — y]©
20:  Plot [xg — x, yo + y]T
21:  Plot [xg —x,y0 — y]T
22:  Plot[xo + Y, yo + X7
23: Plot [xo +y, yo — x]7
24:  Plot [xg —y, yo + x]7
25:  Plot[xp —y,y0 — x)7
26: end while

end

Notice that checking for the number of iterations Lﬁj may be used to replace

the condition of the “while” loop on Line 10. (See Problem 2.8.)
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Algorithm 2.11 uses floating-point numbers which slows the process down. The

initial value of dy, contains a fraction; thus, a new variable hy = di — % is

used (Foley et al. 1995) to replace the value of dyj, by hm + er Hence, Line 1 in
Algorithm 2.11 can be ki, = 1 — r. In addition, the condition di, < 0 of Line 11 is
changed to Ay < —%. However, notice that Ay is initialized to an integer (i.e., | —r)
and is incremented by integers (either by 2x 4 3 or by 2x 42y +5). So, the condition
hi < —% can be modified to i < 0. Algorithm 2.12 applies all these changes.

Algorithm 2.12 Midpoint algorithm for circles — integer version

Input: xg, yo, r

Lhy=1-—r
2:x=0
3y=-—r

4-

5: Plot [xg, yo + 1"

6: Plot [xg, yo — rT

7: Plot [xo + 7, yol”

8: Plot [xg — r, yo]T

9:

10: while (x < —(y+ 1)) do
11:  if (i < 0) then

12: hiy = hij +2x + 3

13:  else

14: hin = hm +2x+ 2y +5
15: y=y+1

16:  end if

17 x=x+1

18:  Plot [xo + x, yo + y]©
19:  Plot [xg 4+ x, yo — y]T
20:  Plot [xg — x, yo + y]T
21:  Plot [xg — x, yo — y]T
22: Plot [xo +y,yo +x]7
23: Plot [xo +y, yo — x]7
24:  Plot [xg —y, yo + x]7
25:  Plot[xp —y,y0 — X7
26: end while

end

Example 2.8: [Midpoint circle drawing algorithm]

A circle having a radius of 5 pixels and centered at [3, 4] is to be drawn on
a computer screen. Use the midpoint algorithm to determine what pixels should
approximate the circle.

Solution 2.8: The initial value of &y, is given by



32 2 2D Graphics
hi=1—-r=1-5=—4.
The initial values for x and y are 0 and —5 respectively. The start and endpoints of

each quadrant are [3,9]7, [3, —1]7, [8, 4] and [—2, 4]”. The rest of the points are
listed in the following table:

10: x 12/14: 15:y 17: x 18: 19: 20: 21: 22: 23: 24: 25:

D Plot Plot  Plot Plot  Plot Plot Plot  Plot
0 -1 1 4, -1 4,917 12, -117 12,917 [-2,5] [-2,3]7 [8,5]7 [8,3]
1 4 2[5, -7 5,91 11, —117 11,917 [—-2,6]7 [—2,2] [8,6]" [8,2]
2 3 -4 3 16,007 16,817 10,07 [0,81" [—1,717 [—1, 117 (7,717 [7,1]
3 no iteration as x = —(y + 1)

Of course, all points with negative coordinates are disregarded. Hence, the points
considered are 3,917, [8,4]7, [4,917, [2,9]7, [8,5], [8,31", [5,917, 1,917,
(8,617, 8,217, [6,017, [6, 817, [0,0]7, [0, 817, [7, 71" and [7, 1]”. Note that those
are the same points obtained in Example 2.7 using the 8-way symmetry algorithm
but produced by a faster integer algorithm. O

2.3 Polygons

A 2D polygon is a closed planar path composed of a number of sequential straight line
segments. Each line segment is called a side or an edge. The intersections between
line segments are called vertices. The end vertex of the last edge is the start vertex
of the first edge. A polygon encloses an area.

A polyline is similar to a polygon except that the end vertex of the last edge does
not have to be the start vertex of the first edge. Hence, unlike polygons, no area is
expected to emerge for a polyline.

2.3.1 Convexity Versus Concavity

A polygon may be convex or concave. Examples of convex and concave polygons
are shown in Fig. 2.9. A polygon is convex if the line connecting any two interior
points is included completely in the interior of the polygon. Each interior angle in a
convex polygon must be <180°; otherwise, the polygon is considered concave.

A 2D polygon is stored as a set of vertex coordinates (i.e., [x;, y,-]T where i is the
vertex number). These coordinates can be used to determine whether the polygon
is convex or concave. Cross product or linear equations of the edges can be used to
answer the question of convexity/concavity of a polygon.
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(a) (b)

Fig. 2.9 Examples of polygons. a Convex polygon where any interior angle is <180°. b Concave
polygon where at least one of the interior angles is >180°

Cross product: This method proceeds as follows:
1. For each edge:

a. Define a vector for the edge e; connecting the vertices v; and v;. This is
expressed as
e = \",'_,_1 — ‘.'i- (2.21)

b. Compute the 2D cross product (Sect. A.4.3.4) along consecutive edges e;_|
and e; as

€1 X € = [V — Vi_1] X [Viy1 — Vi]
_ [xl- _xil] y [xi+1 —xz} (222)
Yi — Yi—1 Yi+l — Vi
= (6 —xi—) Oit1 — yi) — O — yi—1) (Kig1 — xp).
2. The polygon is convex if and only if all signs of cross products along all edges
are the same; otherwise, the polygon is concave.
Linear equations: This method proceeds as follows:
1. For each edge:

a. Estimate the linear equation of the edge connecting the vertices v; = [x;, yi]T

and V41 = [xj+1, y,-+1]T. This is expressed in explicit form as

Yi+1 — Vi
y=—————
Xit+l — X

(x —xi) + i (2.23)

or in ax 4+ by + ¢ = 0 implicit form as

i1 =y X+ (x5 — Xip1) Y + yixip1 — xyip1 = 0. (2.24)

a b ¢

Another way to get the same equation is to calculate the cross product
(Sect. A.4.3.4) of the homogeneous points (Sect. B.7) v; = [x;, yi, 117 and
Vir1 = [xi41, yig1, 117, Thus,
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a Xi Xi+1
bl =vixvVigr= |y | x| yi+1 |- (2.25)
c 1 1

b. Apply each of the remaining vertices to the linear equation estimated above.

2. The polygon is convex if and only if all signs obtained are the same for each
single edge; otherwise, the polygon is concave.

Example 2.9: [Polygon concavity/convexity]

At least two different methods may be used to decide whether or not a 2D polygon
is concave or convex. Apply each of them to the 2D polygon specified by the vertices
(0,017, 5,017, [—1,5]7 and [—1, —5]7. Based on your calculations, determine
whether this polygon is concave or convex.

Solution 2.9: This problem can be solved using 2D cross product or using linear
equations.

1. Using 2D cross product:
a. Substitute v;_; = [—1, =517, v; = [0, 0]” and v;;.; = [5, 0]7 in Eq. (2.22)
and calculate e;_; x e; as
€1 X e = [V —Vi1] X [Viy1 — V]

= (i —xi—D)Qix1 —yi) — i — yi—1) &ip1 — xi)
— (0= (=1))(0—=0) — (0 — (=5))(5 — 0) = —25 = —ve.

b. Substitute v;_; = [0,0]7, v; = [5,0]7 and v; 1 = [—1,5]7 in Eq. (2.22)
and calculate e;_; x e; as

€1 X € = [Vi — Vi1 ] X [Vit1 — Vi
= (6 = xi—D) Qit1 — yi) — O = yi—1) (i1 — X7)
=05-05-0—-0-0(—1-5) =425= +ve.
The substitutions result in different signs. This implies that it is a concave polygon.
2. Using linear equations:

a. Consider the linear equation given the points [x;, y,-]T = [—1, =5]" and
[Xit1, yi+1]T =[0,01%. Using Eq. (2.23), we have

y=2 )
Xit+1 — Xi
y=5x+5-5

y—>5x=0.
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b. Apply the other two points ([5, 017 and [—1, 517) to the previous equation to
get
y—5x=0
0—505)=-25= —ve,
5—-5(-1)=+10 = +ve.

The substitutions result in different signs. This implies that it is a concave
polygon. (]

2.4 Line Clipping

Given a 2D line or a group of 2D lines, a clip rectangle or window can be used to clip
those lines so that only lines or portions of lines inside the clip window are preserved
while the other lines or portions of lines are removed. Such an approach is referred
to as a 2D line clipping algorithm. It should be noted that even though there are many
algorithms for rectangle and polygon clipping, a line clipping algorithm can be used
repeatedly to clip polygons of any shape approximated by line segments.

An example of line clipping is shown in Fig. 2.10 where lines preserved after
clipping appear thicker. There are three distinctive cases that may be observed:

1. Both endpoints of the line are inside the clip rectangle as line ab shown in
Fig. 2.10.
2. One endpoint is inside the clip rectangle while the other endpoint is outside the

rectangle as line ¢éd shown in Fig. 2.10.

3. Both endpoints of the line are outside the clip rectangle as lines éf and g_h shown
in Fig. 2.10.

Dealing with each of the previous cases is different.

Both endpoints are inside the clip rectangle: A line is completely inside a clip
rectangle or window if both endpoints are inside the window. Assume that the clip
rectangle spans from [xp, ynli,l]T to [Xmax, ymax]T and a line goes from [xp, yo]T
to [xl,yl]T, the line is preserved and trivially accepted if all the following eight
inequalities hold:

Xmin = X0 = Xmax,

Ymin = Y0 = Ymax, (2.26)

Xmin = X1 = Xmax,

Ymin = Y1 = Ymax-

Only one endpoint is inside the clip rectangle: A portion of the line is inside the
clip rectangle in case only one endpoint is inside the clip rectangle. Assume that the
clip rectangle spans from [X,uin, Yimin]? t0 [Xmaxs Ymax]” and a line goes from [xo, yo]”
to [x1, yl]T. Perform the following steps:
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Fig. 2.10 Example of 2D line
clipping. Lines remained after
clipping appear thicker

1. Check if only one endpoint falls inside the clip rectangle. The endpoint [xo, yo]”
is inside the clip rectangle if the following tests are true:

Xmin = X0 = Xmax, (2.27)
Ymin = Y0 = Ymax-

The endpoint [x, y 117 is inside the clip rectangle if the following tests are true:

Xmin = X1 = Xmax,
Ymin = Y1 = Ymax-

(2.28)

Note that either Inequality (2.27) or Inequality (2.28) must be true but not both;
otherwise, we will go back to the first case where both endpoints are inside the
clip rectangle. (Note that either Inequality (2.27) or Inequality (2.28) can be used
to keep or neglect isolated points; a process that is referred to as point clipping.)
2. Detect the intersection point between the line and the clip rectangle. Many meth-
ods exist to detect line intersections. The most suitable method in this situation is
using the linear parametric form. There are four intersection points between the
line and each of the clip rectangle edges to be detected. The intersection point
[x,y]T along the line that goes from [xg, yol” to [x1, y1]” can be expressed in

parametric form as
X X0 X1 — X0
= + 1 , 2.29
|:y:| |:y0i| line |:y] _y0i| ( )

where 5, is a parameter that determines the location of the point [x, y]T along
the line such that #,, € [0, 1]. The intersection point [x, y]T along the lower
and upper horizontal clip rectangle edges can be expressed in parametric forms

respectively as
X Xmin Xmax — Xmin
= +1t 2.30
I:y:| I:Ymin:| edgel [ymin — Ymin :| ( )
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and
X Xmin Xmax — Xmin
|:)’] |:}’max i| edge2 |:Ymax - .Vmaxi| ( )
where fegge1 and 24402 are parameters that determine the location of the inter-
section point [x, y]” along the clip rectangle lower and upper edges respectively
such that 7,461 € [0, 1] and feqge2 € [0, 1]. Note that a value of either 0 or 1
means that the line is going through a corner of the clip rectangle. Similarly, the

intersection point [x, y]” along the left and right vertical clip rectangle edges can
be expressed in parametric forms respectively as

X Xmin Xmin — Xmin
= + 1, 2.32
I:y:| I:Ymin:| edge3 I:Ymax _Ymin:| ( )
and
X Xmax Xmax — Xmax
= + ¢, s 2.33
|:y] |:ymin i| edged |:Ymax — Ymin i| ( )

where f,qg03 and #4404 are parameters that determine the location of the point
[x, y]T along the edges such that 7.gg.3 € [0, 1] and Zegges € [0, 1]. To obtain the
point [x, y]”, solve Eq. (2.29) with each of Egs. (2.30)—(2.33).

3. Check which intersection point [x, y]” falls inside the boundaries of the clip
rectangle. Intersection points may occur at line and/or edge extensions. If this is
the case, the following will be true: #,e ¢ [0, 1] and/or t.gee; ¢ [0, 1] where i is
the edge number. Thus, checking the value of #;,, and feg.; against the interval
[0,1] determines whether the intersection point falls within the clip rectangle.
Another way to determine if an intersection point [x, y]” falls within the clip
rectangle is by checking

Xmin =X = Xmax,
Ymin =Y = Ymax,

(2.34)

which must be true so that the point [x, y]T

clip rectangle.

is determined as falling within the

Finally, the portion of the line from the intersection point to the inside endpoint is
kept while the rest of the line is removed.

Both endpoints are outside the clip rectangle: If both endpoints are outside the

clip rectangle, the line may be completely outside the clip rectangle as line g_h in

Fig. 2.10 or part of the line is inside the clip rectangle as line éf in the same figure.
In this case, the intersection points between the line and the clip rectangle must be
detected as in the previous case. However, in the current case we must differentiate
between two type of intersection points.

1. The first type appears in white squares in Fig. 2.10. These intersection points fall
within the boundaries of the clip rectangle (i.e., feqgei € [0, 1] where i is the edge
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Fig. 2.11 Three lines clipped Y,
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number). The portion of the line connecting these intersection points is inside the
clip rectangle and must be kept.

2. The second type appears in white circles in Fig. 2.10. These intersection points
are located outside the boundaries of the clip rectangle (i.e., fog¢e; ¢ [0, 1] where
i is the edge number). The whole line must be removed.

The previous brute-force idea is inefficient and expensive as many calculations must
be performed. The next example clarifies this claim.

Example 2.10: [Line clipping]

Figure 2.11 shows three line segments zif), ¢d and éf where a = (7,417, b =
(12,1017, ¢ = (4,417, d = [7,2]", é = [2,6]" and f = [10,15]7. If a clip
rectangle spanning from [3, 317 to [15, 1217 is used to clip these lines, what lines or
portions of lines are preserved and kept?

Solution 2.10: Working with line ab: Check if endpoints fall within the boundaries
of the clip rectangle:

Xmin < Xa < Xpax = 3 <T <15 = true,
Ymin < Ya < Ymax = 3 <4 <12 = true,
Xmin < Xjy < Xmax = 3 < 12 < 15 = true,
Ymin = Y§ = Ymax == 3 <10 <12 = true.

As all inequalities result in true condition, we conclude that the line ab falls com-
pletely within the boundaries of the clip rectangle and must be preserved.
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Working with line éd: Check if endpoints fall within the boundaries of the clip
rectangle:

Xmin < Xe < Xpax —> 3 <4 < 15 = true,
Ymin < Ve < Ymax = 3 <4 < 12 = true,
Xmin < Xq < Xmax = 3 <7 < 15 = true,
Ymin = Ya < VYmax = 3 < 2 < 12 =>falS€.

Hence, the endpoint ¢ falls within the clip rectangle while the endpoint d is outside
it. Now, check the intersection point between the line and the lower horizontal edge:

X¢ Xq — Xe Xmin Xmax — Xmin
+ 1y = + ¢
I:yé:| fine |:yd _yéi| |:ymini| edgel |:ymin = Ymin i|
4 7—4 3 15-3
|:4j|+tltne|:2_4j|:|:3]+tedgel|:3_3j|

443 tjpe =3+ 12 tedgel
4 —2 tijne = 3.

or

Solving these two equations results in values of % and % for #jpe and fegge TESPEC-
tively. Since #z. € [0, 1] and t,4401 € [0, 1], the intersection point falls within the
boundaries of the clip rectangle. Thus, using the line equation and ¢, = %, the
intersection point [x, y]” will be

X Xeé Xq — X¢
M [yé] fine [ya —yé}

The same point is obtained when using fegge1 = % with the parametric form of the

edge. That is
X Xmin Xmax — Xmin
= t
|:y:| |:ymini| + edgel [ymin = Ymin i|

|3 n 2 I5-3] |55

|3 1213=-3| | 3|
Because there is one endpoint inside the clip rectangle and one endpoint outside it,
there is at most one intersection point that falls inside the borders of the clip rectangle.
In other words, there is no need to check for intersection points with the rest of the

edges. As [4, 417 is the inside point, then the portion from [4, 47 t0[5.5, 317 is kept
while the rest of the line (i.e., from [5.5, 3] to [7, 2]7) is removed.
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Working with line éf: Check if endpoints fall within the boundaries of the clip
rectangle:

Xmin < Xe < Xpay = 3 <2 <15 = false,

Ymin < Ve < Ymax — 3 <6 <12 = true,

Xmin = Xp = Xmax == 3 <10 <15 = true,

Ymin < Y < Ymax = 3 < 15 < 12 = false.

Thus, both endpoints are outside the clip rectangle. Hence, the line ef may be com-
pletely outside the clip rectangle or intersects its boundaries at two intersection points.
We check the intersection point between the line and the lower horizontal edge:

Xé Xp — Xé Xmin Xmax — Xmin
tine = t
|:yé:| + Liine |:yf - yéi| |:ymin:| + edgel |:ymin - ymin:|
2 10-2 3 15-3
oJ 1522 )= [3] e[ 73]

2+ 8 tijpe =3 + 12 Tedgel
6+ 9 tiine = 3.

or

The value of t,, is —%, which does not belong to the interval [0,1]; hence, this
intersection point is outside the clip rectangle. Check the next possible intersection
between the line and the upper horizontal edge:

Xé X — Xé Xmin Xmax — Xmin
+ 1y = +t
|:yéi| line |:yf _yé] |:ymax:| edge2 |:ymax _ymax:|

2 10 -2 3 15-3

2+ 8 tijpe =3+ 12 ledge2
6 + 9 tipe = 12.

or

Solving these two equations results in values of % and % for tjine and 1,447 TESpEC-
tively. Since 2z, € [0, 1] and z,44.2 € [0, 1], the intersection point falls within the
boundaries of the clip rectangle. Thus, using the line equation with #;,, = % the
intersection point [x, y]T will be

X || Xe Xp — Xeé
= tine

[y] [yé] - fine [yf—yé]
_[27, 2[10-2] _[73333
|6 3115—6]| 12 ’
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The same point is obtained when using fegee2 = % with the parametric form of the

edge. That is
X Xmin Xmax — Xmin
= t
|:y:| |:Ymax:| + edge2 |:ymax - ymax]
|3 +E 15-3 | 73333
12 36| 12—12 | 12 ’
Because both endpoints are outside the clip rectangle and #.44¢> is neither 0 nor 1,

we expect that there is only one more intersection point that falls inside the borders
of the clip rectangle. So, we will go for the third edge (i.e., the left vertical edge):

Xé X§ — Xe Xmin Xmin — Xmin
ti = z
|:yé:| + L |:)’f - yéi| |:ymin:| + Ledges |:ymax - ymin:|
2 10-2 3 3-3
[6] + line [15 - 6] = [3} T+ ledges [12 - 3]

2+ 8 tijipe =3
6+9tjne =3+9 Tedge3-

or

Solving these two equations results in values of % and % for tjine and 2,443 TESpEC-
tively. Since #, € [0, 1] and 2,462 € [0, 1], the intersection point falls within
the boundaries of the clip rectangle. So, using the line equation with #;,, = %, the
intersection point [x, y]T will be estimated as

HE MR b

y ye Vi — e
_[2], L[lo=2]_T 3
“le]T8l15-6] 7 |7.125]

The same point is obtained when using fegee3 = % with the parametric form of the

edge. That is
X Xmin Xmin — Xmin
= t,
|:Y:| |:ymin:| + edge3 |:ymax - ymini|

|3 n E 3-3 | 3

13 24| 12=3 | [7.125 |
So, the portion from [3, 7.12517 to [7.3333, 1217 is kept while the portions from
[2,6]7 to [3,7.125]" and from [7.3333, 12]7 to [10, 15]7 are removed. O

In the literature, there are many 2D line clipping algorithms such as Liang-Barsky
algorithm (Liang and Barsky 1984), Nicholl-Lee-Nicholl algorithm (Nicholl et al.
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Fig.2.12 The spaceisdivided Y
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outcode
0001 0000 0010
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1 |
] 1
0101 ' 0100 X 0110
1 1
X
Xmin X max —
Table 2.1 Assigning outcodes for the nine regions
Bit Value Meaning
3 = 1, if region is above the top edge if y > yimax
= 0, otherwise ify < Yimax
2 = 1, if region is below the bottom edge if y < Yimin
=0, otherwise if y > yimin
1 = 1, if region is right to the right edge if X > Xpax
= 0, otherwise if x < Xpax
0 = 1, if region is left to the left edge if X < Xpin
= 0, otherwise if x > Xpin

Bit 3 represents the most-significant bit while bit O represents the
least-significant bit

1987), Cyrus-Beck algorithm (Cyrus and Beck 1978) and Cohen-Sutherland algo-
rithm. We will discuss the Cohen-Sutherland algorithm in more details below.

2.4.1 Cohen-Sutherland Algorithm

In Cohen-Sutherland clipping algorithm, the 2D space is divided into nine regions
where the middle region represents the clip rectangle, window, polygon or the view-
port as shown in Fig. 2.12.

Each region is assigned a 4-bit outcode. Each binary digit indicates where the
region is with respect to the clip rectangle that is assigned the outcode 0000. The
bits are arranged from left to right as top, bottom, right and left. Assuming that the
clip rectangle spans from [x,;,, ymm]T to [Xmaxs ymax]T as shown in Fig. 2.12, a point
[x, y]” is assigned the bit values listed in Table 2.1 starting from the most-significant
bit to the least-significant bit. For example, 1010 represents any point in the top right
region while 0110 represents any point in the bottom right region. The outcodes are
shown in Fig. 2.12. Note that in some implementations of this algorithm, the bits
are arranged from left to right as left, right, bottom and top instead of top, bottom,
right and left (which we are using). Also, some implementations deals with the
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Table 2.2 OR truth table and

AND truth table a b a OR b a AND b
0 0 0 0
0 1 1 0
1 0 1 0
1 1 1 1

y-axis as pointing downwards. However, these discrepancies should not affect the
final outcome of clipped lines.
The Cohen-Sutherland clipping algorithm clips a line as follows:

1. Determine the outcode for each endpoint. An outcode for a point [x, y]” is
obtained by retrieving the sign bit of the following values:

Bit3 ad Ymax — Y,
Bit2 = y — ymin,
Bit 1 = x4 — X,
Bit 0 = x — x,in,

(2.35)

where bit 3 represents the most-significant bit while bit 0 represents the least-
significant bit. A sign bit is 1 for negative values and O otherwise. An alternative
way to calculate the outcode is by ORing values. If outcode is initialized to 0000,
it will take the following values:

outcode OR 1000, ify > yuax;
outcode OR 0100, ify < yuin,
then (2.36)
outcode OR 0010, if x > Xy
outcode OR 0001, if x < xin.

outcode = [

outcode = [

An algorithm to obtain the outcode for a point [x, y]” given the lower left and
upper right corners (i.e., [Xpin, ym,-,,]T and [Xax, ymax]T) of the clip rectangle is
listed in Algorithm 2.13.

2. Consider the two outcodes determined above.

a. If both endpoints are in the clip rectangle (i.e., having the same outcode
of 0000), bitwise-OR the bits. This results in a value of 0000. In this case,
trivially accept the line. The OR truth table is listed in Table 2.2.

b. Otherwise, if both endpoints are outside the clip rectangle (i.e., having out-
codes other than 0000), bitwise-AND the bits. If this results in a value other
than 0000, trivially reject the line. The AND truth table is listed in Table 2.2.

c. Otherwise, segment the line using the edges of the clip rectangle:

i. Find an endpoint [xo, yo]T that is outside the clip rectangle (i.e., an
outpoint) where its outcode % 0000 (at least one endpoint is outside the
clip rectangle).

ii. Find the intersection point [x, y]” between the line and the clip rectan-
gle. If the outpoint is [xg, yo]T and the other endpoint is [x1, y 17, the
intersection point is given by:
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ptop =
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Pleft =
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-xo 4 )’mu);n_yo }

Ymax

r Ymin—Y
o + S } , (2.37)

Ymin

Xmax
L Yo+ m(Xmax — X0) |’

I Xmin
| Yo + mXmin — X0) |’

where Prop, Prottoms Prighs and Pres; are the intersection points with the
top, bottom, right and left edges of the clip rectangle respectively;
omins Ymin]” and [Xax, Ymax]! are the lower left and upper right points
of the clip rectangle respectively; and m is the line slope.

iii. The portion from the outpoint to the intersection point should be
removed or rejected. The outpoint is replaced by the intersection point.
Re-estimate the outcode for the outpoint.

iv. Go to Step 2.

3. If trivially accepted, draw the line.

Algorithm 2.14 lists the steps of the Cohen-Sutherland clipping algorithm (Foley

et al. 1995).

Algorithm 2.13 Outcode calculation algorithm

Input: x, y, Xmin, Xmaxs Ymin> Ymax
Output: outcode
: outcode = 0000
2 if (v > yax) then
outcode = outcode OR 1000
: else if (y < yuin) then

outcode = outcode OR 0100
end if
2 if (x > xp0y) then
outcode = outcode OR 0010
. else if (x < x;;i,) then
10:  outcode = outcode OR 0001
11: end if
12: return outcode
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Algorithm 2.14 Cohen-Sutherland clipping algorithm

Input: xo, Y0, X1, Y1, Xmin» Ymin> Xmaxs Ymax
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: outcode( = Call Algorithm 2.13 for [xp, yo]T
: outcodel = Call Algorithm 2.13 for [xy, yl]T
: done = FALSE

. in = FALSE

: while (done = FALSE) do

if (outcodeO OR outcodel = 0000) then
done = TRUE
in = TRUE

else if (outcodeO) AND outcodel # 0000) then
done = TRUE

else

m = Y100

X1—=X0

if (outcodeQ # 0000) then
outcode = outcode(
else
outcode = outcodel
end if
if (outcode AND 1000 # 0000) then
x=xp+ .Vma.;n_.VO
Y = Ymax

else if (outcode AND 0100 # 0000) then
X =X + ymir}z,n*y()
Y = Ymin

else if (outcode AND 0010 # 0000) then
X = Xmax
Y = yo + mXmax — X0)

else
X = Xmin
Y = Yo + mXmin — Xo)

end if

if (outcode = outcodeQ) then

Xo =X

Yo=Yy

outcodeQ = Call Algorithm 2.13 for [xo, yo]T
else

x| =x

yi=y

outcodel = Call Algorithm 2.13 for [xq, yl]T
end if
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43:  end if
44: end while
45:

46: if (in = TRUE) then
47:  Call Algorithm 2.7 with parameters xo, yo, X1, Y1
48: end if

end

One point to be mentioned here is that Algorithm 2.14 computes the slope m on
Line 13. This operation may be repeated for the same line if it intersects the clip
rectangle more than once. In this case, it is better to compute the slope before the
loop. However, if the slope is computed before the loop and the line is trivially
accepted or trivially rejected, the slope will be computed but will never be used.

Example 2.11: [Cohen-Sutherland clipping algorithm—outcodes]

Figure 2.13 shows four line segments zif), éd, éf and gﬁ where a = [2, 6]7, b=
[4,1017, ¢ = (7, 1817, d = [10, 1017, & = [10, 117, f = [18, 1017, g = [12, 1217
and h = [14,1017. If a clip rectangle spanning from [5, 317 to [15, 1517 is used to
clip these lines utilizing the Cohen-Sutherland clipping algorithm, get the outcodes
for each of the endpoints.

Solution 2.11: Applying Algorithm 2.13 and since [Xpin, Yminl? = [5,3]7 and
[Xmaxs ymaX]T = [15, 15]7, the outcodes are listed in the following table:

Point  [x,y]” Condition  Outcode
a 12,617 X < Xmin 0001
b 4,107 x <X 0001
¢ 17,1817 y>ypw 1000
d [10,10]7  within 0000
é [10, 17y <ymi 0100
f (18,107 X > xXpaxr 0010
& (12,1217 within 0000
h (14,101  within 0000

O

Example 2.12: [Cohen-Sutherland clipping algorithm—line category] In Example
2.11, determine which lines are trivially accepted/rejected and which lines need
intersection determination.
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e=[7,18]"

° T

b=[4,10] f=118,10"

i
. _ 1
a=[2,0] v~_Clip
5 3]’1‘ rectangle

e=[10,1] r/

Fig. 2.13 Four lines clipped by a rectangle

Solution 2.12: In order to determine line categories, we apply the first part of
Algorithm 2.14 (i.e., performing ORing and ANDing operations).

Line ORing ANDing Decision

ab 0001 0001 Trivially reject
éﬁd 1000 0000 Intersections
i 0110 0000 Intersections
gh 0000 Trivially accept
Hence, only ¢d and éf need further intersection determination. O

Example 2.13: [Cohen-Sutherland clipping algorithm—intersection points] In
Example 2.11, if the lines to be clipped intersect the clip rectangle, determine the
intersection points between those lines and clip rectangle.

Solution 2.13:  As we found in Example 2.12, intersections will be performed only
for ¢d and éf.
Working with line éd: The slope is obtained as

C—ye 10—18 8
m— 24 Y = = _2.6667.
Xq — Xe 10 —7 3
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We get the outpoint which has the outcode that is not equal to 0000 as
outcode = outcode¢ = 1000.

Since
outcode AND 1000 = 1000,

then the line extending from the outpoint (i.e., ¢) to d intersects the top edge of
the clip rectangle. The intersection point i between the line and the clip rectangle is
obtained as

Ymax — Yeé —7 15 —-18 1

- — 8- =8.125,
m —8/3 8

Yi = Ymax = 15.

X = Xx¢ +

Thus, the intersection point iis [8.125, 15]7. The intersection points between g and
the clip rectangle are obtained similarly. They are listed in the table below.

Line Outpoint m Edge Intersection
@ ~% Top i=8.125, 15"
ef @ 3 Bottom j=[11.7778,3]"
it f 2 Right k = [15, 6.625]7

O

Example 2.14: [Cohen-Sutherland clipping algorithm]

Flgure 2 11 shows three line segments ab, ¢d and éf where a = [7,4)7, b =
(12,1017, ¢ = (4,47, d = [7 217, é = [2,6]7 and f = [10, 15]7. If a clip
rectangle spanning from [3, 3]7 to [15, 12]” is used to clip these lines utilizing the
Cohen-Sutherland clipping algorithm, what lines or portions of lines are preserved
and kept?

Solution 2.14: Working with line ab:

1. Get the outcodes for the endpoints a and b:

outcodey = 0000,
outcodey, = 0000.

2. Perform a bitwise-ORing operation between outcode; and outcodey:

outcodey OR outcodey, = 0000 OR 0000 = 0000.
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Since the result of the bitwise-ORing operation is 0000, both endpoints are in the
clip rectangle.

3. Therefore, the line ab is trivially accepted.
Working with line éd:
1. Get the outcodes for the endpoints ¢ and d:

outcodes = 0000,
outcodey = 0100.

a. Perform a bitwise-ORing operation between outcode; and outcodey:
outcodei OR outcodeg = 0000 OR 0100 = 0100.

b. Since the bitwise-ORing operation results in a value that is not 0000, perform
a bitwise-ANDing operation between outcode; and outcodey:

outcodez AND outcodeg = 0000 AND 0100 = 0000.

i. Since the bitwise-ANDing operation results in 0000, get the slope m of
the line, which is computed as

i—ve 2—4 2
m=2"2 _ 277 26667,
x(i_'xé 7—4 3

ii. Get the outpoint which has the outcode that is not equal to 0000 as

outcodey = 0100.

iii. Since
outcodey AND 0100 = 0100,

then the line extending from the outpoint (i.e., d) to ¢ intersects the
bottom edge of the clip rectangle. Split the line at the intersection point
between the line and the clip rectangle. Utilizing the value of m, the
intersection point [x, y]” is obtained as

Ymin —Yq 3-2

74+ —— =55,

A - 23

Y = Ymin = 3.

In other words, the intersection point is [5.5, 317, Let us call this
point g.
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iv. Remove the part between d= (7,217 and g=1[55, 31%. The outcode
for the intersection point now is

outcodez = 0000.

v. The line to be tested now is extending from ¢ = [4,4]” tog = [5.5, 3]
The outcode for each of its endpoints is 0000.
3. The procedure is applied again to line ég. Hence, line ég is trivially accepted.
Working with line of:
1. Get the outcodes for the endpoints ¢ and f:

outcodes = 0001,
outcode; = 1000.

a. Perform a bitwise-ORing operation between outcodeg and outcode;:
outcodes OR outcode; = 0001 OR 1000 = 1001.

b. Since the bitwise-ORing operation results in a value that is not 0000, perform
a bitwise-ANDing operation between outcode and outcode;:

outcodees AND outcode; = 0001 AND 1000 = 0000.

i. Since the bitwise-ANDing operation results in 0000, get the slope m of
the line that is obtained as
Vi — Ve 15—-6 9

m=——=——=—-=1.125.
Xp — X¢ 10—-2 8

ii. check the first point (i.c., € = [2, 6]7) if it has an outcode that is not
equal to 0000 as
outcodeg = 0001.

iii. Since
outcodes AND 0001 = 0001,

then the line intersects the left edge of the clip rectangle. Split the line at
the intersection point between the line and the clip rectangle. Utilizing
the slope m, the intersection point [x, y]T is estimated as
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X = Xpin = 3,

Y = Yo+ mOinin — x¢) = 6+ 33 —2) =T =7.125.

In other words, the intersection pointis [3, 7. 125]% . Let us call this point
h.

iv. Remove the part between é = [2, 6]7 and h= [3, 7.125]7. The outcode
for the intersection point now is

outcodey, = 0000.

v. The line to be tested now is extending from h = [3,7.125]7 to f =
[10, 15]7.

Working with line hf:
a. Perform a bitwise-ORing operation between outcodey, and outcode;:

outcodey, OR outcode; = 0000 OR 1000 = 1000.

b. Since the bitwise-ORing operation results in a value that is not 0000, perform
a bitwise-ANDing operation between outcodey, and outcode;:

outcodey, AND outcode; = 0000 AND 1000 = 0000.

i. Since the bitwise-ANDing operation results in 0000, get the slope m of
the line that is obtained as

m= 2 = 1.125.
8

ii. Get the outpoint (i.e., f) as it has an outcode that is not equal to 0000 as
outcode; = 1000.

iii. Since
outcode; AND 1000 = 1000,

then the line intersects the top edge of the clip rectangle. Split the line
at the intersection point between the line and the clip rectangle. Using
the slope m, the intersection point is estimated as

Ymax — YV 12 -15 1
=+ 7L —10 =7- =7.3333,
S S o8 3

Y = Ymax = 12.
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In other words, the intersection point is [7.3333, 1217 Let us call this
point i.

iv. Remove the part between f = [10, 15]7 and i = [7.3333, 12]”. The
outcode for the intersection point now is

outcode; = 0000.

v. The line to be tested now is extending from h = (3, 7.125]T toi =
[7.3333, 12]7. The outcode for each of its endpoints is 0000.

3. The procedure is applied again to line hi. Hence, line hi is trivially accepted.
Thus, the preserved lines are

1. :i__B: extending from a = [7, 47 to b= [12,1017;
2. ¢g: extending from ¢ = [4, 41" to g =[5.5,3]17; and
3. hi: extending from h = [3, 7.125]7 to i = [7.3333, 12]”. a

Example 2.15: [Cohen-Sutherland clipping algorithm—outcodes in a left-handed
coordinate system]

Assume that a left-handed coordinate system is used to assign outcode values to
different regions of the Cohen-Sutherland clipping algorithm. Modify Table 2.1 so
that each region keeps its outcode (e.g., the upper left region is assigned 1001, the
lower right region is assigned 0110, etc.).

Solution 2.15: Since the y-axis is pointing downwards in a left-handed coordinate
system as shown in Fig. 2.14, Table 2.1 is modified as follows:

O

2.5 Polygon Clipping

A 2D polygon represented by a set of three or more vertices (v;|i € {0, 1,2, ..., n—1}
where 7 is the number of vertices) can be clipped by another polygon. The output
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Bit  Value Meaning

3 = 1, if region is above the top edge if y < ymin
= (0, otherwise if y > yin

2 = 1, if region is below the bottom edge  if y > yax
=0, otherwise if y < Ymar

1 = 1, if region is right to the right edge if x > Xpax
= 0, otherwise if x < xpax

0 = 1, if region is left to the left edge if x < Xpin
= 0, otherwise if x > Xpin

of this clipping process is one or more polygons. The polygon after clipping may
include vertices that are not part of the original vertices (i.e., new vertices may be
created).

There are many 2D polygon clippers or polygon clipping algorithms such as
Sutherland-Hodgman algorithm (Sutherland and Hodgman 1974), Patrick-Gilles
Maillot algorithm (Maillot 1992), and Weiler-Atherton algorithm. We will discuss
the Weiler-Atherton algorithm in more details.

2.5.1 Weiler-Atherton Algorithm

In Weiler-Atherton algorithm (Weiler and Atherton 1977), there are two types of
polygons; a subject polygon that is to be clipped and a clip polygon or window
as shown in Fig. 2.15a. The goal is to obtain the subject polygon after clipping as
shown in Fig. 2.15b. In this algorithm, polygons are clockwise-oriented while holes
are counter-clockwise-oriented. (Some researchers work with counter-clockwise-
oriented polygons; however, this should not make a difference in the final outcome.)
Also, in this algorithm, a polygon is represented as a circular list of vertices. The
algorithm can be summarized by walking along the polygon boundaries as follows:

1. Compute the intersection points between the subject and clip polygons as depicted
in Fig. 2.15¢c. Many methods to estimate the intersection points may be used. For
example, given a subject edge v1V> bounded by [xy,, yv, 17 and [xv,, yvz]T and a
clipping horizontal (or vertical) edge ¢1¢, bounded by [x¢, Ye, 17 and [xe,, Ve, 17,
the intersection point p = [x, y]” may be estimated as done in Eq. (2.37). Alter-
natively, cross product (Sect. A.4.3.3) of homogeneous points (Sect. B.7) can also
be used with lines with general slope values as

p = [vi x v2] x [e1 X e2], (2.38)

where x denotes the cross product; and p, vy, v2, ¢; and ¢, are the homogeneous
representation of the intersection point, subject polygon vertices and clip polygon
vertices (i.e., p = [x,y, 117, vi = [y, 0wy, 117, v2 = [xy,, vy, 117, €1 =
[Xers Yey s I]T and ¢ = [x¢,, Yy, 1]T)‘
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Fig. 2.15 Weiler-Atherton algorithm. a The original subject and clip polygons. b The subject
polygon after clipping. ¢ The intersection points between the subject and clip polygons are computed.
d Points where subject polygon enters clipping window are represented by white circles. e Out-to-
in: Record clipped point and follow subject polygon boundary in a clockwise direction. f In-to-out:
Record clipped point and follow clip polygon boundary in a clockwise direction

When a new intersection is detected, a new false vertex is added to the circular
lists of the vertices representing the polygons. Links are established to permit
travelling between polygons.

2. Walking along the boundaries of the subject polygon in a clockwise direction,
mark points where the subject polygon enters the clip polygon. These points are
represented in Fig. 2.15d as white circles where the previous subject vertex is
outside the clip polygon and/or the following subject vertex is inside the clip
polygon. The points where the subject polygon leaves the clip polygon are rep-
resented as black circles; i.e., when the previous subject vertex is inside the clip
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polygon and/or the following subject vertex is outside the clip polygon. (One may

prefer to walking along the boundaries of the clip polygon and detect intersections

where clip polygon enters and leaves the subject polygon.) Note that intersections

alternate from entering to leaving as the number of intersections is always even.
3. There are two types of point pairs; out-to-in and in-to-out:

a. Out-to-in pair (i.e., from white to black circles): Ata white circle (i.e., entering
point), follow the subject polygon vertices in its circular list until the next
leaving intersection. Figure 2.15¢ shows this case as following the subject
polygon boundary in a clockwise direction.

b. In-to-out pair (i.e., from black to white circles): At a black circle (i.e., leaving
point), follow the clip polygon vertices in its circular list until the next enter-
ing intersection. Figure 2.15f shows this case as following the clip polygon
boundary in a clockwise direction.

4. Repeat Step 3 until there are no more pairs to process.

The result of the above operation is the subject polygon after clipping as shown in
Fig. 2.15b. The process is summarized in Algorithm 2.15.

Algorithm 2.15 Weiler-Atherton algorithm

Input: Circular lists of vertices representing the subject and clip polygons
Output: Lists of vertices representing the clipped polygons

1: Get intersections between subject and clip polygons and add them to both lists.
2: Along the subject polygon, determine entering and leaving intersections.

3: while more vertices to process do

4:  If an entering or subject vertex is encountered, follow the subject circular

list.

5:  If aleaving or clip vertex is encountered, follow the clip circular list.

6: A loop of vertices is complete when arriving at the start vertex.

7: end while

end

Example 2.16: [Weiler-Atherton clipping—circular lists and insertion of false ver-
tices|

Consider an irregular subject polygon to be clipped by a rectangular clip polygon
as shown in Fig. 2.16. What are the steps that should be followed to populate circular
lists for both the subject and clip polygons?

Solution 2.16: The steps are shown in Fig. 2.17.

1. To simplify the discussion, the vertices of both subject and clip polygons are
numbered as shown in Fig. 2.17a and two circular lists are created; one for each
polygon. The sequence of vertices of the subject polygon in a clockwise order
is “0,” “1,” “2,” “3” and “4.” The sequence of vertices of the clip polygon in a
clockwise order is “a,” “b,” “c” and “d.” The circular lists are shown in Fig. 2.17b.
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Fig.2.16 Anirregular subject R e _
polygon is to be clipped by a -\ ’ Clip polygon

rectangular clip polygon

The first intersection marked “e” is detected (Fig. 2.17¢) and a new false vertex
is linked to both lists as shown in Fig. 2.17d. The subject sequence now becomes
“0,” “e,” “1,” “2,” “3” and “4” and the clip sequence becomes “a,” “e,” “b,” “c”
and “d.”

Along the clockwise direction, the next intersection marked “f” is detected (Fig.
2.17e) and a new false vertex is linked to both lists as shown in Fig. 2.17f. Notice
that “f”” is between “1” and “2” in the subject polygon and between “d” and “a”
in the clip polygon. Thus, the subject sequence now becomes “0,” “e,” “1,” “f,”
“2.)”“3” and “4” and the clip sequence becomes “a,” “e,” “b,” “c,” “d” and “f.”
The following intersection marked “g” is detected (Fig. 2.17g) and a new false
vertex is linked to both lists as shown in Fig. 2.17h. The subject sequence now
becomes “0,” “e,” “1,” “f)” “2,” “g.” “3” and “4” and the clip sequence becomes
“a,” “e,” “b,” “c,” “d,” “f” and “g.”

. The next intersection marked “h” is detected (Fig. 2.171) and a new false vertex

is linked to both lists as shown in Fig. 2.17j. The subject sequence now becomes

[P L]

“0:’ “e’” “1’” “f’” “2’” “g’” “3’” “h” and “459 and the Cl]p Sequence becomes a,
“e’” “b,” “C,” “d,” “f”, “gn and “h.’,

In Fig. 2.17, the false vertices “e,” “f,” “g” and “h” are shown in gray. Also, in order
to make the distinction clear, the edges and links of the subject polygon are illustrated
as solid lines while the edges and links of the clip polygon are illustrated as dashed
lines. Notice that this whole process is represented by Line 1 in Algorithm 2.15. [J

Example 2.17: [Weiler-Atherton clipping—clipped loops]

Building on Example 2.16, determine the clipped polygon parts (i.e., loops of

vertices).

Solution 2.17: The steps are shown in Fig. 2.18.

1.

The entering and leaving vertices are determined. In Fig. 2.18a, b, the entering
vertices “e” and “g” are marked in white and the leaving vertices “f” and “h” are
marked in black.

Starting at the entering vertex “e,” the subject polygon border is followed as
shown in Fig. 2.18c. This process is performed on the subject polygon circular

list by following the link out of that vertex. This is shown in Fig. 2.18d.
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(b)  Subject polygon vertices

Fig. 2.17 Getting intersection points and establishing circular lists for subject and clip polygons.
This process is represented by Line 1 in Algorithm 2.15

3. Continuing from the subject vertex “1,” the subject polygon is followed as in the
previous step. This is shown in Fig. 2.18e, f.

4. At the leaving vertex “f,” the clip polygon border is followed as shown in
Fig. 2.18g. This process is performed on the clip polygon circular list by fol-
lowing the link out of that vertex. This is shown in Fig. 2.18h.
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Fig. 2.17 (continued)

5.

[T Ll

As in Step 2 above, from the entering vertex “g,” the subject polygon border is
followed as shown in Fig. 2.18i. This process is performed on the subject polygon
circular list by following the link out of that vertex. This is shown in Fig. 2.18;.

. As in Step 3, continuing from the subject vertex “3,” the subject polygon is

followed as shown in Fig. 2.18k, 1.

. As in Step 4, at the leaving vertex “h,” the clip polygon is followed as shown in

Fig. 2.18m, n.

. The loop is complete by following the clip path from the clip vertex “a” to the

[T}

entering vertex “e,” which is the start vertex in Step 1.

. The final loop (i.e., the clipped part of the polygon) now is “e,” “1,” “f)” “g,” “3,”

“h,” “a” and “e.”

All the above steps appear as thick edges/arrows in Fig. 2.18. O

2.6 Problems

Problem 2.1: [Bresenham’s line drawing algorithm)|

Bresenham’s algorithm is used to draw a line segment from [28, 817 to [26, 14]7.

Determine whether the following pixels are part of the displayed line: [28, 917,
[27,917, 27,1017, [28, 101", [26, 12]", [27, 13]", [26, 13]", [27, 14]", [27, 11]"
and [27, 12]7.
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Fig. 2.18 Determining the clipped polygon parts. This process is represented by Line 2 through
Line 7 in Algorithm 2.15

Problem 2.2: [8-way symmetry algorithm)

Figure 2.19a shows the upper left corner of a computer screen. The horizontal
and vertical axes are shown with values representing pixel locations. Suppose that
a curve spanning from [5, 1517 to [15, 5] is drawn as two circle quadrants. The
centers of the circles are shown as black dots. Use the 8-way symmetry algorithm to
determine what pixels should constitute the curve.
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Fig. 2.18 (continued)
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Fig. 2.18 (continued)

Problem 2.3: [4-way symmetry algorithm]
Re-solve Problem 2.2 using the 4-way symmetry algorithm.

Problem 2.4: [Line and circle drawing algorithms)

Figure 2.19b shows the upper left corner of a computer screen. The horizontal
and vertical axes are shown with values representing pixel locations. Suppose that
the curve shown consists of three segments two of them are line segments and the
third is one-eighth of a circle whose center is shown as a black dot. Use a line
drawing algorithm (of your choice) and a circle drawing algorithm (of your choice)
to determine what pixels should contribute to the curve.

Problem 2.5: [8-way symmetry algorithm]

A circle having a radius of 5 pixels and centered at [4, 6] is to be drawn on
a computer screen. Use the 8-way symmetry algorithm to determine whether the
following pixels are part of the displayed circle: [9, 617, 19, 517, 19, 417, 9, 317,
4, 1107, 14, 117, 17, 1017, (1,217, [3, 117 and [1, 3]".

Problem 2.6: [4-way symmetry algorithm]
Re-solve Problem 2.5 using the 4-way symmetry algorithm.
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Fig. 2.19 The upper left corner of a computer screen

Problem 2.7: [8-way symmetry algorithm]
Modify Algorithm 2.10 to use a “for” loop that goes from x = 1 to x = L%J
where |.] is the floor operation.

Problem 2.8: [Midpoint algorithm for circles]
Modify Algorithm 2.11 so that the condition of the “while” loop is

(<[

where x is the horizontal counter; and r is the radius of the circle.

Problem 2.9: [Midpoint and 8-way symmetry algorithms for circles]

In order to draw a circle, Algorithm 2.12 starts from the point at the bottom of the
circle while Algorithm 2.10 starts from the point at the top. Modify Algorithm 2.12
to start from the top.

Problem 2.10: [Polygon concavity/convexity]
Consider the polygon defined by the vertices [3, 317, [6, 317, [8, 2]” and [6, 6] .
Determine if this polygon is convex or concave.

Problem 2.11: [Polygon concavity/convexity)
Given a 2D polygon specified by the vertices [—3,0]7, [3, =117, [1,0]” and
[4,2]7, test whether it is convex or concave.

Problem 2.12: [Cohen-Sutherland clipping algorithm—Ieft-handed coordinate sys-
tem]

Suppose that a clip window is indicated by its upper left and lower right corners
[100, 5017 and [300, 200]7. Test whether each of the following line segments can
be trivially accepted in the window, trivially rejected or needs further processing:

1. A line extending from [171, 88]” to [233, 171]".
2. A line extending from [150, 101]7 to [233, 39]".
3. A line extending from [52, 15]7 to [98, 45]7.
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Fig. 2.20 A subject polygon o 1
to be clipped by a clip polygon Subject polygor

Clip polygon

Problem 2.13: [Cohen-Sutherland clipping algorithm—Ieft-handed coordinate sys-
tem]

Use the Cohen-Sutherland algorithm to determine what lines or portions of lines
are preserved and kept in Problem 2.12.

Problem 2.14: [Line clipping]

Given a clip rectangle spanning from [3, 3] to [15, 12]7, use the brute-force
algorithm discussed in this chapter to determine what lines or parts of lines are
preserved and kept among the following:

1. A line extending from [15, 12]7 to [17, 10]7.
2. A line extending from [16, 917 to [10, 107
3. A line extending from [5, 517 to [9, 8].

4. A line extending from [12, 14]7 to [7,2]7.

Problem 2.15: [Line intersection—parametric equation)

Using the parametric equation of a line, determine the intersection point between
the two line segments pp2 andﬁwhere p1 =11, 117, P2 =109, 917, p3 =19, 17
and py = [1,9]7.

Problem 2.16: [Line intersection—homogeneous coordinates]|
Re-solve Problem 2.15 using homogeneous coordinates (see Sect. B.7).

Problem 2.17: [Line intersection]

Use three different methods to determine the intersection point between the two
line segments pp> and p3ps where p; = [1, 117, P2 = [3, 317, p3 = [1, 317 and
ps=13,11".

Problem 2.18: [Weiler-Atherton clipping—circular lists and insertion of false ver-
tices|]

Consider the subject and clip polygons shown in Fig. 2.20. What are the steps that
should be followed to populate circular lists for both the subject and clip polygons?

Problem 2.19: [Weiler-Atherton clipping—clipped loops]
Determine the clipped polygon parts (i.e., loops of vertices) in Problem 2.18.
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Fig. 2.21 A subject polygon Subject polygon
to be clipped by a clip polygon , )
Clip polygon
SRR | R 4: ---
»

Problem 2.20: [Weiler-Atherton clipping—circular lists and insertion of false ver-
tices|

Consider the subject and clip polygons shown in Fig. 2.21. What are the steps that
should be followed to populate circular lists for both the subject and clip polygons?

Problem 2.21: [Weiler-Atherton clipping—clipped loops]
Determine the clipped polygon parts (i.e., loops of vertices) in Problem 2.20.

References

Aken, J.V. 1984. An efficient ellipse-drawing algorithm. IEEE Computer Graphics and Applications
4(9): 24-35.

Bresenham, J.E. 1965. Algorithm for computer control of a digital plotter. IBM Systems Journal
4(1): 25-30.

Cyrus, M., and J. Beck. 1978. Generalized two- and three-dimensional clipping. Computers and
Graphics 3(1): 23-28.

Foley, J.D., A. van Dam, S.K. Feiner, and J. Hughes. 1995. Computer Graphics: Principles and
Practice in C, 2nd ed. The systems programming series. Addison-Wesley, Reading, MA.

Liang, Y.-D.,and B.A. Barsky. 1984. A new concept and method for line clipping. ACM Transactions
on Graphics (TOG) 3(1): 1-22.

Maillot, P.-G. 1992. A new, fast method for 2d polygon clipping: analysis and software implemen-
tation. ACM Transactions on Graphics (TOG) 11(3): 276-290.

Nicholl, TM., D.T. Lee, and R.A. Nicholl. 1987. An efficient new algorithm for 2-d line clipping:
its development and analysis. ACM SIGGRAPH Computer Graphics 21(4): 253-262.

Pitteway, M. 1967. Algorithm for drawing ellipses or hyperbolae with a digital plotter. Computer
Journal 10(3): 282-289.

Sutherland, LE., and G.W. Hodgman. 1974. Reentrant polygon clipping. Communications of the
ACM 17(1): 32-42.

Van Aken, J., and M. Novak. 1985. Curve-drawing algorithms for raster displays. ACM Transactions
on Graphics 4(2): 147-169.

Weiler, K., and P. Atherton. 1977. Hidden surface removal using polygon area sorting. ACM SIG-
GRAPH Computer Graphics 11(2): 214-222.



2 Springer
http://www.springer.com/978-3-319-05136-9

Digital Medlia

A Problem-solving Approach for Computer Graphics
Elias, E.

2014, XXXV, 686 p. 214 illus., Softcover

ISBM: 978-32-219-05136-9



	2 2D Graphics
	2.1 Lines
	2.1.1 Digital Differential Analyzer Algorithm 
	2.1.2 Bresenham's Algorithm 
	2.1.3 The Midpoint Algorithm  

	2.2 Circles
	2.2.1 Two-Way Symmetry Algorithm    
	2.2.2 Four-Way Symmetry Algorithm    
	2.2.3 Eight-Way Symmetry Algorithm    
	2.2.4 The Midpoint Algorithm  

	2.3 Polygons
	2.3.1 Convexity Versus Concavity

	2.4 Line Clipping     
	2.4.1 Cohen-Sutherland Algorithm  

	2.5 Polygon Clipping
	2.5.1 Weiler-Atherton Algorithm 

	2.6 Problems
	References


