
Preface

There are many approaches to noncommutative geometry and its use in physics, the
operator algebra and C∗-algebra one, the deformation quantization one, the quan-
tum group one, and the matrix algebra/fuzzy geometry one. This volume introduces
and develops the subject by presenting in particular the ideas and methods recently
pursued by Julius Wess and his group.

These methods combine the deformation quantization approach based on the no-
tion of star product and the deformed (quantum) symmetries methods based on the
theory of quantum groups. The merging of these two techniques has proven very
fruitful in order to formulate field theories on noncommutative spaces. The aim of
the book is to give an introduction to these topics and to prepare the reader to enter
the research field himself/herself. This has developed from the constant interest of
Prof. W. Beiglboeck, editor of LNP, in this project, and from the authors experience
in conferences and schools on the subject, especially from their interaction with
students and young researchers.

In fact quite a few chapters in the book were written with a double purpose, on
the one hand as contributions for school or conference proceedings and on the other
hand as chapters for the present book. These are now harmonized and complemented
by a couple of contributions that have been written to provide a wider background,
to widen the scope, and to underline the power of our methods.

The different chapters however remain essentially self-consistent and can be read
independently. Subject to the individual interests of the reader they can be grouped
by topic: noncommutative gauge theory (Chaps. 1, 2, 4, 5), noncommutative gravity
(Chaps. 1, 3, 8), and noncommutative geometry and quantum groups (Chaps. 6, 7,
9). This very structure of the book took definite shape a little more than a year ago,
at the Alessandria conference “Noncommutative Spacetime Geometries” in March
2007, where all the authors met. At the Bayrishzell workshop “On Noncommutativ-
ity and Physics” in May 2007 the order of the chapters was then finalized.

The order of the chapters is “physics first”; the mathematics follows the physical
motivations in order to strengthen the physical intuition and investigations and to
provide a sharpening of the mathematical methods. These is turn are then used for
further physical developments. Accordingly the book is divided into a more physical
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first part and a more mathematical second part, although the division is not sharp,
physical applications being considered in the second part too.

The first chapter is an introduction and an overview. The reader encounters the
notion of star product and is introduced to the differential calculus on noncommu-
tative spaces and to the deformed Lie algebras (twisted Hopf algebras) of gauge
transformations and diffeomorphisms. The second chapter develops in more detail
deformed gauge theories. Pedagogic examples with matter fields are also presented.
The third chapter discusses in the same spirit the deformed algebra of differential op-
erators and hence a deformation of the theory of gravity. Changes to the original text
of Julius Wess mainly appear in the added footnotes and in the added Appendix 1.9.

The fourth chapter is a comparison between two approaches to noncommutative
gauge theory, the twisted gauge theory approach (based on deformed Lie algebras)
and the Seiberg–Witten approach.

Field theories can be studied also on more general noncommutative spaces, not
just on the Moyal–Weyl one characterized by the xµ � xν − xν � xµ = iθ µν noncom-
mutative relations among coordinates (with θ µν constant). Chapter 5 describes the
case of κ-deformed spacetime.

Part II of the book opens with a chapter on the basics of noncommutative mani-
folds in the C∗-algebraic approach, the guiding example being the quantum mechan-
ical phase space, i.e., the Moyal–Weyl noncommutative space. Quantum groups
(noncommutative manifolds with a group structure) are then studied in Chap. 7.
Their quantum Lie algebras are also studied, quantum Lie algebras being the under-
lying symmetries of field theories on noncommutative spaces. Chapter 8 comple-
ments Chap. 3 and studies noncommutative geometries obtained by deforming com-
mutative geometries via a twist. These geometries have twisted symmetries (twisted
quantum group symmetries). Twisted diffeomorphisms lead to a noncommutative
theory of gravity.

While twisting of spacetime symmetries leads to deformed field theories, twist-
ing of dynamical symmetries leads to new (deformed) quantum integrable systems.
The last chapter deals with this other application of twisted symmetries. In a sense
this chapter closes a circle, we deform field theories by considering noncommutative
spacetimes. These are obtained via a twist procedure. We recognize and exploit the
underlying twisted and quantum group symmetries. These structures first occurred
in 1 + 1-dimensional quantum integrable systems; the twist procedure can be also
applied in this context and leads to new physical systems.

A final chapter has later been added and describes the contributions of Julius
Wess to noncommutative geometry. As can be inferred from his joint works he was
able to enroll many students and collaborators in his research projects. This was due
to his scientific charisma, always downplayed, and to the easiness in relating with
colleagues and younger collaborators, a characteristic aspect of his personality.

Julius Wess was extremely active until his last day, his constant passion for re-
search was so strongly conveyed that concentration and energy for advancing in the
research were multiplied. In his vision the main aims and questions were always in
the foreground, progress was constant, in many little steps, like that patient walking
pace you keep when aiming at the very top. We miss his encouragement, hints, and
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judgments and that very state of searching together that empowered our discovering
abilities. We hope the reader can experience his calm impetus along with the for-
mulae in this book, and thus be more easily brought to the research frontiers of this
field to be further developed.

Paolo Aschieri, Marija Dimitrijević, Petr Kulish and Fedele Lizzi

Alessandria, October 2008



Chapter 2
Deformed Gauge Theories

Julius Wess

Gauge theories are studied on a space of functions with the Moyal product. The
development of these ideas follows the differential geometry of the usual gauge the-
ories, but several changes are forced upon us. The Leibniz rule has to be changed
such that the theory is now based on a twisted Hopf algebra. Nevertheless, this
twisted symmetry structure leads to conservation laws. The symmetry has to be
extended from Lie algebra valued to enveloping algebra valued and new vector po-
tentials have to be introduced. As usual, field equations are subjected to consistency
conditions that restrict the possible models. Some examples are studied.

2.1 Introduction

Gauge theories have been formulated and developed on the algebra of functions
with a pointwise product:

µ{ f ⊗g} = f ·g. (2.1)

This product is associative and commutative.
Recently, algebras of functions with a deformed product have been studied in-

tensively [1–5]. These deformed (star) products remain associative but not commu-
tative.

The simplest example is the Moyal product,1 see Chap. 1 for details

µ�{ f ⊗g} = µ{e
i
2 θ ρσ ∂ρ⊗∂σ f ⊗g}. (2.2)

It had its first appearance in quantum mechanics [6, 7].
The star product can be seen as a higher order f -dependent differential operator

acting on the function g. For the example of the Moyal product this is

1 Note that in this and in the following chapters in the first part of the book the deformation
parameter h is absorbed in θ ρσ . Therefore, from now on we refer to θ ρσ as the deformation
parameter.
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f �g =
∞

∑
n=0

1
n!

(
i
2

)n

θ ρ1σ1 . . .θ ρnσn
(
∂ρ1 . . .∂ρn f

)
(∂σ1 . . .∂σng) . (2.3)

The differential operator maps the function g to the function f �g.
The inverse map also exists [8, 9]. It �-maps the function g to the function ob-

tained by pointwise multiplying it with f

X�
f �g = f ·g (2.4)

For the Moyal product we obtain

X�
f =

∞

∑
n=0

1
n!

(
− i

2

)n

θ ρ1σ1 . . .θ ρnσn
(
∂ρ1 . . .∂ρn f

)
�∂ �

σ1
. . .∂ �

σn
. (2.5)

The star-acting derivatives we denote by ∂ �
ρ . For the Moyal product the

�-derivatives and the usual derivatives are the same. Star differentiation and star
differential operators have been thoroughly discussed in Chap. 1 and in [9, 10].

In this chapter we are going to study gauge transformations on Moyal or
θ -deformed spaces.2

2.2 Gauge transformations

Undeformed infinitesimal gauge transformations are Lie algebra valued:

δα φ(x) = iα(x)φ(x),
α(x) = ∑

a
αa(x)T a, (2.6)

[T a,T b] = i f abcT c,

[δα ,δβ ]φ = [α,β ]φ = −iδ[α,β ]φ ,

where φ(x) is a matter field which belongs to an irreducible representation of the
gauge group.

In the previous chapter deformed gauge transformations were introduced. Here
we analyze them in more detail. They are defined as follows [11, 12]:

δ �
α φ = iX�

α �φ = iX�
αa T a �φ = iα ·φ . (2.7)

From the fact that X�
f �X�

g = X�
f ·g, we conclude

[X�
α

�, X�
β ] = X�

−i[α,β ],

[δ �
α ,δ �

β ]φ = −iδ �
[α,β ]φ . (2.8)

2 A comparison between the present approach to noncommutative gauge theories and an earlier
one, so-called Seiberg–Witten map approach, is in Chap. 5.
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The �-transformations δ �
α represent the algebra via the usual3 commutator. How-

ever, written in terms of the operators X�
α the same algebra is represented via the

�-commutator.

Before we construct gauge theories we have to learn how products of fields trans-
form.

In the undeformed situation we use, without even thinking, the Leibniz rule:

δα(φ ·ψ) = (δα φ) ·ψ +φ · (δα ψ), (2.9)

and we can easily verify that this Leibniz rule is consistent with the Lie algebra:

[δα ,δβ ](φ ·ψ) = −iδ[α,β ](φ ·ψ). (2.10)

For the deformed transformation law of a �-product of fields we demand a trans-
formation law that is in the class of transformations defined in (2.7) [8, 9, 11, 13, 14].
This amounts to first decomposing the representation φ � ψ for x-independent pa-
rameters into its irreducible parts and then follow (2.7) for gauging

δ �
α(φ �ψ) = iX�

αa �{T aφ �ψ +φ �T aψ}. (2.11)

Certainly it is consistent with the Lie algebra:

[δ �
α ,δ �

β ](φ �ψ) = −iδ �
[α,β ](φ �ψ). (2.12)

Because φ � ψ is a function we can use the definition of X�
f given in (2.4) and

simplify (2.11)
δ �

α(φ �ψ) = iαa · {T aφ �ψ +φ �T aψ}. (2.13)

As αa does not commute with the �-operation this is different from (2.9). To see
this difference more clearly we expand (2.13) in θ

δ �
α(φ �ψ) = iαa

{
T aφ ·ψ +φ ·T aψ

+
i
2

θ ρσ (T a∂ρ φ ·∂σ ψ +∂ρ φ ·T a∂σ ψ
)
+O(θ 2)

}
. (2.14)

The final version of the Leibniz rule for the �-product should be entirely ex-
pressed with �-operations. Thus we express (2.14) with �-products. A short calcu-
lation (see Chap. 1, Sect. 1.6 for details) shows

δ �
α(φ �ψ) = i(αφ)�ψ + iφ � (αψ) (2.15)

− i
2

θ ρσ (i((∂ρ α)φ
)
� (∂σ ψ)+(∂ρ φ)� i((∂σ α)ψ)

)
+O(θ 2).

3 Here the usual commutator [A, B] = AB−BA stands in contrast to the �-commutator which is
defined in the following way [A �, B] = A�B−B�A.
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With more work we can prove by induction to all orders in θ the following equation:

δ �
α(φ �ψ) = i(αφ)�ψ + iφ � (αψ)

+i
∞

∑
n=1

1
n!

(
− i

2

)n

θ ρ1σ1 . . .θ ρnσn{(∂ρ1 . . .∂ρn α)φ � (∂σ1 . . .∂σn ψ)

+(∂ρ1 . . .∂ρnφ)� (∂σ1 . . .∂σn α)ψ}. (2.16)

This is different from what we obtain by putting just stars in the Leibniz rule (2.9).
But this difference has a well-defined meaning if we use the Hopf algebra language
to derive the Leibniz rule.

2.3 Hopf algebra techniques

The essential ingredient for a Hopf algebra [15, 16] is the comultiplication ∆(α):
For the undeformed situation we define

∆(α) = α ⊗1+1⊗α. (2.17)

It allows us to write the Leibniz rule (2.9) in the Hopf algebra language:

δα(φ ·ψ) = µ{∆(α)φ ⊗ψ}. (2.18)

In the deformed situation we use a twisted coproduct:

∆F (α) = F (α ⊗1+1⊗α)F−1,

F = e−
i
2 θ ρσ ∂ρ⊗∂σ . (2.19)

Here F is a twist that has all the properties to define a Hopf algebra with ∆F (α) as
a comultiplication [17–24]. Details about Hopf algebra methods, twists, and twisted
Hopf algebras will be given in Chaps. 7 and 8. We can show that the transformation
(2.16) can be written in the form

δ �
α(φ �ψ) = iµ�{∆F (α)φ ⊗ψ}, (2.20)

with the multiplication µ� defined in (2.2). Equation (2.20) defines the Leibniz rule
in terms of the twisted comultiplication and the product µ�. To show this we start
from Eq. (2.13) and write it with the explicit definition of the �-product:

δ �
α(φ �ψ) = iαaµ

{
e

i
2 θ ρσ ∂ρ⊗∂σ (T aφ ⊗ψ +φ ⊗T aψ)

}

= i
∞

∑
n=0

1
n!

(
i
2

)n

θ ρ1σ1 . . .θ ρnσn
(
αaT a(∂ρ1 . . .∂ρn φ)(∂σ1 . . .∂σnψ)

+(∂ρ1 . . .∂ρnφ)αaT a(∂σ1 . . .∂σnψ)
)
. (2.21)
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This we now rewrite as follows:

δ �
α(φ �ψ) = iµ(α ⊗1+1⊗α)e

i
2 θ ρσ ∂ρ⊗∂σ φ ⊗ψ

= iµ
{

e
i
2 θ ρσ ∂ρ⊗∂σ · e− i

2 θ ρσ ∂ρ⊗∂σ (α ⊗1+1⊗α)e
i
2 θ ρσ ∂ρ⊗∂σ φ ⊗ψ

}

= iµ�{∆F (α)φ ⊗ψ}. (2.22)

The last line is exactly (2.20).
Gauge fields can be included in this formalism as well. In the undeformed situ-

ation they are Lie algebra valued, Aµ(x) = Aa
µ(x)T a, and under infinitesimal gauge

transformations transform as follows:

δAµ = ∂µ α + iαa[T a,Aµ ]. (2.23)

Let us calculate the contribution of the gauge field to the Leibniz rule. As an example
we calculate

δ �
α(Aµ �φ) = µ�{∆F (α)Aµ ⊗φ} (2.24)

and obtain

δ �
α(Aµ �ψ) = iαa ([T a,Aµ ]�ψ

)
+ iαa (Aµ �T aψ

)
+(∂µ αa)T aψ

= iαa ((T aAµ)�ψ − (Aµ T a)�ψ
)

+iαa(Aµ T a)�ψ +(∂µ αa)T aψ
= iαaT a(Aµ �ψ)+(∂µ α)ψ. (2.25)

Now we define a covariant derivative

D�
µ ψ = ∂µ ψ − iAµ �ψ. (2.26)

It will transform covariantly

δ �
α(D�

µ ψ) = iαaT a(D�
µ ψ) = iX�

αa �T a(D�
µ ψ), (2.27)

if the vector field Aµ transforms as in (2.23)

δ �
α Aµ = ∂µ α + iαa[T a,Aµ ] = ∂µ α + iX�

αa � [T a,Aµ ]. (2.28)

From (2.28) we see that a Lie algebra valued vector field remains Lie algebra valued
by the transformation (2.28).

2.4 Field equations

Now we proceed as in the undeformed situation. First we define the field strength
tensor:

Fµν = i[D�
µ

�, D�
ν ]
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= ∂µ Aν −∂ν Aµ − i[Aµ �, Aν ]. (2.29)

Here we see already that Fµν will not be Lie algebra valued even for Lie algebra-
valued vector fields. Namely, assuming that the gauge field is Lie algebra valued
Aµ = Aa

µ T a the field strength tensor Fµν (2.29) can be decomposed in two parts

Fµν = Fa
1µν T a +Fab

2µν
1
2
{T a,T b}. (2.30)

Since anticommutator of generators {T a,T b} is not Lie algebra valued in general,
the full Fµν will not be Lie algebra valued in general.

Using the twisted gauge transformations of the gauge field Aµ (2.28) and the
deformed Leibniz rule (2.16) we derive the transformation law of the field strength
tensor:

δ �
α Fµν = iX�

αa � [T a,Fµν ] = i[α,Fµν ]. (2.31)

The expression Fµν �Fµν = ηµρ ηνσ Fµν Fρσ will transform accordingly

δ �
α(Fµν �Fµν) = iX�

αa � [T a,Fµν �Fµν ] = i[α,Fµν �Fµν ]. (2.32)

Hint, use the transformation law (2.31) and the deformed Leibniz rule (2.16).
The Lagrangian that is invariant under the twisted gauge transformations (2.28)

we define as in the gauge theory on commutative space:

L =
1
c

Tr(Fµν �Fµν), (2.33)

where c is an arbitrary constant. It is invariant and it is a deformation4 of the unde-
formed Lagrangian of a gauge theory.

To speak about an action we have to define integration. We take the usual integral
over x on the commutative space and we can verify that

∫
d4x f �g =

∫
d4x g� f =

∫
d4x f ·g (2.34)

by partial integration. This is called the trace property of the integral or cyclicity .
Equation (2.34) allows a cyclic permutation of the fields under the integral. To

derive the field equations we use the usual Leibniz rule for the functional variation,
that is, we vary the field where it stands. The trace property is then used to derive
the final result. As an example we look at the action for the gauge field

S =
1
c

∫
d4x Tr(Fµν �Fµν). (2.35)

4 One can expand the �-products appearing in the Lagrangian (2.33) and check that in the zeroth or-
der in the deformation parameter θ ρσ the Lagrangian of the undeformed theory is obtained. Higher
order terms give new contributions due to the noncommutativity (deformation) of the commutative
space.
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From the trace property we compute

δS
δAρ(z)

=
1
c

δ
δAρ(z)

∫
d4x Tr(Fµν �Fµν)

=
1
c

∫
d4x Tr

((
δFµν(x)
δAρ(z)

)
�Fµν +Fµν �

(
δFµν(x)
δAρ(z)

))

=
2
c

∫
d4x Tr

δFµν(x)
δAρ(z)

�Fµν(x) (2.36)

=
2
c

∫
d4x Tr

δ
δAρ(z)

(∂µ Aν −∂ν Aµ − i[Aµ �, Aν ])�Fµν(x)

=
4
c

∫
d4x Tr

δ
δAρ(z)

(∂µ Aν − iAµ �Aν)�Fµν(x)

because Fµν is antisymmetric. Then we have

δS
δAρ(z)

=
4
c

∫
d4x Tr{−δ (4)(x− z)� (∂µ Fµρ)

−iδ (4)(x− z)�Aµ �Fρµ − iAµ �δ (4)(x− z)�Fµρ} (2.37)

= −4
c

∫
d4x Trδ (4)(x− z)�{∂µ Fµρ − iAµ �Fµρ + iFµρ �Aµ}.

The field equations follow after using (2.34)

δS
δAρ(z)

= −4
c

∫
d4x Trδ (4)(x− z){∂µ Fµρ − iAµ �Fµρ + iFµρ �Aµ}. (2.38)

These are exactly the equations we have expected from covariance:

D�
µ Fµν = ∂µ Fµν − i[Aµ �, Fµν ] = 0. (2.39)

We have already seen that Fµν cannot be Lie algebra valued. From the field equa-
tions (2.39), considered as equations for the vector potential Aµ , we see that Aµ
cannot be Lie algebra valued either. We have to consider Fµν and Aµ to be envelop-
ing algebra valued. The additional vector fields (coming from the non-Lie algebra-
valued parts) will introduce additional ghosts in the Lagrangian. To eliminate them
we have to enlarge the symmetry to be enveloping algebra valued as well. For sim-
plicity we assume α , Aµ , and Fµν to be matrix valued when the matrices act in the
representation space of T a.

From the field equations (2.39) follows a consistency equation because Fµν is
antisymmetric in µ and ν :

∂ν [Aµ �, Fµν ] = 0. (2.40)

To verify this condition we have to use the field equations (2.39). First we differen-
tiate (2.40)

∂ν [Aµ �, Fµν ] = [∂ν Aµ �, Fµν ]+ [Aµ �, ∂ν Fµν ]. (2.41)
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In the first term we replace ∂ν Aµ by 1
2 (∂ν Aµ −∂µ Aν) because Fµν is antisymmetric

in µ and ν . Then we express this term by Fµν according to (2.29):

1
2
(∂ν Aµ −∂µ Aν) =

i
2

Fνµ +
i
2
[Aν �, Aµ ]. (2.42)

The �-commutator [Fµν �, Fµν ] = Fµν � Fµν −Fµν � Fµν vanishes and we are left
with i

2 [[Aν �, Aµ ] �, Fµν ] for the first term in (2.41). For the second term in (2.41)
we use the field equations (2.39). Finally all terms left add up to zero if we use the
Jacobi identity. In all these equations Aµ and Fµν are supposed to be matrices. We
have suppressed the matrix indices.

A conserved current is found

jν = [Aµ �, Fµν ], ∂ν jν = 0. (2.43)

For θ ρσ = 0 this is the current of a non-abelian gauge theory on commutative
space.

2.5 Matter fields

Matter fields can be coupled covariantly to the gauge fields via a covariant deriva-
tive. We start from a multiplet of the gauge group ψA not necessarily irreducible.
The index A denotes the component of the field ψ in the representation space. The
transformation law of ψ is δ �

α ψA = iX�
αAB

�ψB = iαABψB. For the usual gauge trans-
formations αAB will be Lie algebra valued. The covariant derivative is

(D�
µ ψ)A = ∂µ ψA − iAµAB �ψB. (2.44)

The gauge potential Aµ in now supposed to be matrix valued in the representation
space spanned by the matter fields.

For a spinor field
ψ̄αA � γµ

αβ (D�
µ ψ)A (2.45)

will be invariant and therefore suitable for a covariant Lagrangian.
We consider the Lagrangian

L =
1
c

Tr(Fµν �Fµν)+ ψ̄ � γµ(i∂µ +Aµ�)ψ −mψ̄ �ψ. (2.46)

We have suppressed the matrix indices.
The field equations are obtained from (2.46) by varying the fields in the same

way as in Sect. 2.4:

δL

δAρ
= ∂µ Fµρ

AB + i[Aµ �, Fρµ ]AB + γρ
αβ ψβA � ψ̄αB = 0, (2.47)
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and for the matter fields

δL

δψ̄
= γµ(∂µ ψA − iAµAB �ψB)+ imψA = 0 (2.48)

δL

δψ
= (∂µ ψ̄Aγµ + iψ̄Bγµ � iAµAB)− imψ̄A = 0.

Again, Eq. (2.47) leads to a consistency relation that can be verified with the help
of the field equations. It is, however, important that the representation space for the
field ψ and the vector potential AµAB are the same. The representation space of the
matter fields determines the space for the gauge potentials.

We conclude that there is a conserved current:

jρ
AB = i[Aµ �, Fµρ ]AB − γρ

αβ ψβA � ψ̄αB. (2.49)

We were again able to find a conserved current as a consequence of a deformed
symmetry. Even if we put the vector potential to zero there remains the part from
the matter field. There are conservation laws due to a deformed symmetry. It is
remarkable that we have found conserved currents in the twisted theory as well. In
the undeformed theory we can derive them with the help of the Noether theorem.
In the deformed theory this is not possible. Nevertheless the property that a theory
has a conserved current is preserved by a deformation. This is an important step to
convince ourselves that a deformed gauge theory has properties close to what we
need for physics.

2.6 Examples

1) Maxwell equations

We start from the simplest gauge theory based on U(1) and describing gauge
fields only. We proceed schematically. The transformation law of the gauge field
Aµ :

δ �
α Aµ = ∂µ α. (2.50)

The covariant derivative:

D�
µ = ∂µ − iAµ � . (2.51)

The field strength tensor:

Fµν = [D�
µ

�, D�
ν ] = ∂µ Aν −∂ν Aµ − i[Aµ �, Aν ]. (2.52)

The Lagrangian:

L = −1
4

Fµν �Fµν . (2.53)
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The field equations:
∂ µ Fµν − i[Aµ �, Fµν ] = 0. (2.54)

Consistency equations:
∂ ν [Aµ �, Fµν ] = 0. (2.55)

A schematic proof of the consistency condition:

[∂ ν Aµ �, Fµν ]+ [Aµ �, ∂ ν Fµν ] = (2.56)

=
i
2
[[Aν �, Aµ ] �, Fµν ]+ i[Aµ �, [Aν �, Fµν ]]. (2.57)

We have used the field equations and the fact that [Fµν �, Fµν ] = 0. The terms left
can now be rearranged

[[Aν �, Aµ ] �, Fµν ]+ [[Aµ �, Fµν ] �, Aν ]+ [[Fµν �, Aν ] �, Aµ ] (2.58)

and vanish due to the Jacobi identity.
We found a conserved current:

jν = [Aµ �, Fµν ], ∂ν jν = 0. (2.59)

2) Electrodynamics with one charged spinor field

Transformation law of the gauge field and the spinor field:

δ �
α ψ = iαψ, δ �

α Aµ = ∂µ α. (2.60)

Covariant derivative:

D�
µ = (∂µ − iAµ�), D�

µ ψ = (∂µ − iAµ�)ψ. (2.61)

Field strength:
Fµν = ∂µ Aν −∂ν Aµ − i[Aµ �, Aν ]. (2.62)

Lagrangian:

L = −1
4

Fµν �Fµν + ψ̄ � γµ(i∂µ ψ +Aµ �ψ)−mψ̄ �ψ. (2.63)

Field equations:

∂µ Fµρ + i[Aµ �, Fρµ ]+ γρ ψ � ψ̄ = 0,

γµ(∂µ ψ)− iγµ Aµ �ψ + imψ = 0, (2.64)

(∂µ ψ̄)γµ + iψ̄γµ �Aν − imψ̄ = 0.
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Consistency condition:

∂ρ([Aµ �, Fρµ ]+ γρ ψ � ψ̄) = 0. (2.65)

Proof: As before, the spinor terms have to be added in the current and the field
equations.

Current:
jρ = [Aν �, Fρν ]+ γρ ψ � ψ̄ , ∂ν jν = 0. (2.66)

3) Electrodynamics with several charged fields

We try to formulate a model with one vector potential and differently charged
matter fields as we do in the undeformed situation. This amounts to introduce an
U(1) gauge-invariant action for the gauge potential and for the matter fields.

Let us consider the part of the vector potential first.
The transformation law is

δ �
α Aµ = ∂µ α. (2.67)

The covariant derivative
D�

µ = (∂µ − iAµ�) (2.68)

gives the following field strength tensor

Fµν = ∂µ Aν −∂ν Aµ − i[Aµ �, Aν ]. (2.69)

As an invariant Lagrangian we choose

LA = −1
4

Fµν �Fµν . (2.70)

Next we consider the matter fields ψr with charges gr, r = 1, . . . , n. They trans-
form as follows:

δ �
α ψr = igrαψr. (2.71)

The covariant derivative depends on the charge of the field it acts on:

D�
µ ψr = (∂µ − igrAµ�)ψr. (2.72)

The U(1) gauge-invariant action can be chosen as follows:

Lψ = ∑
r

ψ̄r � γµ (i(∂µ ψ)+grAµ �ψr)−mrψ̄r �ψr. (2.73)

As the total Lagrangian we take the sum

L = LA +Lψ . (2.74)

It is U(1) gauge invariant and it is a deformation of the usual electrodynamics with
different charged fields. This Lagrangian now leads to the field equations:
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∂µ Fµρ + i[Aµ �, Fρµ ]+∑
r

grγρ ψr � ψ̄r = 0,

γµ(∂µ ψ)− igrγµ Aµ �ψ + imrψr = 0, (2.75)

∂µ ψ̄rγµ + iψ̄rγµ �grAν − imrψ̄r = 0.

The first of these equations gives rise to a consistency condition:

∂ρ

(
i[Aν �, Fρν ]+∑

r
grγρ ψr � ψ̄r

)
= 0. (2.76)

From a direct calculation, using the field equations, follows:

∂ρ

(
i[Aν �, Fρν ]+∑

r
grγρ ψr � ψ̄r

)
(2.77)

= −∑
r

(g2
r −gr)[Aµ �, γµ ψr � ψ̄r]. (2.78)

The consistency condition is only satisfied if gr = g2
r or gr = 1. With one vector

potential we can in a U(1) model only describe particles with one charge. There can
be an arbitrary number of matter fields with this charge. This is different from the
usual undeformed situation. There the commutator in (2.69) vanishes and does not
give rise to an inconsistency.

This is not surprising, we forgot that the vector potential has at least to be en-
veloping algebra valued. This is demonstrated in the next example.

4) Electrodynamics of a positive and a negative charged matter field

The gauge group is supposed to be U(1) and the matter fields are in the multiplet
that transforms as follows:

δ �
α ψ = iαQψ, Q =

(
1 0
0 −1

)
. (2.79)

As outlined in Sect. 2.5, the gauge potential has to be in the same representation of
the enveloping algebra as the matter fields are.

The enveloping algebra has two elements:

I and Q, Q2 = 1. (2.80)

We generalize the transformation law (2.79) to be enveloping algebra valued

δΛ ψ = iΛψ, Λ = λ0(x)I +λ1(x)Q. (2.81)

The vector potential Aµ has the analogous decomposition

Aµ = Aµ(x)I +Bµ(x)Q. (2.82)
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The covariant derivative is

D�
µ ψ = (∂µ − iAµ�)ψ = (∂µ − iAµ(x)� I − iBµ(x)�Q)ψ. (2.83)

The field strength can also be decomposed in the enveloping algebra

Fµν = Fµν I +Gµν Q. (2.84)

From the definition of the field strength

Fµν = ∂µAν −∂νAµ − i[Aµ �, Aν ], (2.85)

follows

Fµν = ∂µ Aν −∂ν Aµ − i[Aµ �, Aν ]− i[Bµ �, Bν ],
Gµν = ∂µ Bν −∂ν Bµ − i[Aµ �, Bν ]− i[Bµ �, Aν ]. (2.86)

The matter fields couple to the vector potential via the covariant derivative

D�
µ ψ = (∂µ − iAµ�)ψ

= (∂µ − iAµ(x)� I − iBµ(x)�Q)ψ. (2.87)

This leads to the Lagrangian

L = −1
4
F µν �Fµν + ψ̄ � γµ (i(∂µ ψ)+Aµ �ψ

)
−mψ̄ �ψ (2.88)

and the field equations

δL

δAρ
: ∂µ Fµρ + i[Aµ �, Fρµ ]+ i[Bµ �, Gρµ ]+ iγρ ψ � ψ̄ = 0,

δL

δBρ
: ∂µ Gµρ + i[Bµ �, Fρµ ]+ i[Aµ �, Gρµ ]+ iγρ ψA � ψ̄BQAB = 0,

δL

δψ̄
: γµ(∂µ ψ)− iγµAµ �ψ +mψ = 0,

δL

δψ
: ∂µ ψ̄γµ + iψ̄γµ �Aµ −mψ̄ = 0. (2.89)

We obtain two consistency equations that render two transformation laws, in agree-
ment with the extended symmetry (2.81)

jρ
A = i[Aµ �, Fρµ ]+ i[Bµ �, Gρµ ]+ γρ ψA � ψ̄A, (2.90)

with
∂ρ jρ

A = 0 (2.91)

and
jρ
B = i[Bµ �, Fρµ ]+ i[Aµ �, Gρµ ]− iγρ ψA � ψ̄BQAB. (2.92)
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We learn that the deformed gauge theory leads to a theory with a larger symmetry
structure, the enveloping algebra structure. This structure survives in the limit θ →
0. We find the corresponding conservation laws and gauge transformations needed
for a consistent gauge theory.
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