
Chapter 2
Electronic Properties of III-V Quantum Dots

Andrei Schliwa, Gerald Hönig, and Dieter Bimberg

Abstract Electronic properties of quantum dots are reviewed based on eight-
band k�p theory. We will focus on the following interrelated subjects: First the
role of crystallographic symmetry is evaluated. This includes the symmetry of the
lattice of the substrate [wurtzite (wz) versus zinc blende (zb)] as well as different
substrate orientations [zb-(001) versus zb-(111)]. Second, we discuss two different
types of band alignment, type-I versus type-II, by comparing the common-anion
system zb-InAs/GaAs to the common-cation system zb-GaSb/GaAs. Finally, the
impact of large built-in fields resulting from piezo- and pyroelectric charges will be
exemplified for the wz-GaN/AlN QD-system.

2.1 Introduction

Semiconductor quantum dots (QD) are fascinating physical subjects exhibiting
electronic properties even simpler than hydrogen but in a dielectric cage, thus
merging semiconductor with atomic physics. Nano-structures based on III-V-
system material combinations alone cover a huge range of very different electronic
and optical properties. Their tremendous tunability will be exemplified in this
contribution by focusing on three cornerstones of current research: (i) InAs/GaAs-,
(ii) GaAs/GaSb-, and (iii) GaN/AlN quantum dots.

(i) InAs/GaAs QDs have been subject of intense research for the last 20 years
[13, 29], which led—most prominently—to the development of quantum dot
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lasers [40] and single-photon emitters [48]. As InAs is a small band-gap
material, including coupling between valence- and conduction bands became
essential for the predictive power of any electronic structure calculations.
This demand led to the development of 3D QD models going beyond effective
mass theory [35]. Most transparent are calculations based on eight-band k�p
theory [74]. Triggered by the quest for single and entangled photon emitters,
later on, the role of substrate orientation went into the focus of research [65,71]
which will be one topic of this chapter.

(ii) While the InAs/GaAs system exhibits a type-I quantum confinement, where
both electron and hole are localized in the QD, GaSb/GaAs quantum dots
feature a type-II band-alignment: The confinement is attractive alone for holes
but repulsive for electrons. If holes are stored in the QD, eventually the band
structure is modified to allow electrons to be localized nearby at the interface
by means of Coulomb interaction. The difference between the two material
combinations with respect to band-alignment can be traced back to the fact
that InAs/GaAs share a common-anion- and GaSb/GaAs a common cation, as
will be further elaborated in Sect. 2.3.2.

(iii) The third material system of huge interest is GaN/AlN. The difference to
the former two is threefold: First, state-of-the-art QDs are synthesized in the
wurtzite phase, as opposed to the zinc blende lattice of the preceding systems.
Second, GaN has a large band gap and, third, the system GaN/AlN exhibits
very strong internal piezo- and pyroelectric fields . We will see in Sect. 2.3.3
that for GaN/AlN QDs simply by variation of the QD size a large (interband)
photon emission tunability ranging from 2.6 to 4.5 eV is obtained.

All three heterostructures belong to the III-V material system and coherent growth
is mediated by the sufficiently large lattice mismatch leading to QD formation in
the Stranski-Krastanov growth mode [68]. Strain alone already imposes significant
band-shifts and band-splittings (heavy-hole/light-hole). Moreover, the lack of inver-
sion symmetry in all III-V systems together with the inhomogeneity of the strain
give rise to additional piezoelectric built-in fields.

The appeal of eight-band k�p theory lies in the attractive balance between
accuracy, speed of computation, and transparency of the physics and the parameters
used. All relevant phenomena, such as confinement, strain, piezo- and pyroelec-
tricity, band-coupling and -splitting can be reliably treated for any shape, size
and composition as long as the involved materials feature a direct band gap. This
opens the opportunity to employ the model for the purpose of inverse bandstructure
modeling [64] and inverse design [51].

2.1.1 Role of Lattice Symmetries (Zinc Blende vs Wurtzite)

The majority of quantum dots either carry zinc blende or wurtzite symmetry.
Sometimes—as in the case of GaN—both allotropes are proven to exist. The zinc
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Fig. 2.1 (a) Wurtzite unit cell with lattice parameters a and c together with the internal parameter
u. (b and c) The differences in position of second nearest neighbours between wurtzite and zinc
blende lattice are shown

blende and wurtzite lattice differ only in the second-nearest neighbours [see
Fig. 2.1b,c]. Analogous to the hexagonal and cubic close packing one can describe
them by different layer sequences AB AB AB A (along c-axis) or ABC ABC A (along
<111>-axis).

These minute differences however result in very different symmetry properties:
the zinc blende crystal has four threefold axes of rotation (<111>) and, thus,
a higher symmetry than the wurtzite lattice with only one axis with threefold
rotational symmetry (c-axisD [0001]). The latter gives rise to two important pecu-
liarities: (1) the emergence of spontaneous polarization resulting in the pyroelectric
effect (often used synonymously), and as a consequence (2) the crystal field splitting
leading to a splitting of heavy and light hole (also referred to as A and B bands).

Whereas the zinc blende unit cell is sufficiently described by one lattice constant,
a, for the wurtzite unit cell two lattice constants, a and c, together with an internal
parameter u are required to adequately describe the lattice structure (see Fig. 2.1).
The structure is composed of two interpenetrating hexagonal closed package sublat-
tices. For the ideal wurtzite unit cell the ratio of c and a is c=aDp8=3D 1:633 and
the internal parameter u has a value of u D 3=8 D 0:375 in fractional coordinates.
The lattice is composed of tetrahedra with four atoms of one species tetrahedrally
coordinated around a central atom of the other species. In case of an ideal ratio of
lattice constants and ideal internal parameter the bond length and the bond angles
between the nearest neighbors are equal, but the distance to the second nearest
neighbor along the c-axis is about 13 % shorter than the distance to the other second
nearest neighbors [2]. Hence, as was calculated by Bernardini et al. [9] already in
this ideal case a spontaneous polarization arises.

GaN departs only little from the ideal situation with a .c=a/GaND 1:627
and uGaND 0:377, whereas AlN shows more significant deviations with
.c=a/AlND 1:601 and uAlND 0:382, which correlates with the difference between
the electronegativities of the two constituents [9].

The situation is schematically depicted in Fig. 2.2. One important consequence
is the non-ideality of the tetrahedra as shown in Fig. 2.2b which amplifies the
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Fig. 2.2 (a) Ideal and (b,c) non-ideal tetrahedra. Due to asymmetric second-nearest neighbor
interaction, already in the case of an ideal tetrahedron, differences in electronegativity between
cation and anion lead to spontaneous polarization [3, 9]. (b) The pyroelectric effect is enhanced
by the spontaneous polarization causing a non-ideal tetrahedron. (c) Strain (here biaxially
compressive) leads to piezoelectricity

(pyroelectric) polarization of the lattice. For heterostructures such as wz-GaN/AlN
differences between the spontaneous polarization fields (P AlN

sp D �0:09C=m2 com-
pared toP GaN

sp D�0:034C=m2) result in large residual charges at the heterointerface
being the root for the large built-in fields in GaN/AlN heterostructures.

Because the lattice mismatch between AlN and GaN is about 2.5 %, coherent
growth leads to strain and, hence, to an additional piezoelectric field superimposed
to the pyroelectric field as depicted in Fig. 2.2c.

In zinc blende crystals, in particular for the zb-III-V system, the piezoelectric
effect is much smaller than for wz-III-nitride material. Nevertheless, it breaks the
confinement symmetry even in circular symmetric quantum dots, and presents one
important factor for the excitonic fine-structure splitting. The mechanism, how shear
strain causes a piezoelectric polarization is schematically shown in Fig. 2.3.

2.2 Method of Calculation

Figure 2.4 shows schematically the modeling procedure employed in this work.
It starts with an implementation of the 3D QD model structure (size, shape, chemical
composition), and continues with the calculation of strain, piezoelectricity, and
pyroelectricity (wurtzite only). The resulting strain and polarization fields enter
the eight-band k �p Hamiltonian. Solution of the Schrödinger equation yields
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Fig. 2.3 Part of the zinc blende unit cell in absence of strain (left) and presence of one shear strain
component, �xy ¤ 0 (right): Cations and anions do not share the same center of charge anymore,
which results in a piezoelectric dipole
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Fig. 2.4 Schematics of the modeling procedure applied in this work

electron and hole single-particle states. Coulomb interaction is accounted for by
employing the configuration interaction method based either on the pristine single-
particle states or on Hartree-Fock modified states. Finally, optical properties such as
absorption spectra, capture cross sections or lifetimes can be calculated.
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2.2.1 Calculation of Strain

Since the impact of strain on the confinement is comparable to that of the band offset
resulting from the variation of the chemical composition at the heterojunctions, the
wavefunctions and energies strongly depend on the underlying strain distribution.
The impact of our model used for calculating the strain distribution has been
analysed in a number of publications [55, 74]. Stier et al. [74] argue that the
continuum elasticity model (CM) gives better results for QDs than the valence
force field (VFF) model (Keating) in its linearized version (Kane). The major part
of the differences in the strain distribution are attributed to the incorrect value of
C44 in the VFF model and not to its atomistic character. Later Zunger et al. [80]
introduced a generalized version of the VFF model—the G-VFF model—where
C44 is incorporated correctly. Although the potential of the Keating model in its
original version is not harmonic, it has been remarked by Kane [38], that anharmonic
effects due to higher order terms are not satisfactorily treated. Therefore Klimeck
and coworkers extended this model to include them correctly [42]. The same issue
is addressed by Hammerschmidt et al. [30] and Migliorato et al. [49] who employed
the Tersoff-potential method [76].

The choice of the most appropriate strain model depends on the choice of the
model for the electronic structure calculations. Since the eight-band k�p model
presents a continuum approach, an atomistic strain model cannot unfold its full
potential for two reasons:

First, the mapping of the atomic positions onto a strain tensor field is associated
with a loss of information. To describe the positions of four tetrahedrally coordi-
nated In atoms around an As atom five times the three spatial dimensions D 15
parameters are required. The strain tensor field on the other hand is described by
only six independent components at each local position.

Second, the k�p model provides only a limited number of parameters to account
for the strain, the model is not sensitive to the complete information an atomistic
model provides. For example for a QD having a fourfold rotational C4v symmetry
the strain tensor derived from the CM model has C4v symmetry too. The tetrahedral
configuration of the atoms in the atomistic models in contrast [55] leads to C2v
symmetry, i.e. the strain components are different along the Œ110
 and Œ110


directions and the p-states will split. In our approach a structural C1v or C4v
symmetry is reduced in the second step by the inclusion of the piezoelectric field.

2.2.2 Piezoelectricity/Pyroelectricity

2.2.2.1 Zinc Blende Crystal

Piezoelectricity is defined as the generation of electric polarization by application of
stress to a crystal lacking a center of symmetry [1]. The zinc blende structure is the
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simplest example of such a lattice and the strength of the resulting polarization is
described by one parameter alone, e14, alone for the linear case and three parameters,
B114; B124 andB156 for the quadratic case [10] resulting in
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The resulting polarization Pzb then comprises of two components

Pzb D P1 C P2 :

2.2.2.2 Wurtzite Crystal

The total polarization Pwz in wurtzite-type semiconductors is given by

Pwz D Pspont C Ppiezo ;

where Ppiezo is the strain-induced piezoelectric polarization and Pspont the sponta-
neous polarization.

Due to the reduced symmetry of the wurtzite lattice three parameters, e15; e31 and
e33 are required to capture the piezoelectric polarization, resulting in

Ppiezo D
0

@
2 e15�xz

2 e15�yz

e31�xx C e31�yy C e33�zz

1

A :

The spontaneous polarization Pspont is given by

Pspont D
0

@
0

0

Pspont

1

A :
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2.2.2.3 Built-in Potential

The polarization fields Pzb for the zinc blende crystal or Pwz for the wurtzite crystal,
respectively, induce a charge distribution �P:

�P.r/ D �r � Pzb=wz :

The resulting built-in potential is obtained by solving Poisson’s equation, taking
into account the material dependent static dielectric constants �s.r/

�p.r/ D �0r �
˚
�s.r/r Vp.r/

�
; (2.2)

,
�Vp.r/ D �p

�0�s.r/
� 1

�s.r/
r Vp.r/ � r �s.r/ : (2.3)

The first term on the right hand side of Eq. 2.3 refers to the true three-dimensional
charge density while the second is the contribution of polarization interface charge
densities due to a discontinuous �s.r/ across heterointerfaces.

The importance of the second order term P2 for InGaAs/GaAs(111) quantum
wells (QW) and QDs has been pointed out by Bester et al. [10]. They found that
for QWs the linear and quadratic coefficients have opposite effects on the field, and
for large strain the quadratic term even dominates. For InAs/GaAs QDs, however,
the situation is more complex since in addition to the large strain their three-
dimensional structure comes into play: The linear term generates a quadrupole-like
potential which reduces a structuralC4v- or C1v-symmetry of a QD to C2v [11,29].
The effect of the quadratic terms has been evaluated recently by Bester et al. [12]
for lens-shaped QDs and was found to cancel the first order potential inside the QD
leading to a field free QD. The investigation was later extended to a variety of more
realistic structures including truncated pyramids, and non-evenly alloyed QDs [63].
For a pyramidal model QD having a base length of 17 nm and f101g side facets
the strength and distribution of the piezoelectric potential resulting from the two
orders of the piezoelectric tensor are displayed in Fig. 2.5. Apart from the different
orientation and sign of the two contributions, an important peculiarity of the second
order potential is its restriction to the interior of the QD which is in apparent contrast
to the widely extended first order field. The difference is linked to the origin of the
polarization P: P1 is a function of the shear-strain components alone, whereas P2
results mainly from the product of the diagonal and the shear-strain. However, in
contrast to the shear-strain components, the diagonal elements �ii are large only
inside the QD and its close vicinity and therefore P2-charges can only be created in
this region.
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Fig. 2.5 (a) The piezoelectric potential isosurfaces at˙50meV of a pyramidal InAs quantum dot
with 17 nm base length shown for the linear, the quadratic part and for both. (b) Contour plots of
the piezoelectric potential 2 nm above the wetting layer. (see [63])

2.2.3 Eight-Band k�p Method: Single Particle States

The energy levels and wavefunctions of bound electron and hole states are cal-
culated using the eight-band k�p model. The theory was originally developed for
the description of electronic states in bulk material [23, 37, 52]. For the use in
heterostructures the envelope function version of the model has been developed and
applied to quantum wells [27], quantum wires [73] and quantum dots [35,44,54,74].
Details of the principles of our implementation for zinc blende heterostructures are
outlined in [73].

This model enables us to treat QDs of arbitrary shape and material composition,
including the effect of strain, piezoelectricity, VB mixing and CB-VB interaction.
The strain enters our model via the use of deformation potentials as outlined by
Bahder [8]. Its impact on the local band edges as a function of the QD geometry
will be discussed in the next sections.

The k�p model, when applied to small quantum structures, has in principle
a few well-known drawbacks which have been examined in detail in [25, 39].
They are basically related to the fixed number of Bloch functions used for the
wavefunction expansion, the restriction to the close vicinity of the Brillouin zone
center � and to the limited ability to account for the symmetry of the underlying
lattice. These problems do not arise in microscopic theories like the empirical
pseudopotential [39] (EPM) or the empirical tight-binding method [43, 61] (ETB),
which a priori have greater potential of accuracy. This potential, however, can
only be exploited if the corresponding input parameters—the form factors in the
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EPM or the tight-binding parameter and their strain dependence in the ETB—are
known with sufficient accuracy. Reliable generation of these parameters, however,
is highly nontrivial and yet at least controversial if not unsolved. One of the most
appealing features of the k�p model, in contrast, is the direct availability of all
the parameters entering the calculations and the corresponding transparency of
the method. Additionally, the required computational expense of the method is
comparatively small.

k�p models for wurtzite nitride QDs have been presented before, most prominent
by Andreev and O’Reilly [4] and Fonoberov and Balandin [24]. The differences
between these two models and the model used in the present work have been
discussed in [81] and shall be summarized briefly here:

(i) The method introduced by Andreev and O’Reilly [4] includes all important
effects except spin- orbit splitting, which has been neglected in order to reduce
the dimensions of the Hamiltonian from 8	8 to 4	4. This simplification can
be justified, given that the spin-orbit splitting is small in GaN (17 meV) and
AlN (19 meV) and modifies the absolute value of the exciton transition energies
roughly by the same amount. InN shows an even smaller spin-orbit splitting
of 5 meV [77]. However, neglecting spin-orbit splitting leads to an artificial
degeneracies in the hole spectra, in particular of the hole ground states [81].

(ii) Fonoberov and Balandin [24] use a 6	6 Hamiltonian for the valence bands
(VBs), and the effective mass approximation for the conduction band (CB).
This method neglects the coupling between VBs and CB, which is justified for
large band-gap materials such as GaN and AlN. InN, in contrast, has a much
smaller band gap of� 0.7 meV and therefore requires the inclusion of VB/CB-
coupling.

Meanwhile, also a full-fledged eight-band k�p implementation for wurtzite and
zinc blende QDs is (freely) available within the nextnano3 project. Calculations
for group-III-nitride QDs using the atomistic tight-binding model [72] have been
presented for InGaN/GaN-QDs [59], GaN/AlN-QDs [56], and recently for pure
InN/GaN-QDs [6, 7]. An in-depth comparative discussion is beyond the scope of
the work.

2.2.4 Impact of Strain on Bulk Band Structure

In the context of heterostructures it is important to use a method for electronic
structure calculations that fits the following requirements:

• Sensitivity for inhomogeneous strain. This covers band shifts due to hydrostatic
strain, valence-band splitting arising from biaxial strain, and a strain-dependent
conduction-band curvature or in other words: a strain-dependent effective elec-
tron mass.
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Fig. 2.6 Eight-band k�p bandstructure for InAs in presence of hydrostatic strain, �xx D �yy D �zz:
(a) Compressive hydrostatic strain, �H <0, and (c) tensile hydrostatic strain, �H >0. Case (b) refers
to the absence of any strain

• Non-parabolicity effects. The Fourier-transform of a localized envelope functions
spans a certain region in the vicinity of the � -point in the Brillouin-zone. Hence,
to avoid overconfinement effects, the non-parabolic nature of the conduction
band needs to be accounted for.

In the following section we will see, how eight-band k�p theory meets the outlined
demands.

2.2.4.1 Zinc Blende Structure

Figure 2.6b shows the eight-band k�p bandstructure of bulk-InAs in absence of
strain. Heavy hole (HH) and light hole (LH) bands are degenerate at the � -point,
the split-off (SO) well separated due to spin-orbit interaction. The conduction band
is not parabolic due to the conduction-band valence-band coupling mediated by
the k�p term. This effectively decreases the electron effective mass of a localized
electron state.

The impact of hydrostatic strain (�H D �xx C �yy C �zz) is shown in Fig. 2.6a, c.
Compressive strain shifts the conduction band up, thus, increasing the band gap.
Tensile strain on the other hand decreases the band gap.
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Fig. 2.7 Eight-band k�p bandstructure for InAs in presence of (a) biaxial compressive strain, with
�xx D �yy<0 and, �zz >0, (c) biaxial tensile strain, with �xx D �yy>0 and, �zz <0. Case (b) refers
to the absence of any strain. Material parameters are taken from [74]

If the main diagonal strain components are not the same, biaxial strain arises, as
known from the classic case of strained quantum wells. These cases are considered
in Fig. 2.7: Biaxial compressive strain (Fig. 2.7a) refers to �xxD �yy<0 and, as
a consequence of the Poisson effect, �zz > 0, leads primarily to a splitting of
the valence bands into a top lying HH- and a lower energy LH band. Note that
the curvature of the HH band is ‘heavier’ in kz-direction, which would be the
confinement direction in case of a quantum well. Biaxial tensile strain (Fig. 2.7c)
reverses the HH-LH ordering at the Brillouin-center.

Strain Dependent Electron Effective Mass

Cusack and coworker [21] were the first to point at the importance of the strain
dependence of the electron effective mass in the context of strained quantum dots.
The consequences for compressively strained QDs are smaller electron confinement
energies as well as a decreased electron sub-level spacing.

This effect is accounted for in eight-band k�p theory: The hydrostatic strain
strongly affects the band gap energy. As the strength of the k�p matrix elements
critically depends on the band gap, the conduction band curvature and, hence, the
electron effective mass is strongly modified by strain. This is depicted in Fig. 2.8.
For tensile strain (Fig. 2.8a) the CB-curvature near the � -point increases, which
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Fig. 2.8 Curvature of the conduction band as function of hydrostatic strain: (a) tensile strain,
(b) no strain, (c) compressive strain. In case (d) no CB-VB coupling is present

translates into a lighter electron effective mass. For compressive strain (Fig. 2.8c),
which corresponds to the case of InAs/GaAs quantum dots, on the other hand, the
electron becomes heavier than in absence of strain. The impact of k�p coupling can
be seen by comparing the curves Fig. 2.8(b and c), where in case (d) the coupling is
switched off.

2.2.4.2 Wurtzite Structure

There are two major differences between the zb-InAs/GaAs system and the wz-
GaN/AlN.

The first one is related to the much smaller band gap of InAs compared to GaN,
which leads to a stronger CB-VB coupling for InAs. The small effect of CB-VB
coupling in the GaN system is visible in Fig. 2.9a when comparing case (ii), which
includes CB-VB coupling, and case (iv), where the coupling is switched off: the
coupling induces no significant change of the CB-curvature near the � -point.

The second difference refers to the crystal-field splitting as a consequence of the
spontaneous polarization present in the wz-GaN system: even if no strain is present,
HH-hole and LH-hole are not degenerate at the zone-center anymore (Fig. 2.9b).
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Fig. 2.9 Eight-band k�p bandstructure for GaN in presence of (a,i) tensile hydrostatic strain,
(a,ii) no strain, (a,iii) compressive hydrostatic strain. (a,iv) No strain and no CB-VB coupling is
present. (b) The conduction band is shown in absence of strain, whereas (c) refers to compressive
biaxial strain, where the HH-LH splitting is enhanced, and (d) to tensile biaxial strain, finding a
reversed HH-LH ordering, with the LH on top. Material parameters are taken from [57]

In the presence of biaxial strain the splitting is enhanced (compressive) (Fig. 2.9c)
or reversed (tensile) (Fig. 2.9d).

2.2.5 Energies of Interacting Particles

Due to the resemblance of quantum dot properties to those of atoms, Coulomb
interaction is best modeled using methods first developed in quantum chemistry.
One of these methods which accounts for the complete spectrum of Coulomb
effects, such as direct Coulomb interaction, exchange, and correlation, is the
configuration interaction method [15, 16, 47, 64, 70, 79]. Its description, though,
is clearly beyond the scope of this contribution. However, in the context of type-
II excitons (see Sect. 2.3.2), at least selfconsistent direct Coulomb interaction is
required to understand the binding nature of the spatially indirect exciton, which
is shortly described in the following.

A self-consistent excitonic cycle consists of repeated calculations of one charge
carrier affected not only by the pristine confinement potential but also by the
Coulomb attraction of the other carrier, until convergence is reached.

The required Coulomb potential is calculated using the Poisson equation:

qj j�j
0 j2 D �0r � .�s rV j

0 / ; (2.4)

taking into account image charge effects due to the spatial dependence of the
dielectric constant, �s . The index j refers to either the electron or the hole
groundstate, �j

0 is the respective wavefunction and V j
0 the arising potential.
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For GaN/AlN quantum dots, self-consistency effects are not as important as in
the above treated case of type-II excitons. In Sect. 2.3.3.3 we report direct Coulomb
energies, which are calculated using the Integral

J eh D qe
Z

dr j�e
0 j2 V h

0 : (2.5)

2.3 Discussion of Selected Topics

2.3.1 Zb(001) Versus zb(111) Substrate Orientation

The current interest in the (111)-substrate orientation results from the—compared
to (001) substrates—higher surface symmetry [(001): twofold symmetry axis vs
(111): threefold symmetry axis, see Fig. 2.10], which is expected to be carried over
to the corresponding QD-symmetry.

A more fundamental interest in (111)-QDs stems from the fact that those QDs
share properties inherited both from the zinc blende and the wurtzite lattice,
since the [111] growth direction possesses many similarities to the c-axis of the
wurtzite lattice. We refer to the work of Schulz and coworker [66] who published a
comprehensive comparison of elastomechanic and piezoelectric properties between
the zb-(001), zb-(111), and the wz-c-plane based nanostructures.

2.3.1.1 Orientation of the Piezoelectric Field

The major difference between QDs grown on either (001)- or (111)-substrate is
the orientation of the piezoelectric field. As it decisively impacts the symmetry
properties of the ensuing electronic states a closer inspection is carried out here.

The piezoelectric field and its orientation for (111) grown QDs is of large
interest (i) first in view of its impact on the lateral symmetry of the confinement
potential, and (ii) second with respect to the field distribution in vertical direction,
the corresponding electron-hole alignment and the related few-particle binding
energies.

(i) To compare the impact of the substrate orientation on the piezoelectric potential
(Fig. 2.11) lens-shaped QDs are chosen as model system: for the (111) grown
QDs, the potential shows C3v-symmetry and a strong gradient along the growth
direction, in contrast to the (001) grown counterpart, with only C2v in-plane
symmetry and no significant potential drop along the [001] axis. The field
distribution of the (111) grown QD is similar to the one of c-plane wurtzite-
type GaN/AlN or InN/GaN QDs [5, 53, 81]. The magnitude of the potential
drop is much smaller as compared to nitride QDs, where the field additionally
depends on pyroelectric effects, which do not occur in zinc blende crystals.
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(001)-plane

[001] [111]

(111)-plane

Fig. 2.10 Difference between the (001)- and the (111)-plane in the zinc blende crystal

First
Order

(111) Substrate

Second
order

Total

(001) Substrate

Fig. 2.11 Comparison of the piezoelectric fields (first and second order) for QDs grown on (111)B
substrate to those grown on (001). Isosurfaces are shown for values of 50 meV (blue) and�50 meV
(red) respectively. (see [65])
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(ii) The orientation of the piezoelectric field in growth direction results from a sub-
tle interplay between first- and second-order piezoelectric effects. The impor-
tance of second-order effects were first discovered for (111)-In(Ga)As/GaAs
quantum wells (QW) [10], where the first-order piezoelectric fields alone were
found to be not sufficient to explain a number of Stark-shift measurements [19,
20, 33, 60]: For increasing strain the nonlinear piezoelectricity starts to become
important. It provides a small but significant contribution to the energy states in
quantum wells, because the maximum In concentration in In(Ga)As QWs can
hardly exceed�20 % before onset of dislocation generation.

In QDs, much larger In concentrations (up to 100 %) can be achieved, which
consequently leads to much larger strain inside the QDs. As a result, non-linear
piezoelectric effects cannot be neglected in QDs. As can be seen in Fig. 2.11 for
(001)-grown InAs QDs (Fig. 2.11 right), first- and second-order effects compensate
each other inside the QD [12], whereas in (111)-grown InAs QDs (Fig. 2.11 left and
center), the second-order contributions are clearly dominant and therefore determine
the orientation of the piezoelectric field.

2.3.1.2 Single Particle States

The first visible differences between the two substrate orientations regarding the
electron energy states are the missing electron p-state splitting and a vertical charge
separation. The latter further depends on the balance of first- and second order
piezoelectric terms for a given composition for (111)-QDs [65]. Energy shifts occur
due to different strain field distributions for varying substrate orientation [50].

The excitonic fine-structure splitting in QDs, albeit a two-particle effect, results
from a distortion of electron and/or hole groundstate below C3v-symmetry [67].
Such a distortion can originate from QD-elongation, from inequivalent side facets
or from piezoelectric fields [67]. The role of the latter is illustrated in Fig. 2.12.
For a (001)-grown lens-shaped QD (Fig. 2.12b) the hole groundstate is elongated
along [110], whereas in case of a (111)B-grown QD (Fig. 2.12a), electron and hole
groundstate show no deformation in any lateral direction.

An important peculiarity of (111)-QDs is the vertical distribution of the piezo-
electric field inside the QD and its influence on the vertical position of electron and
hole states (Fig. 2.13). In the case of zero piezoelectric field the center of mass of the
electron lies above that of the hole [Fig. 2.13(left)]. This is well known from (001)-
pyramidal QDs and related to a subtle interplay of the QD shape and strain [69].
Taking into account first-order piezoelectricity enhances the dipole by pulling the
hole center of mass down to the QD bottom [Fig. 2.13(middle)]. The electron state
moves up less pronounced than the hole state down, because its smaller effective
mass makes it more ‘resistant’ against small potential changes. Adding second-order
piezoelectric effects, however, reverses the picture completely [Fig. 2.13(right)].
The electron state moves down and the hole state up. Consequently the direction
of the dipole changes. In addition, the vertical extension of the hole state increases
drastically.
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Electron- Hole

(111)B Substrate (001)

a b

Fig. 2.12 Orientation of electron (blue) and hole (red) wave function for a lens-shaped QD on two
substrate orientations. (see [65])

Electron Hole

Fig. 2.13 (upper row) The position of electron and hole groundstate wavefunction (isosurfaces at
65 % probability density) dependent on the order of the piezoelectric field. (lower row) Vertical
slices of the piezoelectric potential are shown. (see [65])

2.3.2 Type-I Versus Type-II Confinement

So far we have focused on systems where the band-alignment favors localization of
both, electrons and holes. GaSb/GaAs quantum dots by contrast are very particular
due to their type-II band alignment. The spatial separation of electrons and holes
in type-II structures results in long exciton lifetimes [14, 28, 31, 75], enabling
interesting optoelectronic applications [41]. The exclusive confinement of holes and
their large localization energy makes GaSb/GaAs QDs particularly interesting for
novel charge storage devices [26, 46], called nanoflash memories.

Figure 2.14 compares the local band-edge positions of dimensionally identical,
but chemically different QDs: InAs/GaAs (type-I) versus GaSb/GaAs (type-II).
The former represents a common anion-system with closely lying valence bands,
whereas the latter is a common cation-system with the conduction bands being
almost identical (see Fig. 2.14b). Hence, the band-gap difference between GaAs and
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Fig. 2.14 Strained local band edge profiles are shown for quantum dots of same size but different
chemical composition: (a) common cation GaSb/GaAs (type-II band alignment), and (c) common
anion InAs/GaAs QD (type-I alignment). Part (b), as well as the red dotted lines in (a) and (b),
show the band offsets in absence of strain

GaSb translates almost completely to a large valence-band offset. In the presence of
strain, due to the lattice mismatch, the local band structure of a real heterostructure
is strongly modified, leading to a huge increase (>700 meV for 100 % GaSb
content [32]) of the GaSb conduction-band and a clear type-II band alignment (see
Fig. 2.14a).

2.3.2.1 Strain Outside the Quantum Dot

If three-dimensional coherent nanostructures are put inside a crystalline matrix of
different lattice constant, the resulting strain is not restricted to the inside of the
nanostructure, but continues into the surrounding structure. As a result, the local
bandstructure is not only altered inside but also outside the quantum dot as can be
seen for both systems, InAs/GaAs and GaSb/GaAs, in Fig. 2.14. This finding stands
in contrast to ideal quantum wells, where the strain is completely confined inside
the layer [29], since the two-dimensional structure is allowed to relax into growth
direction.

As the lattice constant of the dots investigated here is bigger than the one of the
matrix, the environment is compressively strained, leading to an increase of the local
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band edge in the close vicinity of the quantum dot of up to 60 meV. Hence, not only
the quantum dot itself acts as repulsive force to electrons in the conduction band
but even the close environment, which leads us to the problem of type-II exciton
formation.

2.3.2.2 Type-II Exciton Formation

Electrons and holes localized inside the same type-I quantum dot inevitably form
excitonic particles, no matter how big the Coulomb attraction is. If, however,
the band edge acts repulsive towards one carrier type as in the case of type-II
band alignment, exciton- and charged exciton formation is not trivial anymore, but
requires additional Coulomb forces to at least form a spatially indirect composite
particle.

In the case of GaSb/GaAs quantum dots, the Coulomb attraction needed is
supplied by already captured holes, which create an attractive electrostatic potential
around the quantum dot for binding electrons. The number of holes needed to at
least compensate the strain induced increase of the band edge near the QD, depends
on the composition and the vertical aspect ratio (height versus base length) [32].
In Fig. 2.15 the magnitude and the course of the additional potential caused by
localized holes inside the QD and the resulting change of the band edge are shown
for a flat binary GaSb/GaAs quantum dot. The flat band condition is reached for
two localized hole carriers and for four carriers the potential is sufficient to bind
an electron above the QD, as can be seen in Fig. 2.15c. A further increase of the
number of positive charge carriers increases the Coulomb attraction and leads to a
shrinkage of the electron wavefunction.

2.3.3 GaN/AlN Wurtzite Quantum Dots

Owing to a lattice mismatch of about 2.5 % GaN/AlN QDs grow strain induced in
the Stranski–Krastanov growth mode. Their typical size and shape is known with
great accuracy. Experimental reports on the structural properties of c-plane GaN
QDs (e.g. [22, 34, 36, 62, 78]) seem to agree on the shape of the QDs, a truncated
hexagonal pyramid with 30ı side facets. The reported heights (h) scatter between
1.3 and 5 nm. The aspect ratios (h:d, where d denotes the lateral diameter) in most
reports are in the range of 1:5–1:10.

The following section is based on the work of Winkelnkemper et al. [82]. A series
of quantum dots all having the same vertical aspect ratio of 1:5 with a vertical size
ranging between 0.8 and 3.6 nm is considered here. The thickness of the wetting
layer is assumed to be w D 0:2 nm. This set of model QDs covers the major part of
experimentally reported QD structures and yields excitonic transition energies and
radiative lifetimes [82, Fig. 5] in good agreement with experimental values [18,36].
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Fig. 2.15 (a) Course of the local conduction band edge as function of prestored hole carriers inside
the GaSb/GaAs quantum dot. The QD has a height of about 3 nm and a base length of 22 nm.
(b) Calculated electrostatic potential of the differently charged QD: 2 h refers to the occupied hole
s-shell, 4 h to additionally occupation of the first p-shell and so on. (c) The first bound electron
state is shown for different numbers of occupied hole levels

2.3.3.1 Role of Piezo- and Pyroelectric Built-in Fields

The huge built-in piezo- and pyroelectric fields within GaN/AlN QDs strongly affect
the emission energies and radiative lifetimes of localized excitons within the QDs
via the quantum-confined Stark effect (QCSE) [5, 17, 18, 78].

Figure 2.16 shows for two QD sizes the course of the piezoelectric and pyroelec-
tric fields (a,b), the resulting local band edges together with the energetic positions
of electron and hole groundstate (c,d). The built-in charges generate fields are as
large as 8.0 MV/cm in the center of the QD leading to a strong spatial separation
of electron and hole states (Fig. 2.17a,b). Depending on the size of the QDs the
electron-hole overlap varies strongly, resulting in radiative lifetimes ranging from a
few nanoseconds for small QDs up to as long as 100�s for large QDs.
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Fig. 2.16 (a,b) Piezo- and pyroelectric potentials (e�) shown for two QDs of different height:
(a) hD1.6 nm, (b) hD3.2 nm. (c,d) The resulting local band edges are plotted for the cases
(i,ii) strain and built-in fields, (iii,iv) strain but no built-in field, and gray, dotted: neither strain,
nor piezo- and pyroelectric built-in field. The blue and red dots indicate the energetic and spatial
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Fig. 2.17 (a,b) Probability density of electron and hole groundstate as function of QD-height
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2.3.3.2 Single Particle Energy Levels

The bound hole states in GaN/AlN QDs are formed predominantly by the A- and
B-band. C-band contributions are small because the biaxial strain within the QDs
shifts this band to much lower energies [81, 83]. As a first approximation, for each
band we expect to find a ground state with an s-shaped envelope function, which
is only spin degenerate. The p-shell consists of two degenerate states and the d-
shell of three. More p- and d-states with nodal planes along the growth direction are
expected at much higher energies owing to the strong vertical confinement.

Due to the different parities of the bulk conduction and valence bands, the
electron and hole states have a finite optical matrix element, if their envelope
functions have the same parity, i.e. the allowed transition channels are s–s, p–p,
s–d, etc. Each transition channel exists twice, once for the A-type holes and once
for the B-type holes. Figure 2.18 shows the single-particle electron and hole energy
levels of all QDs considered in this work including the five energetically lowest
(highest) electron (hole) states. The electron states are all formed predominantly
by the conduction band (�95 %). Therefore, s, p and d shells can be clearly
distinguished. The hole spectra, however, are more complex, because hole states
are not formed by either the A- or B-band, but by a mixture of both bands
and even a small C-band contribution. Still each hole state can be characterized
by the band that contributes most to it (see labels in Fig. 2.18). The A-band s-
state (h0.A/; �95 % A-band projection) and the B-band s-state (h1.B/; �90 %
B-band projection) are energetically well separated from the excited hole states.
Both have an unambiguously s-shaped envelope function (not shown here). The
splitting between both states (�9–10 meV) does not increase for smaller QDs, but is
constant. It corresponds to the energy separation between A- and B-band in strained
GaN. The higher excited hole states cannot be assigned to p- or d-like orbitals.
Please note that, although they have been labeled according to the major band
contributions, such contribution sometimes does not exceed 50 %.

2.3.3.3 Coulomb Interaction

GaN bulk excitons are well known for their stability even at room-temperature
owing to their large exciton binding energy of 26 meV [58] which makes het-
erostructures based on GaN promising candidates for the realization of polariton
lasers [45]. The question arises how the exciton binding energy is affected by a
three-dimensional confinement as in the case of GaN/AlN QDs. Here, to display
the major effect, we calculate the electron-hole binding energy, hence, leaving
out selfconsistency and correlation effects. As can be seen from Fig. 2.19 height
variations and the consequent change in electron-hole separation strongly affects
the resulting Coulomb binding strength leading to values ranging from 160 meV for
small QDs down to about 40 meV for large QDs being much larger than for GaN
bulk.
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Fig. 2.18 Electron and hole single-particle energies as function of QD size. LUMO (HOMO)
refers to the electron (hole) groundstate
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Fig. 2.19 (left) Electron-hole Coulomb binding energy as function of QD size. (right) Electron
and hole probability densities are shown for two QDs of different size highlighting the different
wavefunction extent and the rising electron-hole distance with increasing QD-height

2.4 Conclusion

In this chapter we gave an overview on the envelope function based eight-band k�p
method for electronic structure calculations of QDs. Three types of heterostructures
of particular current interest are used to exemplify the wide range of applicability of
the method. It was shown that the theory is able to seamlessly account for different
lattice systems, band-alignments and substrate orientations.
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