Chapter 2. Abstract homotopy theory of n-fold spectra

In this chapter, it is shown that the category Spt™ of n-fold spectra carries
closed model structures for both the strict (ie. levelwise) and stable weak equiv-
alences. These results appear in the first section, and are proved by analogy
with the corresponding results of Bousfield and Friedlander for the category of
spectra [8].

We see, in the second section, that the diagonal functors d : Spt™ — Spt
of Section 1.3 and 1.4 induce equivalences

Ho(Spt") ~ Ho(Spt)

of the homotopy categories associated to the respective stable closed model
structures. In other words, the category of n-fold spectra is just another model
for the ordinary stable category, albeit one which is quite useful. Applications
will begin to appear in Chapter 3.

A quick review of the homotopy theories for simplicial presheaves and
presheaves of spectra is presented in the third section of this chapter, and then
the results of the first two sections are extended to the categories of presheaves
of spectra and presheaves of n-fold spectra on an arbitrary Grothendieck site
in the fourth section. The stable closed model structure for the category of
presheaves of n-fold spectra is established by a method which parallels the
proof given in [24] for the corresponding result about presheaves of spectra.

The equivalence of homotopy categories displayed above has a trivial anal-
ogy in an equivalence of the stable homotopy categories arising from presheaves
of spectra and presheaves of n-fold spectra. Keep in mind, however, that the
category of presheaves of spectra on a fixed site is not necessarily a model for
the ordinary stable category. The results of the third section of this chapter
imply that every Grothendieck topology gives rise to its own particular sta-
ble homotopy category, and so the collection of such theories (and models for
each of them) is vast. These theories are not unrelated; in a coarse sense, the
interplay between them is the subject of this book.

This chapter closes with a very short final section which “shows” that the
stable homotopy categories of presheaves of spectra carry a symmetric monoidal
structure with multiplication given by smash product, and with the ordinary
sphere spectrum as unit. The method of proof is to defer completely to Adams
[2], the point being that his constructions are natural in maps of spectra, as
they are defined here.

2.1. Closed model category structures for n-fold spectra
Recall, from Chapter 1, that a bispectrum may be internally defined as a list of
pointed simplicial sets X*7, 4,5 > 0, together with pointed simplicial set maps
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such that the following diagram commutes for all ¢ and j:

Sl A xit+Ld 02 xitLitl
St /\UJ [01 (2.1)

STASTAXY ——— ST AST A XY ———— ST A X
TNAXY St A og

Here, 7 A X*J is the map which flips the S' factors and is the identity on X%7.
It’s not difficult to see (by drawing the appropriate large diagram) that the
commutativity of diagram (2.1) is equivalent to the commutativity of

i 92 xhit]

&01

o1 02 xitlitl (2.2)
EJT
QxitLi Q2 x LI+l
QJQ

The map 7 is the canonical isomorphism which interchanges loop factors.
More generally, an n-fold spectrum consists of pointed simplicial sets

X7117'L27---77'n7 ij Z 0’
together with pointed simplicial set maps
o Sl /\Xil,.“,ij,...,in N Xila--<7ij+17<~~ain7

1 < j <n (called bonding maps), such that for each 1 < k < j < n, and list of
indices i,, 7 # j, k, the array of simplicial sets

. k J .
X oo ¥sein
)

together with the bonding maps o; and o}, forms a bispectrum in the sense
that diagrams analogous to (2.1) or (2.2) must commute. Write Spt” for the
category of n-fold spectra.

Suppose that X is a bispectrum. Then it’s elementary to check that there
is a bispectrum X, with

Xidon = SIX
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and with bonding maps oy : S* /\X}gm — X;;Zlﬁj and oy : S* /\X}ém — X}(]a';l
defined, respectively, to be the composites

1 L oAX B 1 . . can 1 .. Sloi] i1,
ST SIxH ) I g8 A xS g18t A X | S g|xi)
and

S pAXHI o ~ Sloa| N
Sl /\S"X%Jl 77—) Slsl‘ A |Xl,j can S|Sl /\Xq,,Jl 2 S|X”J+1|_

Furthermore, the natural maps n : X%/ — S|X%J| define a natural map of
bispectra
n:X — Xkan-

This construction is easily promoted to n-fold spectra for arbitrary n,
giving
LEMMA 2.3. Suppose that X is an n-fold spectrum. Then there is an n-fold

spectrum X g o, With
ilv"'7i7l — ’il,...7’i ,
XKan - S|X " |

Furthermore, the canonical weak equivalences
p 2 Xirein G Xitnin|
induce a natural map of n-fold spectra
n:X — Xkan-

Each X;é;l',';’i" is a pointed Kan complex.

In the world of n-fold spectra, and given a pointed simplicial set K, the
functors X — X A K and X — hom, (K, X) have their obvious meanings. In
other words, X A K is characterized by

(X A K)itein = Xitein A K

and by having bonding maps o; A K. On the other hand,
hom, (K, X)" " = hom, (K, X" ")

defines the spaces of hom, (K, X), and this object has bonding maps

. ) hom., (K,o;) . ) T . .
hom, (K, X" ") ————— hom, (K, QX" ") =2 Qhom, (K, X" "),

where 7 is the canonical isomorphism that switches function complex argu-
ments.
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An (n+1)-fold spectrum X (externally defined) consists of n-fold spectra
X%, i >0, together with bonding maps of n-fold spectra

X' ASt— X
The usual adjointness relations apply, so that these bonding maps could be
characterized as maps of n-fold spectra of the form

X' — hom,(S*, X*1).
Say that a map f: X — Y of n-fold spectra is a strict weak equivalence
(respectively strict fibration) if each of the maps

f . Xil ----- in _ Yil ----- in

is a weak equivalence (respectively fibration) of simplicial sets. A cofibration
is a map of n-fold spectra which has the left lifting property with respect to
all maps which are strict fibrations and strict weak equivalences (aka. trivial
strict fibrations).

PROPOSITION 2.4. The category Spt" of n-fold spectra, with the classes of
cofibrations, strict fibrations and strict weak equivalences, satisfies the axioms
for a closed model category.

PROOF: We shall assume that n > 1, and that the category of (n — 1)-fold
spectra is a closed model category for these definitions. We shall also identify
the category Spt"™ with the category of spectrum objects in the category of
(n — 1)-fold spectra.

The category Spt” is complete and cocomplete, so that the axiom CM1
holds. The verification of the axioms CM2 (weak equivalence) and CM3 (re-
tract) is clear.

The proof of the factorization axiom CMS5 is achieved by first showing
that a map i : A — B of n-fold spectra has the left lifting property with
respect to all (respectively trivial) strict fibrations if the following conditions
are satisfied:

(1) i9: A — BY is a trivial cofibration (respectively cofibration) of (n—1)-
fold spectra, and
(2) the map
(Bk A Sl) Uiakast) AkFL _, R+l
is a trivial cofibration (respectively cofibration) of (n — 1)-fold spectra.

To show that any map f : X — Y has a factorization f = ¢i, where ¢ is
a trivial strict fibration and 7 is a cofibration, find a factorization

—>Y0

\/
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in degree 0, where i° is a cofibration and ¢° is a trivial strict fibration of (n—1)-
fold spectra. Then the canonical map

L. (ZO /\Sl) Uxonst) Xt -yt

has a factorization

(2° A 8") Ugonsy X' —— 9y

N A

where ! is a cofibration and ¢! is a trivial strict fibration of (n—1)-fold spectra.
The map ¢! is now given, and i' is defined to be the composite

(iOAsl)* al
Xt — (ZO /\Sl) Uxoast) X' — zh

This works, since cofibrations are closed under smashing with pointed simplicial
sets, and closed under pushout, so that (i® A S'), is a cofibration. Proceed
inductively to obtain the factorization f = qi.

The other part of the factorization axiom is obtained by showing that f
has a factorization f = pj, where p is a strict fibration and j is a map which
is a strict weak equivalence and has the left lifting property with respect to all
strict fibrations: one uses trivial cofibrations of (n — 1)-fold spectra in place of
the cofibrations in the argument just given.

A standard argument now shows that any map j of n-fold spectra which
is a cofibration and a strict weak equivalence must be a retract of a map which
is a strict weak equivalence and has the left lifting property with respect to
all strict fibrations. Such a map j therefore has the left lifting property with
respect to all fibrations, and axiom CM4 follows. |

REMARK 2.5. The proof of the factorization axioms in the previous result
implies that any cofibration of n-fold spectra is a retract of a map which is
composed of maps which are cofibrations of (n — 1)-fold spectra. It follows by
induction on n that any cofibration j : A — B of n-fold spectra is a pointwise
cofibration in the sense that all of the maps

j . Aila*-'yin s Bi17---7in

are cofibrations of simplicial sets. |
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Suppose that X and Y are n-fold spectra. The function complex
hom, (X,Y)

is the pointed simplicial set whose m-simplices are the pointed maps of n-fold
spectra of the form X x A™ — Y. It is a direct consequence of the corresponding
result for pointed simplicial sets that there is an exponential law

hom, (X A K,Y) = hom, (K, hom, (X,Y)).

ProrosITION 2.6. With the definitions of strict weak equivalence, cofibration,
strict fibration and the definition of function complex given above, the category
Spt” of n-fold spectra is a proper closed simplicial model category.

PROOF: Suppose that p : X — Y is a strict fibration of n-fold spectra, the
map i : U — V is a cofibration of n-fold spectra, and that j : K — L is a
trivial cofibration of pointed simplicial sets. Then the existence of the dotted
arrow making the diagram commute is an equivalent condition for any of the
following three (adjoint) diagrams:

K @ hom, (V, X)
J(i*,p*) (2.7)

L— hom* (Uv7 X) Xhom* (U,Y) hom*(V, Y)

(B,7)

B, a
(UANL)Uwary (VAK) u:X
_—

| - [ @8)
VAL Y

v

hom, (L, X)
Z| ////// J(P*J*) (2.9)

Vv ﬁ’ hom.(L,Y) Xnhom, (k,x) hom.(K,Y)
v, &

I have confused various maps notationwise with their adjoints in these diagrams.
Note that the map

(p«,J*) : hom, (L, X) — hom,(L,Y) X hom. (K, X) hom, (K,Y)



2. ABSTRACT HOMOTOPY THEORY OF n-FOLD SPECTRA 37

is a strict fibration, which is trivial if j or p is trivial. It follows that the map
(*,p.) - hom.(V, X) — hom, (U, X) Xpom. (1.y) hom.(V, )

is a fibration of pointed simplicial sets, which is trivial if ¢ is a trivial cofibration
or p is a trivial strict fibration.

Strict weak equivalences are closed under cobase change by cofibrations,
by the corresponding property for simplicial sets and Remark 2.5. Similarly,
strict weak equivalences are closed under base change by fibrations. |

Suppose that Z is an n-fold spectrum, and that {rq,...,r,} is a list of n
integers. An n-fold spectrum Z[rq,...,r,] is defined by setting

Z[Tl, o rn}ilv”:in — ZUAT it T

This construction is functorial in n-fold spectra.
Suppose now that X is a strictly fibrant bispectrum. A bispectrum ;X
is defined by
O X = QX

and with bonding maps

Qo : QX — Q2 XL
for o1, and the composite

QX0 &) 02 i+l ; 02 i+l
for o5. In other words, . ‘
M X =QX*7

is a fake loop spectrum for each j, while

Q1 X** = hom, (S', X**)
is an honest loop object for each i. Similarly, there is a bispectrum 25X such

that ) .
{ Q2 X*J = hom, (S*, X*J) for each j, and

Qo X 0% = QX b+ for each 1.

Note that ;X and Q5 X are strictly fibrant.
The bonding maps o1 and o2 respectively determine maps of bispectra

o1: X — U X]1,0] and o2 : X — QX[0,1].

Flipping loop factors determines a natural isomorphism of bispectra

DX — DX,
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and there is a commutative diagram

0,.X[0, 1]

% Qo0

Q20 X[1,1] (2.10)

QX1 1]

0, X[1,0]

Similarly, if X is a strictly fibrant n-fold spectrum, where n > 2, and
1 < j < n, there is an associated strictly fibrant n-fold spectrum §2; X with

IR~

QX% in = hom, (ST, X ¥ in) if k # j, and
. k . . k .
Qthw--,*,m,zn — QX reekssin if k= 3.

Then there are natural maps

O’j:XHQjX[O,...,i,...O]

which are determined by the various bonding maps of X. If ¢ < j, switching
loop factors gives a canonical isomorphism

i J T J
QinX[O,...,l,...,l,...,0]T)QjQiX[07...,1,...,1,...,0]

and a commutative diagram
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Suppose that Z is a strictly fibrant bispectrum. One defines natural iso-
morphisms

Tt QO Z — Q7

as follows. Let 7 be the isomorphism 7 : 2507 — Q57 Z that we constructed
above. Suppose that 7,, defines an isomorphism

Tn - QQQ?le — Q?QQle,
then 7,41 is defined to be the composite of this map with the map
Q?T : QELQQle — Q?nggz

Let Q1Z be the filtered colimit of the system

o1 Qo
Z — WNMZ[1,0] — Q{Z[2,0] — ...

and let uy : Z — Q17 denote the associated canonical map. Let Q2Z denote
the filtered colimit of the system

o2 Q02 2
72 0,200,1] —25 022[0,2] — ...

with canonical map ps : Z — Q2Z.
The maps

0N Z 5 0027
induce canonical isomorphisms
QT Z[n, m] - QYOS Z[n, m],

which fit into commutative diagrams

Tn—1,m

QU Zn —1,m] QO Zn —1,m]

) -

Q5O Z[n, m] TQ?Q?Z[n,m]

0'2[ [Q?Ug

Qr =t Zn,m — 1] g — QPO Zn,m —1].
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Taking filtered colimits in n and m therefore gives a commutative diagram

Q27
QQQlZ ; QlQQZ. (212)

N A@

Q7

Analogous definitions and techniques apply to n-fold spectra for higher
n. If X is a strictly fibrant n-fold spectrum and 1 < j < n, then the n-fold
spectrum ;X is defined to be the filtered colimit of the system

SZjO'j

J
;0] —> Q3X0,...,1,...,0] — ...

—,

9
X — Q;X)0,...,
with canonical map p; : X — @;X. The same methods as were used in the
bispectrum case may then be used to show:

LEMMA 2.13. Suppose that 1 < i < j < n. Then there is a natural isomor-
phism of bispectra

T:Q;Q: X = Q:Q; X,

and a commutative diagram

QX
i

4

¢
A

Q;Q: X

1]

QiQ; X

J

Qi

P
N

QX

The stabilization QX of X is the strictly fibrant n-fold spectrum which is
defined by

QX =QnQn_1...Q1X.
The map p: X — QX is defined to be the composite

M1 H2 Hn—1

Hn
X—>Q1X—>...—>Qn,1...Q1X ——>QnQ1X
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Lemma 2.13 implies that we can permute the @;’s in the definition of QX and
get a naturally isomorphic n-fold spectrum.

The first step in the analysis of QX will be to characterize the homotopy
groups of the spaces QX1+,

The bonding maps

oy X ienin Qle,...,errl,...,zn
induce maps in homotopy groups of the form
irtLein

Oy TR Xt — g XM

Furthermore, if < s, there is a commutative diagram

. . o .
,/Tth,n-ﬂn T R 7Tk+1X11"'

Og J(—I)Ué

Listl,.

slrtlin

RS TR S I

7Tk+1X“7” —in o N 7Tk+2X“7”

It follows that there is an abelian group-valued functor
ﬂ_kXil,...,in :an —~ Ab

which is defined by associating to the n-tuple (s1,...,s,) the group

114S1,02+52,...,0n+S
7Tk+(sl+---+sn)X 1 1,22 2 n n,

The definition of this functor is completed by the assignment of the homomor-
phism

7Tk+(sl+...+sn)Xi1+Sl,...,’L'j—‘,-sj,...,in_;,_sn

J(1)(il+sl)+'"+(ij—1+sj—1)aj

7rk+( - )+1xi1+81,...,ij+sj+1,...,in+sn
S1++8n

to the relation
(S15--v38jy-vySn) = (S1,...,8;+1,...,8)

of N*7,
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LEMMA 2.14. There is a natural isomorphism
Uyeeslin o2 15 U1 yeenyin
Tk QX = h_I)l’l 7TkX .
NXn
PRrOOF: The colimit _ _
lim 7, X1 otn
—
NXn
may be identified up to natural isomorphism with the iterated colimit
lim lim . . . lim 77, X000
R —— —
1 2 n
where h_r)n means “take the colimit in the j direction”.

The Jnatural map p; : X — @;X induces an isomorphism
lim kail’“"i" L lim ﬂijXil’“"i”,
— x>
J J
by the usual cofinality argument. But then any composite X — @, ...Q1X of
instances of the p; maps induces an isomorphism

lim... lim 7w X" 2 lim. . lim 7 Qp ... Qe X', 2.1
sy — k sy gy an Ql ( 5)
n 1 n 1
Finally, all arrows are isomorphisms in the diagram
ﬂ-kQXilﬁ'“yin
of abelian groups, so that there is a canonical isomorphism
lim 7y QX 22 QX e, u
—
NX’VL

Recall from Chapter 1 that the diagonal spectrum dX of an n-fold spec-
trum X is the spectrum having

k
dXTItk — xitlitlgd

and with bonding map
o SYAAXTIHE — gx IR

given by oy41 for 0 < k < n — 1. This gives a diagonalization functor d :
Spt™ — Spt, which will be shown in the next section to induce an equivalence
of homotopy categories. We also know from the first chapter that there are
many other candidates for d, but this one suffices.

Recall [8] that a map of ordinary spectra is a stable equivalence (or, ac-
cording to the customary abuse, a stable homotopy equivalence) if it induces
an isomorphism of all stable homotopy groups. A spectrum Z is stably fibrant
if and only if it is strictly fibrant in the sense that that all of its constituent
spaces Z' are Kan complexes, and all of the bonding maps

c: 7" — hom*(Sl,Zi'H)

are weak equivalences of simplicial sets.
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COROLLARY 2.16. Suppose that X is a strictly fibrant n-fold spectrum. Then
the diagonal spectrum dQX of QX is a stably fibrant model of the diagonal
spectrum dX of X in the sense that dQ X is stably fibrant, and the map

dX — dQX
is a stable homotopy equivalence.

PRrROOF: The spaces QX" are Kan complexes by construction, and each
of the bonding maps ’

o QX'Ll,...,ij,...,in N QQXil,...,ij-i-l,...,in

is a weak equivalence, so dQ X is stably fibrant. The stable homotopy groups of
dX may be identified up to natural isomorphism (ie. by cancelling signs) with
groups o
@WHMXJW,J_
J
(see the proof of Lemma 1.28). Now use the previous result. |

A map f: X — Y of n-fold spectra is a pointwise cofibration if each of

the maps
f . Xil,...,in N Yil,...,in

is a cofibration of simplicial sets. To fix ideas, remember that a cofibration of
n-fold spectra is a somewhat more complex object than a pointwise cofibration.
Pointwise cofibrations are nevertheless “right” for the construction of long exact
sequences in stable homotopy groups.

It’s worth recalling that, if i : A — X is a pointwise cofibration of spectra,
then there is an exact sequence in stable homotopy groups

A S X Do XA,

where p : X — X/A is the cofibre. The reason is the one that is learned in
school: if o : K — X" is a map of pointed topological spaces such that pa is
pointed homotopy trivial, then the cofibration sequence can be used to show
that there is a map 8 : S' A K — S' A A™ such that (S' Ad)3 = S' A« as
maps S' A K — S' A X™. Note that we have not required i : A — X to be a
cofibration of spectra. This, together with the definition of the diagonal functor
for n-fold spectra, leads immediately to

LEMMA 2.17. Suppose that i : A — X is a pointwise cofibration of n-fold
spectra and let p : X — X /A be the cofibre. Then there is an exact sequence
in stable homotopy groups of the form

mdX 5 wid(X/A) — 15 dA S s dX D wi_ d(X/A).
If p: X — Y is a strict fibration of n-fold spectra with fibre F', then the

diagonal
p:dX —dY

is a strict fibration with fibre dF. Then one has:
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LEMMA 2.18. Suppose that p : X — Y is a strict fibration of n-fold spectra
with fibre F'. Let i : F — X be the inclusion of the fibre. Then there is a long
exact sequence in stable homotopy groups

mdF 5 madX 2, T dY — mp_dF - Th_1dX.

Suppose that X is an n-fold spectrum, and let K be a pointed simplicial
set. Let

7 : hom, (K, QX" ) — Qhom, (K, X in)

denote the canonical isomorphism of function complexes, applied to the pointed
simplicial sets X*»~*»_ Then there is a commutative diagram

hOIIl*(K, QXil,...,ij+1,...,in) %Qhom*(K, Xily"-7ij+1;~-7in)
(Qaj){ Jﬂ(aj)*
hom, (K, Q2 X i+2in) T Ohom, (K, QX r+2win)

Qhom*(K, QXil,...,i_j+2 ..... ’Ln) o thom*(K, X'L'l ..... i_7'+2.,...,in)

where, for example,
(0j)« : hom, (K, Xbitleiny s hom, (K, QX 1t 2ein

is the map induced by the bonding map o;. It follows that the isomorphisms 7
define a natural isomorphism of n-fold spectra

J = J
7 :hom,(K,Q,;X[0,...,1,...,0]) — Q;hom, (K, X)[0,...,1,...,0].
Furthermore, the natural map

o; - hom, (K, X) — Q;hom, (K, X)[0,....1,...,0]

and the map 7 appear in a commutative diagram

%hom*(Kan [0371”0])

\ -

Qhom, (K, X)[0,...,1,...,0].

B

hom, (K, X)



2. ABSTRACT HOMOTOPY THEORY OF n-FOLD SPECTRA 45

LEMMA 2.19. Suppose that X is an n-fold spectrum, and let K be a pointed
simplicial set. Then the isomorphisms

7 hom, (K, 2, X[0,....1,...,0]) — Q;hom, (K, X)[0,....1,....0]

induce a natural isomorphism

7 : hom, (K, Q;X) — Q;hom, (K, X),

and there is a commutative diagram

hom* (K7 /J“])
B — S

hom, (K, X) hom, (K, Q;X)

thom*(K’X)v

where 1 : X — @Q;X is the canonical map.

PROOF: The proof is a generalization of a step in the proof of Lemma 2.13. B

The following result is well known. Its proof is presented here as a proto-
type for later results (specifically Lemma 2.46).

LEMMA 2.20. Suppose that f: X — Y is a stable equivalence of spectra, and
that K is a pointed simplicial set. Then the induced map

FAK:XAK Y AK

is a stable equivalence.

PRrROOF: The first step is to show that, if Z is stably fibrant, then so is the
spectrum hom, (K, Z). But hom, (K, Z) is strictly fibrant, and the canonical

map
w:Z—QZ

is a strict weak equivalence. Furthermore, by Lemma 2.19, there is a commu-
tative diagram

hom, (K, i)
_

hom. (K, 7) hom.(K,QZ)

e

Qhom, (K, 7),
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in which the map hom, (K, p) is a strict weak equivalence; it follows that u is
a strict weak equivalence.

The functor X — X A K preserves strict weak equivalences. Choose a
commutative diagram

XCW—X>X

)

YCW—Y>Y

in which the maps wx and 7y are strict fibrations and strict weak equivalences,
and f. is a cofibration which is necessarily stably trivial. Note that, since mx A K
and my A K are strict weak equivalences, f A K is a stable equivalence if and
only if f. A K is a stable equivalence.

Observe that the spectra X. A K and Y. A K are cofibrant, and recall that
Bousfield-Friedlander criterion (this is Lemma 4.5 of [8], but it is also easily
proved) that a map 6 : A — B of cofibrant spectra is a stable equivalence if
and only if the induced map

0* : hom. (B, Z) — hom, (A, Z)

of pointed simplicial sets is a weak equivalence for all stably fibrant spectra Z.
Now let Z be a stably fibrant spectrum, and form the diagram

hom. (Y, AK,Z) —— > hom, (Y., hom.(K, Z))
e x| E

hom, (X, A K, Z) ——— hom, (X, hom, (K, 7)).

The spectrum hom., (K, 7) is stably fibrant from what we have seen above,
and f. is a stable equivalence, so that f is a weak equivalence, for all Z. But
then (f. A K)* is a weak equivalence for all stably fibrant Z, and so f. A K is
a stable equivalence. [ |

COROLLARY 2.21.

(1) The functor X — X A K preserves stably trivial cofibrations of spectra.
(2) The functor X — hom, (K, X) preserves stable fibrations of spectra.
(3) The functor X — hom, (S, X) preserves stable fibrations of spectra.
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REMARK 2.22. Lemma 2.20 is the non-trivial part of the assertion that the
stable structure on the category of spectra satisfies Quillen’s axiom SM7 for
a closed simplicial model category. It can also be proved by using the spectral
sequence techniques of Section 4.2 below. |

A map f: X — Y of n-fold spectra is said to be a stable equivalence if
the associated map of diagonals

f:dX —dY

is a stable equivalence of spectra. In view of the proof of Lemma 2.14, f is a
stable equivalence of n-fold spectra if and only if

f : QXKan - QYKan

is a strict weak equivalence of n-fold spectra. We also have the following, which
is another consequence of Lemma 2.20:

COROLLARY 2.23. The functor X +— X A K preserves stable equivalences of
n-fold spectra.

Following [8], one says that a map f : X — Y of n-fold spectra is a stable
fibration if it has the right lifting property with respect to all cofibrations which
are stable equivalences. A cofibration which is also a stable equivalence is said
to be a stably trivial cofibration. Similarly, stably trivial fibrations are maps
which are both stable fibrations and stable weak equivalences.

LEMMA 2.24. The functor X +— X AK preserves cofibrations of n-fold spectra.

PROOF: The proof is by induction on n, and proceeds by identifying n-fold
spectra with spectrum objects in the category of (n — 1)-fold spectra.

Recall that every cofibration i : U — V is a retract of amap j: U — W
such that

(1) the map j: U — WY is a cofibration of (n — 1)-fold spectra,
(2) each canonical map

(Sl A Wk) U(Sl/\U’C) Uk+1 N Wk+1

is a cofibration of (n — 1)-fold spectra.

Any map j satisfying these two properties is a cofibration of n-fold spectra,
and the collection of all such maps is closed under smashing with K, by the
inductive assumption. But then i A K is a retract of j A K, and j A K is a
cofibration, so that ¢ A K is a cofibration. |

COROLLARY 2.25. The functor X — X AK preserves stably trivial cofibrations
of n-fold spectra.
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THEOREM 2.26. With these definitions, the category Spt"™ of n-fold spectra,
with the classes of cofibrations, stable equivalences and stable fibrations, sat-
isfies the axioms for a proper closed simplicial model category.

PROOF: One verifies the Bousfield-Friedlander axioms A.4, A.5 and A.6 (see
[8] again) to get the closed model structure.

Every strict weak equivalence is a stable equivalence by Lemma 2.14,
whence A.4. Note that ux = p: X — QX is a strict weak equivalence for
strictly fibrant n-fold spectra X if and only if each of the maps

ujZXﬁQjX[O,...,i,...,O]

is a strict weak equivalence, and this is certainly true for QX. Thus, pox is
a strict weak equivalence. On the other hand, the fact that Qux is a strict
weak equivalence is a consequence of the existence of the natural isomorphism
(2.15), so that A.5 holds. Finally, A.6 is a consequence of Lemmas 2.17 and
2.18.

Suppose that j : K — L is a cofibration of pointed simplicial sets, ¢ : U —
V is a cofibration of Spt™, and that p : X — Y is a stable fibration of n-fold
spectra. Then p is a strict fibration, so that the map

(¢*,p«) » hom,(V, X) — hom. (U, X) Xnom, (v,y) hom.(V,Y)

is a fibration of simplicial sets, by Proposition 2.6. Furthermore, the canonical
map
0:(UAL) Uwak) (VAK)—= VAL

is a cofibration: see the diagrams (2.7) — (2.9). It follows that (i*,p.) is a
stably trivial fibration if p is stably trivial (diagram (2.8)). On the other hand,
Corollary 2.25 implies that 6 is a stably trivial cofibration if 4 is stably trivial.
Thus, Quillen’s axiom SMY7 holds.

The properness assertion is axiom A.6. |

REMARK 2.27. A result of Bousfield and Friedlander (Theorem A.7 of [8])
implies that a map f : X — Y of n-fold spectra is a stable fibration if and only
if f is a strict fibration and the diagram

is a homotopy fibre square in the strict category, where v denotes the composite
of canonical maps

X l’ XKan i’ QXKCWL'
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In particular, it’s rather useful to know that an n-fold spectrum Z is stably
fibrant if and only if Z is strictly fibrant, and the map p: Z — QZ is a strict
weak equivalence. |

2.2. Equivalence of homotopy categories
An n-fold spectrum X which is truncated at level (mq,...,my) consists of
pointed simplicial sets X**+*» with 0 <i; < m,, together with bonding maps

o QLA X wsiiensin _y Xt1senijtliin

for i; < 'mj, such that the usual defining relations for an n-fold spectrum hold,
where they make sense. Write

Sptn(mlv cee 7m’n)

for the category of n-fold spectra truncated at level (mq,...,m,). It is conve-
nient to let some of the m;’s be infinite, and so

Spt" = Spt" (o0, ...,00).
If m; < k; for 1 < j <n, there is a restriction functor
R:Spt"(ki,...,k,) — Spt"(mq,...,my).
This functor has a left adjoint
L:Spt"(my,...,my) — Spt"(ki,...,kn)

such that the composite RL is the identity functor: one suspends in each vari-
able inductively. Finally, each n-fold spectrum Z is naturally a colimit of n-fold
spectra of the form LRZ, where the restrictions are defined with respect to some
(in fact any) cofinal sequence consisting of n-tuple (my,...,m,) € N*" — this
is just a fancy way of saying that a map of an n-fold spectra is completely
determined by its truncations.

LEMMA 2.28. Suppose given an n-fold spectrum Z truncated at level

(my,...,my),

together with a map
f:StAZmaemn LY,

Then there is an n-fold spectrum Z truncated at level (mq + 1,mao, ..., my)
such that

Zi1,~~~7in — Znin IfZ] < m;
Zm1+1,mg7...mn -V
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and such that the bonding map
o1 Sl A Zml,...,mn N Zml-‘rl}mz,...,m”

coincides with f. Furthermore, the maps Z — X of n-fold spectra truncated
at level (my + 1,ma,...,m,) can be identified with the set of all pairs (g,6),
where g : Z — RX is a map of n-fold spectra truncated at level (mq,...,my)
and 6 : Y — X™itLewmn ig 4 map of pointed simplicial sets, such that the
following diagram commutes:

Sl A ZMsmn f Y

' na |

Sl A XM 5 s XMt mn

Proor: The proof will be by induction on n; the case n =1 is a triviality.
Assume that the object Z**™n exists for the truncated (n — 1)-fold
spectrum Z**"™n and the map f. The map

Kok My —1 1 %n BN 1)
Zsy:n /\S Z777n

of (n — 1)-fold spectra truncated at level (mq,...,m,_1) uniquely determines
a map

L(Z*,...,*,mnfl) A Sl ~ L(Z*""’*’m"71 A Sl) i Z*,...,*,mn

of (n —1)-fold spectra truncated at (mq + 1,ma, ..., m,_1). Here, L is the left
adjoint of the restriction functor

R:Spt" '(my +1,ma,...,mu_1) — Spt" (mi,ma,...,mp_1).

Similarly, the maps
AT i Fkseiitl

for i < m,, — 1 induce morphisms
L(Z*H) A Sl L(Z**z /\Sl) N L(Z*,...,*,H—l).
Thus, the collection of objects
L(Z*9), .. _’L(Z*,...,*,mn,l)’Z*,_..,*,mn

externally defines an n-fold spectrum truncated at (mq + 1, ma, ..., m,) which
has the desired properties. |
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COROLLARY 2.29. The diagonal functor
d: Spt" — Spt

has a left adjoint
F : Spt — Spt”.

Furthermore, the canonical map
n: X — d(FX)

is an isomorphism for all spectra X.

COROLLARY 2.30. The diagonal functor d and its left adjoint F' induce an
equivalence of homotopy categories

Ho(Spt") % Ho(Spt).

PROOF: The functor F' preserves stable equivalences, since the map
n: X — d(FX)

is an isomorphism hence stable equivalence, by Corollary 2.29. But then the
triangle identity

d(2) 1 d(Z)

Na(z) %Z)

d(Fd(2))

implies that the natural map of n-fold spectra
ez Fd(Z) — Z

is a stable equivalence. |

2.3. Simplicial presheaves and presheaves of spectra
Suppose that C is an arbitrary Grothendieck site, and let

SPre(C) (respectively S, Pre(C))

denote the category of simplicial presheaves (respectively pointed simplicial
presheaves) on C.
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Recall [23] that a cofibration f : X — Y of (pointed) simplicial presheaves
is a pointwise monomorphism in the sense that each map f(U) : X(U) — Y (U)
of sections is a monomorphism of simplicial sets for all U € C.

A map g: Z — W in SPre(C) is said to be a local weak equivalence if, for
each object U € C and each vertex z of Z(U) the induced maps

fe
(| Zlul,2) — m((Wlol, fz), n =0, (2.31)

of presheaves of homotopy groups on the local site C' | U induce isomorphisms
of associated sheaves. Note that, in the presence of enough points on C, g is a
weak equivalence if and only if each induced morphism of stalks g, : Z, — W,
is a weak equivalence of simplicial sets; for this reason, I often refer to local
weak equivalences of simplicial presheaves in the sense just defined as stalkwise
weak equivalences. A map g is said to be a pointwise weak equivalence, on the
other hand, if each map of sections g(U) : Z(U) — W (U) is a weak equivalence
of simplicial sets. One can express the defining condition (2.31) completely in
terms of simplicial homotopy groups in the case where Z and W are presheaves
of Kan complexes.

A global fibration is a map which has the right lifting property with respect
to all maps which are cofibrations and local weak equivalences.

There is a natural choice of function complex hom(X,Y") for any sim-
plicial presheaves X and Y. Explicitly, hom(X,Y") is the simplicial set whose
n-simplices consist of all morphisms of simplicial presheaves

X x A" =Y.

In the case where X and Y are globally pointed, we are entitled to construct
the pointed function complex hom,(X,Y"), which is the pointed simplicial set
having n-simplices

X x A" -Y.

For our purposes, the central theorem which relates these ideas is the
following (see [23], [24]):

THEOREM 2.32. With the definitions given above, the category SPre(C) is a
proper closed simplicial model category.

A presheaf of spectra X on the site C consists of pointed simplicial pre-
sheaves X", together with pointed maps o : S' A X™ — X"+ n > 0. The
object X can alternatively be thought of as a spectrum object in the cate-
gory of pointed simplicial presheaves. The presheaves of spectra on C arrange
themselves into a category, which I denote by SptPre(C).

For each presheaf of spectra X, and as in the previous section, the assign-
ment X(U) — Xgan(U) determines a functor X — Xgg, from SptPre(C)
to itself, and there is a natural map n : X — Xgg, which is given by the



2. ABSTRACT HOMOTOPY THEORY OF n-FOLD SPECTRA 53

natural weak equivalences X" (U) — X3 (U) of simplicial sets. It’s helpful
to recall in particular that X% . (U) = S|X"(U)|. Recall further that the sta-
blization construction X (U) +— QX (U) is natural, and determines a natural
map p: X — QX of presheaves of spectra.

The sheaf of stable homotopy groups 7; X for a presheaf of spectra X can
be constructed by taking the sheaf associated to the presheaf

U = 3 X (U),

where 72| X (U)] is the 4" stable homotopy group of the realized (topological)
spectrum | X (U)|. Note also that the map n : X — Xkan induces natural
isomorphisms of presheaves

W;X = 7Tj‘AXVKanv
and the map p : Xgan — QX kan induces isomorphisms of the form
7r]S‘)(Kan = ﬂ-]s‘QXKan = 7Tj+kQX§(an7 (233)

where the last is a presheaf of ordinary simplicial homotopy groups. It follows
that there are natural isomorphisms of sheaves of groups

~5 ~ ~ k
7Tj‘)( = 7Tj+kQXKan7

for all integers j and k that make sense. A map f : X — Y of presheaves of
spectra on the site C is said to be a local stable equivalence if the induced maps

fe ﬁ;X — ﬁjY

of sheaves of stable homotopy groups are isomorphisms for all integers j. This
condition can be rephrased in terms of any of the invariants appearing in (2.33).

Cofibrations in the category of presheaves of spectra can be defined in
two ways. Say that a map i : A — B of SptPre(C) is a cofibration if all maps
in sections i : A(U) — B(U), U € C, are cofibrations in the ordinary spectrum
category Spt. Equivalently, ¢ is a cofibration if and only if

(1) the map i° : A° — B is a cofibration of simplicial presheaves, and
(2) all induced maps

SYAB"Ugipg, AT — prtl
are cofibrations of simplicial presheaves on C.

It is important to note that the definition of cofibration of presheaves of spectra
is independent of topology on the site C, as is the definition of cofibration of
simplicial presheaves.

It has become standard to say that a map p : Z — W of presheaves of
spectra is a global fibration if it has the right lifting property with respect to all
morphisms which are simultaneously cofibrations and local stable equivalences.
The governing principle behind these ideas is the following result [24]:
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THEOREM 2.34. The category SptPre(C) of presheaves of spectra on a Gro-
thendieck site C, together with the classes of cofibrations, local stable equiva-
lences and global fibrations, satisfies the axioms for a proper closed simplicial
model category.

The simplicial model structure comes from the smash products X A K
of presheaves of spectra X with pointed simplicial sets K and the function
complexes hom, (X,Y), where the latter have n-simplices given by all maps
of the form X x A™ — Y. The properness assertion follows from long exact
sequence arguments, which will be repeated explicitly in a wider context below.

REMARK 2.35. The proof of Theorem 2.34, once again, follows the script of
Bousfield and Friedlander [8], and in particular depends on proving a series of
assertions about the composite map

n n
X — Xkan — QXKkan,

which I shall denote by v : X — QXgan.- The argument also implies that a
map f : X — Y of presheaves of spectra is a global fibration if and only if
all maps f : X™ — Y™ are global fibrations of simplicial presheaves, and all
diagrams

x—1 L Qxn,.

f[ JQfKan

y" T Qyﬁan

are homotopy fibre squares in the simplicial presheaf category. In particular, a
presheaf of spectra Z is globally fibrant if and only if each simplicial presheaf
Z™ is globally fibrant, and each map v : Z" — QZ" is a local weak equivalence
of simplicial presheaves. Observe that I am not claiming that the stable object
QZ itself is globally fibrant. |

A globally fibrant model for a presheaf of spectra X is a local stable equiv-
alence 6 : X — GX, where GX is globally fibrant. Globally fibrant models
always exist, by the factorization axioms, and any two globally fibrant mod-
els for X are non-canonically locally stably equivalent. There is an analogous
definition of globally fibrant models for simplicial presheaves. In many cases
of computational interest, globally fibrant models arise from Godement resolu-
tions (see [23, p.76]). It’s often useful to think of a globally fibrant model as a
non-abelian version of an injective resolution.

REMARK 2.36. The definitions of local weak equivalence of simplicial pre-
sheaves and local stable equivalence of presheaves of spectra both depend very
much on the topology on the underlying site C. The reader has already been
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warned that local (stable) weak equivalences and stalkwise (stable) weak equiv-
alences will mean the same thing in cases where the category of sheaves on the
site C has enough points.

There is also the case where the category C effectively has no topology
at all. The chaotic topology on the category C is the site whose covering sieves
R C hom( ,U) contain the indentity 1y, for all objects U of C. There is no
difference between sheaves and presheaves on C for this topology, and so in this
case a map f : X — Y is a local weak equivalence of simplicial presheaves if
and only if all induced maps in sections f : X(U) — Y (U), U € C, are weak
equivalences of simplicial sets. Similarly, a map g : Z — W of presheaves of
spectra on the site C with the chaotic topology is a local stable equivalence if
and only if all maps g : Z(U) — W(U) are stable equivalences of spectra. I
shall say that the local (stable) weak equivalences for the chaotic topology are
pointwise (stable) weak equivalences. The associated closed model structures
for C-diagrams of simplicial sets and C-diagrams of spectra are quite useful,
and repeated applications will appear below. |

All of the results given both here and in the following section have ana-
logues for (small) diagrams of presheaves of spectra or n-fold spectra. This
arises from the fact that the category of J-diagrams within a given Grothen-
dieck topos has the structure of a Grothendieck topos. An explicit construction
of the topos of such J-diagrams is given as follows.

Suppose that C is a Grothendieck site and that J is a category, and let
the topology (ie. collection of covering sieves) for the site C be denoted by 7.

The product category C x J has a Grothendieck topology, whose covering
sieves are those subfunctors of the representable functors hom( , (x,4)) which
contain a collection of morphisms R x {1;}, where R C hom¢( , ) is a member
of 7.

Suppose that in; : C — C x J is the functor defined by = — (x,1), and
write F'(i) for the composite F' oiny, where F' is any presheaf on C x J. The
covering sieves R x homjy( ,i), R € T, are cofinal among all covering sieves
for a fixed object (x,7) € C x J, and it follows that F is a sheaf on C x J if
and only if F(7) is a sheaf on C for each ¢ € J. Thus, if one identifies F' with a
contravariant functor F': J — PreShv(C), then F represents a sheaf on C x J if
and only if each F'() is a sheaf on C, so that the sheaf category Shv(C x J) can
be identified up to isomorphism with the category Shuv(C)””" of contravariant
functors on J which take values in Shv(C). In particular, the associated sheaf
for a functor F' : J — PreShuv(C) can be constructed by applying the associated
sheaf functor for presheaves on C to get a natural transformation 7 : F — F for
contravariant functors on J, as can be seen directly from the universal property.

Recall that a map f : X — Y of simplicial presheaves on a site C is a
(local) weak equivalence if and only if

(1) the presheaf map fi : moX — 7Y induces an isomorphism of associated
sheaves, and
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(2) for each U € C and choice of base point 2z € Xo(U) the presheaf map
fermi(X|o,x) = m(Ylo, fz))

induces an isomorphism of associated sheaves on the associated comma
category site C | U.

The topology on the comma category site
CxJ)L(Ui)=(CLU)x(J ]

is induced from the topology on C | U in the same way that the topology on
C x J is induced from the topology on C. It follows that a map f: X — Y of
simplicial presheaves on C x J is a local weak equivalence if and only if each
of the associated maps f : X (i) — Y (i) is a weak equivalence of simplicial
presheaves on the site C.

These observations, together with the closed model structure for simplicial
presheaves on an arbitrary Grothendieck site [23] now imply

PROPOSITION 2.37. Suppose that C is an arbitrary Grothendieck site and that
J is some index category. There is a closed simplicial model structure on the
category SPre(C)’ of J-diagrams in the category of simplicial presheaves on
C, such that

(1) amap f: X — Y is a weak equivalence if and only if each level map f :
X(5) = Y(4), g € J, is a local weak equivalence of simplicial presheaves
on the site C, and

(2) amap g : U — V is a cofibration if and only if each level map g :
U(j) = V(j), j € J is a cofibration (ie. pointwise inclusion) of simplicial
presheaves on the site C.

The fibrations in the category of J-diagrams in SPre(C) are defined by
a right lifting property, and are called global fibrations, as usual. One of the
more important features of such objects for us in what follows is

LEMMA 2.38. Suppose that f: X — Y is a global fibration in the category of
J-diagrams of simplicial presheaves on the site C. Then each map f : X(j) —
Y (4), j € J, is a global fibration of simplicial presheaves on C.

PRrOOF: The functor SPre(C)’ — SPre(C) which is defined by X ~— X (j) has
a left adjoint L; which is defined, for Z € SPre(C), by

Ljz(i)=| |z

The functor L;Z takes trivial cofibrations to trivial cofibrations. [ |

The following Corollary is a sample application of these ideas. This result
has analogues in all of the categories of presheaves considered in this section.
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COROLLARY 2.39. Suppose that Z is a J-diagram of simplicial presheaves on
the site C. Then there is a map ¢ : Z — GZ of J-diagrams of simplicial
presheaves on C such that each map ¢ : Z(j) — GZ(j), j € J is a local weak
equivalence and such that each simplicial presheal GZ(j) is globally fibrant.

PROOF: Let the map ¢ : Z — GZ be a globally fibrant model within the
category of simplicial presheaves on the site C x J. The result follows from
Lemma 2.38. |

Corollary 2.39 solves a homotopy coherence problem, in that it’s not clear
a priori that a collection of globally fibrant models Z(j) — GZ(j), randomly
chosen for each simplicial presheaf Z(j) fits together to give a J-diagram GZ,
except up to homotopy.

2.4. Presheaves of n-fold spectra

A presheaf of n-fold spectra on the Grothendieck site C is a (contravariant)
functor X : C°? — Spt™ which takes values in the category of n-fold spectra.
In other words X consists of pointed simplicial presheaves

together with pointed maps
o GL A Xitmigrensin _y XitsenigFlinin

of simplicial presheaves, which fit into commutative diagrams

GL A XitseesgeensintLin 9 X itnsii ikt Lesin
St /\Gk]
S A GE A X ietioihsin oL

7'/\1[%

GL A QLA X itseesbeensihenin o GL A XLk esin
o
J

for all relevant j < k, where 7 : S* A ST — S1 A St is the map which switches
factors. Write Spt™ Pre(C) for the category of presheaves of n-fold spectra on
the site C. The notation is meant to suggest that we are dealing with n-fold
spectrum objects in the category of simplicial presheaves on the site C.

The axiomatic homotopy theory for presheaves of spectra was summarized
in the previous section. A corresponding theory for presheaves of n-fold spectra
is given here; the method is to promote the results established for n-fold spectra
in the first two sections of this chapter to the presheaf level.
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A map f: X — Y of presheaves of n-fold spectra is said to be a strict
weak equivalence if each of the maps

f . Xil,.“,in — Yil,...,in (2.40)

is a local weak equivalence of simplicial presheaves on the site C. The map f
is said to be a strict fibration if each of the maps (2.40) is a global fibration
of simplicial presheaves. The cofibrations of Spt™ Pre(C) are those maps which
have the left lifting property with respect to all maps which are strict fibrations
and strict weak equivalences.

Note, first of all, that Lemma 2.3 implies

LEMMA 2.41. There is a functor X + X,y from the category Spt"™ Pre(C)
to itself, such that each pointed simplicial set of sections

Xia ™ (U)
is a Kan complex. The natural weak equivalences of simplicial sets
n: Xil,...,in (U) _ X;él,ln,zn (U)
induce a natural strict weak equivalence of presheaves of n-fold spectra
n:X — Xkan-

For each pointed simplicial set K and each presheaf of n-fold spectra X,
there are presheaves of n-fold spectra X A K and hom. (K, X'), which are given,
respectively, at each multi-index by

X AK - and hom, (K, X,
Furthermore, there is an exponential law
hom(X A K,Y) = hom(X, hom, (K,Y))

for morphisms of presheaves of n-fold spectra. In particular, a presheaf of (n+
1)-fold spectra Z can be regarded (in n + 1 different ways) as a spectrum
object in the category of presheaves of n-fold spectra, meaning that Z consists
of presheaves of n-fold spectra Z7, j > 0, together with bonding maps o :
ZI NSt — ZI*1 in Spt” Pre(C).

Suppose that X and Y are presheaves of n-fold spectra. The function
complex hom, (X,Y) is the pointed simplicial set whose m-simplices are the
maps X X A™ — Y in Spt" Pre(C), where

X x A" = X A (A" U {x}).
There are exponential laws
hom, (X A K,Y) = hom, (K, hom,(X,Y)) = hom. (X, hom,(K,Y)),

which are valid for any X and Y in Spt” Pre(C) and any pointed simplicial set
K.
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PROPOSITION 2.42. The category Spt" Pre(C), together with the classes of
cofibrations, strict fibrations, and strict weak equivalences, satisfies the axioms
for a proper closed simplicial model category.

PRrROOF: Subject to invoking Theorem 2.32 in place of the analogous result for
simplicial sets, the proof of this result is the same as that for the corresponding
results for n-fold spectra, namely Proposition 2.4 and Proposition 2.6. |

Say that a map g : Z — W of presheaves of n-fold spectra is a local stable
equivalence if the induced map

d(g) : d(Z) — d(W)

is a local stable equivalence of presheaves of spectra. Lemma 2.14 may be used
to formulate this condition in terms of sheaves of homotopy groups. Every strict
weak equivalence is a local stable equivalence.

Note in particular that if the natural map

’YZX_)QXKan

is defined to be the composite

n I
X — XKan — QXKaTw
then the proof of Theorem 2.26 implies that the maps

Q’y : QXKan - Q(QXKan)Kan
and
v QXKan - Q(QXKan)Kan
are pointwise strict weak equivalences. In summary, we have

LEMMA 2.43. The following hold for maps of presheaves of n-fold spectra on
a Grothendieck site C:

(1) Every strict weak equivalence is a local stable equivalence.
(2) The map v : QX gan — Q(QXKan)Kan IS a strict weak equivalence.
(3) The map Qv : QXkan — Q(QXKkan)Kkan IS a strict weak equivalence.

It follows from Corollary 2.16 that g is a local stable equivalence if and
only if the induced map

QgKan : QZKan - QWKan

is a strict weak equivalence.



60 2. ABSTRACT HOMOTOPY THEORY OF n-FOLD SPECTRA

A map f: A — X of presheaves of n-fold spectra is said to be a pointwise
cofibration if each of the maps

f . Aihm,in N Xi1>~~~7in

is a cofibration of simplicial presheaves. One can show, by induction on n, that
every cofibration of presheaves of n-fold spectra is a pointwise cofibration, just
as was done for n-fold spectra. Thus, Lemma 2.17 implies that any cofibration
of n-fold spectra i : A — X gives rise to an exact sequence of presheaves of
abelian groups

mpdX D mpd(X/A) — i yd(A) — i dX Dowd(X/A),

and hence to an exact sequence of sheaves of abelian groups

FedX D 72d(X/A) — 75_d(A) - 7 dX D 75 d(X/A),

where p: X — X/A is the canonical map to the cofibre. This gives

LEMMA 2.44. Local stable equivalences in Spt” Pre(C) are closed under cobase
change by cofibrations. In other words, given a pushout diagram

A—9 .7

I

X —5—XUa 2,

where 1 is a cofibration, if g is a local stable equivalence, then so is g.

Global fibrations of simplicial presheaves are also pointwise fibrations.
This fact has been alluded to in print before, usually with an injunction to see
the proof of Lemma 3.4 in [23]: the essential point is that, if U is an object of
the site C, then the U-sections functor Y — Y (U) has a left adjoint X — Xy,

where
Xp(V)= || X
¢:V—=U

defines the simplicial presheaf X, associated to the simplicial set X (see p.68
of [23]). But then X — Xy takes trivial cofibrations of simplicial sets to point-
wise trivial cofibrations of simplicial presheaves, so the usual lifting property
argument carries the day.

It follows that every strict fibration p : X — Y of presheaves of n-fold
spectra consists (in part) of maps of n-fold spectra p(U) : X(U) — Y (U)
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which are strict fibrations, in all sections. It follows from Lemma 2.18 that, if
i : ' — X is the inclusion of the fibre of p, then there is an exact sequence of
presheaves of stable homotopy groups

i p ; ; ‘ ;
mdF - midX — midY — i dF — 1 dX,
and hence an exact sequence of sheaves of abelian groups
. v ,
FdF = 73dX — 73dY — 75 dF — 75 dX.
This implies the following result:

LEMMA 2.45. Local stable equivalences in Spt™ Pre(C) are closed under base
change by strict fibrations.

There are non-abelian analogues of the standard global ext constructions
in the categories of pointed simplicial presheaves and presheaves of spectra.
In particular, suppose that K and V are pointed simplicial presheaves. Then
there is a pointed simplicial presheaf

Hom. (K,V),
which is defined for each U € C by the equation
Hom, (K, V)(U) = hom, (K|v, Vl|v).

The simplicial presheaf K|y, for example, is the restriction of K to the site
C | U along the forgetful functor @ : C | U — C. Furthermore, it’s not hard to
show that there are natural isomorphisms (ie. exponential laws)

hom, (X, Hom,. (K, V)) 2 hom.(X A K, V)

relating morphisms of pointed simplicial presheaves, and their function space
counterparts

hom, (X, Hom, (K,V)) 2 hom.(X A K, V).

This construction extends to give a presheaf of spectra Hom., (K, Z) for any
pointed simplicial presheaf K and presheaf of spectra Z. If X happens to be a
presheaf of spectra, there is a corresponding exponential law

hom, (X, Hom, (K, 7)) = hom.(X AN K, Z).

LEMMA 2.46. Suppose that K is a pointed simplicial presheaf on C, and that
f X — Y isalocal stable equivalence of presheaves of spectra on C. Then the
induced map

fANK: XNK—->YANK

is a local stable equivalence of presheaves of spectra.
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PrOOF: It’s a little bit fussy in cases where Shv(C) does not have enough
points, but one can show that the functor U — U A K preserves local weak
equivalences of pointed simplicial presheaves. It follows that the functor

Z — Hom, (K, Z)

preserves global fibrations of pointed simplicial presheaves, and that the functor
X — X A K preserves strict weak equivalences of presheaves of spectra.

Now suppose that the presheaf of spectra Z is globally fibrant. Then Z
is strictly fibrant, and so Hom, (K, Z) is also strictly fibrant. The canonical
map p: Z — QZ is a strict weak equivalence of strictly fibrant presheaves of
spectra, so that the map

Hom, (K, p) : Hom, (K, Z) — Hom,.(K,QZ)

is a strict weak equivalence. In effect, since Z™ and QZ'™ are both globally
fibrant, the standard construction that replaces a map between fibrant objects
by a fibration, carried out within the closed model structure on the category of
simplicial presheaves, guarantees that each simplicial presheaf map p: Z™ —
QZ™ has a factorization

QZTL

where 7 is a global fibration and a local weak equivalence, and j is right inverse
to amap p: W — Z™ which is a global fibration and a local weak equivalence.
The maps 7 and p induce maps 7, : Hom,(K,W) — Hom,(K,QZ") and
px : Hom, (K, W) — Hom, (K, Z"™) which have the right lifting property with
respect to all cofibrations, and are therefore local weak equivalences. There is
a commutative diagram

Hom* (K7 :u)
_—

Hom. (K, Z) Hom.(K,QZ)

\ :JT

QHom. (K, Z),

so that the map
u:Hom,(K,Z) - QHom, (K, Z)
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is a strict weak equivalence. Thus, the presheaf of spectra Hom, (K, Z) is
globally fibrant under the assumption that Z is globally fibrant.

The rest of the argument follows the outline of proof given for Lemma 2.20.
It is enough to assume that f is a cofibration and a local stable equivalence
between cofibrant spectra, and show that the induced map

f*ihom,(YANK,Z) — hom,(X NK,Z)

is a weak equivalence of simplicial sets for all globally fibrant presheaf of spectra
Z. But f* is canonically isomorphic to the map

hom, (Y,Hom, (K, 7)) — hom, (X, Hom. (K, 7))

which is induced by f. The presheaf of spectra Hom. (K, Z) is stably fibrant,
so that the Bousfield-Friedlander criterion applies. |

Say that a map f : X — Y of presheaves of spectra which is both a
local stable equivalence and a cofibration is a locally trivial cofibration, and
that f is a trivial global fibration if it is both a local stable equivalence and a
global fibration. Corresponding notions are defined for morphisms of presheaves
of n-fold spectra. For any pointed simplicial presheaf K, the functor X —
X N K preserves cofibrations of presheaves of spectra. This observation and
Lemma 2.46 together imply

COROLLARY 2.47.
(1) The functor X — X A K preserves locally trivial cofibrations of pre-
sheaves of spectra.

(2) The functor X — Hom, (K, X) preserves global fibrations and trivial
global fibrations of presheaves of spectra.

COROLLARY 2.48. The functor X — X A K preserves local stable equivalences
of presheaves of n-fold spectra.

LEMMA 2.49. The functor X +— X ANK preserves cofibrations of n-fold spectra.

PROOF: Use the corresponding fact for pointed simplicial presheaves (which
appears in the course of proving Lemma 2.46), to give an inductive argument
analogous to the proof of Lemma 2.24. |

COROLLARY 2.50. The functor X — X A K preserves locally trivial cofibra-
tions of presheaves of n-fold spectra.

THEOREM 2.51. The category Spt" Pre(C), and the classes of cofibrations,
local stable equivalences and global fibrations, together satisfy the axioms for
a proper closed simplicial model category.
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PROOF: The reader would have noticed that an analogy with the proof of
Theorem 2.26 has already been set up. One verifies the closed model axioms by
showing that the Bousfield-Friedlander axioms are verified, as they are done in
Lemmas 2.43, 2.44 and 2.45. The simplicial model structure is a consequence
of Theorem 2.32 and Corollary 2.50; the proof is the same as that for the
corresponding result about n-fold spectra. |

The claims appearing in Remark 2.35 apply verbatim in the context of
presheaves of n-fold spectra. Also, the constructions of the second section of
this chapter apply without change to the presheaf case, giving:

PRrROPOSITION 2.52. The diagonal functor d and its left adjoint F' induce an
equivalence of homotopy categories

Ho(Spt™ Pre(C)) %’ Ho(SptPre(C)).

2.5. Smash products of presheaves of spectra

It’s rather interesting at this point to compare the theory that has been de-
scribed here with Adams’ presentation of smash products of spectra [2, pp.158-
190].

We can show that all of the diagonal functors X +— X, from n-fold spectra
to spectra which are associated to admissible paths 1 : N — N*" are naturally
stable homotopy equivalent (Theorem 1.32). We also know that there is a closed
model structure on the category of n-fold spectra such that any one of these
diagonal functors induces an equivalence of the ordinary stable category with
the homotopy category of n-fold spectra, and this for all n (Theorem 2.26,
Corollary 2.30). These results go far beyond Adams’ constructions, but a way
has not yet been found to use them to demonstrate that smash product of
spectra and the sphere spectrum together give the stable homotopy category
the structure of a symmetric monoidal category. The central problem is that the
natural equivalences of Theorem 1.32 are not known to be homotopy coherent
in any sense, so there is no effective way of composing them, particularly in
cases where one wants to analyze symmetries.

I shall not reproduce Adams’ work here. In the case of bispectra, his
methods can be used to show that each bispectrum X has an associated double
telescope construction, which is a spectrum that comes equipped with canonical
equivalences to each of the telescopes arising from admissible paths ¢ : N —
N2. The construction of the double telescope depends, fundamentally, on first
extending a particular S2-bundle over the boundary (I x I) of the box I x I
to the full box (for which one uses the calculation 7 BSO(2) = 0), and then
glueing the result to a space made up of telescopes of bonding maps. The
construction is therefore natural in bispectra X, and induces a natural canonical
stable equivalence X ~ X, for any pair of admissible paths ¢,y : N — N*2,
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Adams uses the same general trick of glueing an extended sphere bundle
to some space made up of telescopes arising from certain n-fold spectra (for low
values of n) to prove all of the technical results leading to the assertion that
the stable category has a symmetric monoidal category. These constructions
are therefore natural in the types of n-fold spectra that arise. In particular, we
can infer the following:

THEOREM 2.53. The smash product construction (X,Y) — d(X AY) and
the (constant) sphere spectrum S together give the stable homotopy category
Ho(SptPre(C)) of presheaves of spectra on a Grothendieck site C the structure
of a symmetric monoidal category.
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