Preface to the Second Edition

The second edition of these notes has been completely rewritten and substantially
expanded with the intention not only to improve the use of the book as an intro-
ductory text to conformal field theory, but also to get in contact with some recent
developments. In this way we take a number of remarks and contributions by read-
ers of the first edition into consideration who appreciated the rather detailed and
self-contained exposition in the first part of the notes but asked for more details for
the second part. The enlarged edition al so reflects experiences made in seminars on
the subject.

The interest in conformal field theory has grown during the last 10 years and
several texts and monographs reflecting different aspects of the field have been pub-
lished as, e.g., the detailed physics-oriented introduction of Di Francesco, Mathieu,
and Sénéchal [DMS96*],! the treatment of conformal field theories as vertex al-
gebras by Kac [Kac98*], the development of conformal field theory in the context
of algebraic geometry as in Frenkel and Ben-Zvi [BFO1*] and more general by
Beilinson and Drinfeld [BD04*]. Thereis also the comprehensive collection of arti-
cleshy Deligne, Freed, Witten, and othersin [Del 99* ] aiming to give an introduction
to strings and quantum field theory for mathematicians where conformal field theory
is one of the main parts of the text. The present expanded notes complement these
publications by giving an elementary and comparatively short mathematics-oriented
introduction focusing on some main principles.

The notes consist of 11 chapters organized as before in two parts. The main
changes are two new chapters, Chap. 8 on Wightman’'s axioms for quantum field
theory and Chap. 10 on vertex algebras, as well as the incorporation of several new
statements, examples, and remarks throughout the text. The volume of the text of
the new edition has doubled. Half of this expansion is due to the two new chapters.

We have included an exposition of Wightman's axiomsinto the notes because the
axioms demonstrate in a convincing manner how a consistent quantum field theory
in principle should be formulated even regarding the fact that no four-dimensional
model with properly interacting fields satisfying the axioms is known to date. We
investigate in Chap. 8 the axioms in their different appearances as postulates on
operator-valued distributions in the relativistic case as well as postulates on the

1 The “*” indicates that the respective reference has been added to the References in the second
edition of these notes.
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viii Preface to the Second Edition

corresponding correlation functions on Minkowski and on Euclidean spaces. The
presentation of the axioms serves as a preparation and motivation for Chap. 9 as
well asfor Chap. 10.

Chapter 9 deals with an axiomatic approach to two-dimensional conformal field
theory. In comparison to the first edition we have added the conformal Ward iden-
tities, the state field correspondence, and some changes with respect to the presen-
tation of the operator product expansion. The concepts and methods in this chapter
were quiteisolated in thefirst edition, and they can now be understood in the context
of Wightman's axiomsin its various forms and they also can be linked to the theory
of vertex algebras.

Vertex algebras have turned out to be extremely useful in many areas of mathe-
matics and physics, and they have become the main language of two-dimensional
conformal field theory in the meantime. Therefore, the new Chap. 10 in these notes
provides a presentation of basic concepts and methods of vertex algebras together
with some examples. In this way, a number of manipulations in Chap. 9 are ex-
plained again, and the whole presentation of vertex algebras in these notes can be
understood as akind of formal and algebraic continuation of the axiomatic treatment
of conformal field theory.

Furthermore, many new examples have been included which appear at severa
places in these notes and may serve as a link between the different viewpoints (for
instance, the Heisenberg algebra H as an example of a central extension of Lie al-
gebrasin Chap. 4, as a symmetry algebrain the context of quantization of stringsin
Chap. 7, and as afirst main example of avertex algebrain Chap. 10). Similarly, Kac—
Moody algebras are introduced, as well as the free bosonic field and the restricted
unitary group in the context of quantum electrodynamics. Several of the elementary
but important statements of the first edition have been explained in greater detail,
for instance, the fact that the conformal groups of the Euclidean spaces are finite
dimensional, even in the two-dimensional case, the fact that there does not exist a
complex Virasoro group and that the unitary group U(H) of an infinite-dimensional
Hilbert space H is atopologica group in the strong topology.

Moreover, several new statements have been included, for instance, about a de-
tailed description of some classical groups, about the quantization of the harmonic
oscillator and about general principles used throughout the notes as, for instance,
the construction of representations of Lie algebras as induced representations or the
use of semidirect products.

The general concept of presenting a rather brief and at the same time rigorous
introduction to conformal field theory is maintained in this second edition as well
as the division of the notes in two parts of a different nature: The first is quite el-
ementary and detailed, whereas the second part requires more mathematical pre-
requisites, in particular, from functional analysis, complex analysis, and complex
agebraic geometry.

Due to the complexity of the treatment of Wightman's axiomsin the second part
of the notes not all results are proven, but there are many more proofs in the second
part than in the original edition. In particular, the chapter on vertex algebrasis self-
contained.
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The fina chapter on the Verlinde formula in the context of algebraic geometry,
whichisnow Chap. 11, has nearly not been changed except for acomment on fusion
rings and on the connection of the Verlinde algebra with twisted K-theory recently
discovered by Freed, Hopkins, and Teleman [FHTO03*].

In a brief appendix we mention further devel opments with respect to boundary
conformal field theory, to stochastic Loewner evolution, and to modularity together
with some references.

Minchen, March 2008 Martin Schottenloher
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Preface to the First Edition

The present notes consist of two parts of approximately equal length. The first part
gives an elementary, detailed, and self-contained mathematical exposition of clas-
sical conformal symmetry in n dimensions and its quantization in two-dimensions.
Central extensions of Lie groups and Lie algebras are studied in order to explain
the appearance of the Virasoro algebra in the quantization of two-dimensional con-
formal symmetry. The second part surveys some topics related to conformal field
theory: the representation theory of the Virasoro algebra, some aspects of confor-
mal symmetry in string theory, a set of axioms for a two-dimensional conformally
invariant quantum field theory, and a mathematical interpretation of the Verlinde
formula in the context of semi-stable holomorphic vector bundles on a Riemann
surface. In contrast to the first part only few proofs are provided in this less elemen-
tary second part of the notes.

These notes constitute — except for corrections and supplements — a translation
of the prepublication “Eine mathematische Einfiihrung in die konforme Feldtheo-
rie” in the preprint series Hamburger Beitrége zur Mathematik, Volume 38 (1995).
The notes are based on a series of lectures | gave during November/December
of 1994 while holding a Gastdozentur at the Mathematisches Seminar der Uni-
versitdt Hamburg and on similar lectures | gave at the Université de Nice during
March/April 1995.

Itis apleasure to thank H. Brunke, R. Dick, A. Jochens, and P. Slodowy for var-
ious helpful comments and suggestions for corrections. Moreover, | want to thank
A. Jochens for writing afirst version of these notes and for carefully preparing the
IATEX file of an expanded English version. Finally, | would like to thank the Springer
production team for their support.

Munich, September 1996 Martin Schottenloher
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Chapter 2
The Conformal Group

Definition 2.1. The conformal group Conf (RP9) is the connected component con-
taining the identity in the group of conforma diffeomorphisms of the conformal
compactification of RPA.

In this definition, the group of conformal diffeomorphismsis considered as a topo-
logical group with the topology of compact convergence, that is the topology of uni-
form convergence on the compact subsets. More precisely, the topology of compact
convergence on the space %' (X,Y ) of continuous maps X — Y between topological
spaces X,Y isgenerated by all the subsets

{(fe?(X,Y): f(K)CV},

where K C X iscompact andV C Y isopen.

First of all, to understand the definition we have to introduce the concept of con-
formal compactification. The conformal compactification as a hyperquadric in five-
dimensiona projective space has been used already by Dirac [Dir36*] in order to
study conformally invariant field theories in four-dimensional spacetime. The con-
cept hasitsorigin in general geometric principles.

2.1 Conformal Compactification of RPA

To study the collection of al conformal transformations on an open connected sub-
set M C RPY, p+q > 2, aconformal compactification NP9 of RPY is introduced,
in such away that the conformal transformations M — RP-9 become everywhere-
defined and bijective maps NP9 — NP9, Consequently, we search for a “minimal”
compactification NP9 of RP9 with a natural semi-Riemannian metric, such that ev-
ery conformal transformation ¢ : M — RP-9 has a continuation to NP9 as a confor-
mal diffeomorphism ¢ : NP9 — NP9 (cf. Definition 2.7 for details).

Note that conformal compactifications in this sense do only exist for p+q > 2.
Weinvestigate the two-dimensional casein detail in the next two sections below. We
show that the spaces NP9 still can be defined as compactifications of RP9, p+q =2,
with anatural conformal structureinducing theoriginal conformal structureonRP4,

Schottenloher, M.: The Conformal Group. Lect. Notes Phys. 759, 23-38 (2008)
DOI 10.1007/978-3-540-68628-6_3 (© Springer-Verlag Berlin Heidelberg 2008



24 2 The Conformal Group

However, the spaces NP9 do not possess the continuation property mentioned above
in full generality: there exist many conformal transformations ¢ : M — RP:9 which
do not have a conformal continuation to all of NP4,

Letn=p+q > 2. Weusethenotation (x)p q := g™9(x,x), x € RP9. For short, we
asowrite (x) = (X)p,q if p and q are evident from the context. RP9 can be embedded
into the (n+ 1)-dimensional projective space Pn11(R) by the map

I RPY Pria(R),
x=(x... x") - <1_2<X> oxbox: 1+<X>>.

2
Recall that P+ 1(R) isthe quotient
(R™2\{0})/ ~
with respect to the equivalence relation
E~nE = E=A&forad eR\{0}.

Pry1(R) can also be described as the space of one-dimensional subspaces of
R™2. Py, 1(R) isacompact (n+ 1)-dimensional smooth manifold (cf. for exam-
ple [Scho95]). If y: R"2\ {0} — P,,1(R) is the quotient map, a general point
Y(E) € Pria(R), & = (80,...,E™1) € R™2 isdenoted by (£0: ... E™1) 1= y(§)
with respect to the so-called homogeneous coordinates. Obviously, we have

(E0: i MLy = (A0 ... L&YY fordl A e R\ {0}.

We are looking for a suitable compactification of RP-9. As a candidate we consider
the closure I(RP9) of the image of the smooth embedding 1 : RP9 — Pp11(R).

Remark 2.2. 1(RP9) = NP9, where Ny 4 is the quadric

NP = {(503 s 5”“) € Pn+1(R)| (&)p+1g+1 =0}

in the real projective space Pn1(R).

Proof. By definition of 1 we have (1(X))p+1,4+1 = O for x € RPY, that is I((RP9) C
NP,
For the converseinclusion, let (£9:--.: EM1) e NPA\ |(RP9). Then E0+ EM+1 =0,
since

(ATHED,.. . EM) = (&0 &™) e (RPY)
for A == EO+ EML £ 0. Given (E0: ... : M) € NP there always exist sequences
ek — 0, & — Owith e # 0 # & and 2E Yy + €2 = 2EM 1§ + 52, For p > 1 we have

Poi=(E0: E e E20 i EM D EML 1 §) e NP,
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Moreover, 0+ ENL 4 § = & # 0implies P € I((RP9). Finaly, since Py — (£°:
.. EMY) for k — oo it follows that (E0: .- : ENFY) € |(RPY), that is NP9 C

I(RP). O

We therefore choose NP9 as the underlying manifold of the conformal compactifi-
cation. NP9 isaregular quadric in P,.1(R). Hence it is an n-dimensional compact
submanifold of P 1(R). NP4 contains I(RP-%) as a dense subset.

We get another description of NP9 using the quotient map y on RP+La+1
restricted to SP x S9 ¢ RPHLa4+1,

Lemma 2.3. The restriction of y to the product of spheres

p q-_{ NTRR: 2 _ _nH '2} n+2
SPxST:=¢EeR™: Y () =1= "3 ()" cR
j=0

j=p+1
gives a smooth 2-to-1 covering
7T = Y|spxsa : SP x ST — NP,

Proof. Obviously y(SP x S%) c NP9, For £,&" € SP x SY it follows from y(&) =

y(€') that & = A& with A e R\ {0}. &,&" € SP x SU implies A € {1,—1}. Hence,

(&) =y(&)ifandonlyif E =& orE = —E' . ForP=(E0:...: EM1) e NP the

two inverse images with respect to = can be specified as follows: P € NP9 implies
: i\2 i\2

(€) =0, thatis 7 o (£1)* = T840, (€1)% Let

b\ 2
- (_2(51))
j=0

and n = £(£0,... M1)€ SP x S9. Then n and —n are the inverse images of &.
Hence, & is surjective and the description of the inverse images shows that 7 is a
local diffeomorphism. O

With the aid of themap 7 : SP x ST — NP4, whichislocally a diffeomorphism, the
metric induced on SP x S by the inclusion SP x S ¢ RPFL4+L that is the semi-
Riemannian metric of SP9 described in the examples of Sect. 1.1 on page 8, can be
carried over to NP9 in such away that 7 : SP9 — NP9 becomes a (local) isometry.

Definition 2.4. NP9 with this semi-Riemannian metric will be called the conformal
compactification of RP4,

In particular, it is clear what the conformal transformations NP9 — NP9 are. In
this way, NP:9 obtains a conformal structure (that is the equivalence class of semi-
Riemannian metrics).

We know that 1 : RP9 — NP9 js an embedding (injective and regular) and that
I(RP-9) is dense in the compact manifold NP9, In order to see that this embedding
is conformal we compare I with the natural map 7 : RPY9 — SP x SY defined by
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where

and we have
Proposition 2.5. 7: RPY9 — SP x S%is a conformal embedding with 1 = mo 7.

Proof. For the proof we only haveto confirm that 7 isindeed aconformal map. This
can be checked in a similar manner as in the case of the stereographic projection on
p. 12 in Chap. 1. We denote the factor % by p and will observe that the result is
independent of the special factor in question. For an index 1 < i < n we denote
by 1, pi the partial derivatives with respect to the coordinate x' of RP9. We have
fori<p

1-)

) . 1+ (X i
Ti = (Piz—PX'7Pin,--~PiX'+P7-~7PiX”,Pi 2< >+PX'>

and asimilar formulafor j > p with only two changesin signs. For i < p we obtain

2
(ewh = (Pt g X ) (i (o)

+o— (pix")? - <Pi 1+2<X> +pxi) i

X . ;
= —2p; (Pi<2> +p><'> +(pix')2+ + (pix)? + 2pixtp +

+p%— (PP — (pix")?
= —p?(x) +p?(X) — 2pix"p + 2pix"p
2
= p?,

and for j > p we obtain (zj,7j) = —p? in the same way. Similarly, one checks
(ti,7j) = O for i # j. Hence, (1, 7j) = p?nij where n = diag(1,...1,-1,...,-1)
is the diagona matrix of the standard Minkowski metric of RPY. This property is
equivalent to 7 being a conformal map. O

We now want to describe the collection of all conformal transformations Np g —
Npg-
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Theorem 2.6. For every matrix A € O(p+1,q+ 1) the map v = y, : NP4 — NP4
defined by

YA(EO: . T ET) = y(AE), (€01 €M) e NP

is a conformal transformation and a diffeomorphism. The inverse transformation
vy~ 1=y, 1 is also conformal. The map A — w, is not injective. However, y, =
yy impliess A=A or A=—A.

Proof. For & € R™2\ {0} with (x) = 0and A € O(p+1,q+ 1) we have (AE) =
g(AE,AE) =g(&,&) = (&) =0, that is y(AE) € NPY. y(AE) does not depend on
the representative £ aswe can easily check: & ~ &/, thatis&’ =r& withr e R\ {0},
implies A&’ =rAE, that isAE’ ~ A&. Altogether, v : NP9 — NP9 iswell-defined.
Because of the fact that the metric on RP+14+1 js invariant with respect to A,
turnsout to be conformal. For P € NP9 one cal cul ates the conformal factor Q?(P) =

“*1(/\’5 ) if P is represented by & € SP x SY. (In general, A(SP x S%) is not
conta| ned in SP x SY, and the (punctual) deviation from the inclusion is described
precisely by the conformal factor Q(P):

1
= Py sa Py sa —
Q(P)A(é)eS xSt for & e SP xSand P = y(§).

Obviously, yp = y_, and y; ! = y, 1. In the case yp = y, for A, A’ € O(p+
1,q+1) we have y(AE) = y(A'E) for dl & € R™2 with (£) = 0. Hence, A = rA/
withr e R\ {0}. Now A,A’ € O(p+1,q+1) impliesr=1orr=—1. O

The requested continuation property for conformal transformations can now be
formulated as follows:

Definition 2.7. Let ¢ : M — RP4 be a conformal transformation on a connected
open subset M C RP9. Then ¢ : NP9 — NP9 js caled a conformal continuation of
o, if ¢ isaconformal diffeomorphism (with conformal inverse) and if 1(@(x)) =
©(1(x)) for al x € M. In other words, the following diagram is commutative:

M

RP4

7 1

o~

NP v, NP

Remark 2.8. In a more conceptual sense the notion of a conformal compactifica
tion should be defined and used in the following general formulation. A conformal
compactification of a connected semi-Riemannian manifold X is a compact semi-
Riemannian manifold N together with a conformal embedding 1 : X — N such that
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1.1(X) isdenseinN.

2. Every conformal transformation ¢ : M — X (that ¢ is injective and conformal)
on an open and connected subset M C X, M # 0, has a conformal continuation
¢:N—N.

A conformal compactification is unique up to isomorphism if it exists.

In the case of X = RPA the construction of 1 : RP9 — NP9 so far together with

Theorem 2.9 asserts that NP-9 isindeed a conformal compactification in this genera

sense.

2.2 The Conformal Group of RP9 for p+g> 2

Theorem 2.9. Let n = p+q > 2. Every conformal transformation on a connected
open subset M C RP:A has a unique conformal continuation to NP9, The group of
all conformal transformations NP4 — NP4 js isomorphic to O(p+1,q+1)/{+1}.
The connected component containing the identity in this group — that is, by Defi-
nition 2.1 the conformal group Conf(RP-9) — is isomorphic to SO(p+1,q+ 1) (or
SO(p+1,q+1)/{£1} if —1is in the connected component of O(p+1,q+ 1) con-
taining 1, for example, if p and q are odd.)

Here, SO(p+1,q+ 1) is defined to be the connected component of the identity
inO(p+1,9g+1).SO(p+1,q+1) iscontained in

{AeO(p+1,q+1)|detA =1}.

However, it is, in general, different from this subgroup, e.g., for the case (p,q) =
(2,1) or (p,q) = (3,1).

Proof. It suffices to find conformal continuations ¢ to NP9 (according to Defini-
tion 2.7) of al the conformal transformations ¢ described in Theorem 1.9 and to rep-
resent these continuations by matrices A € O(p+1,q+ 1) according to Lemma2.3:

1. Orthogonal transformations. The easiest case is the conformal continuation of an
orthogonal transformation ¢(x) = A’x represented by a matrix A’ € O(p,q) and
defined on all of RPA. For the block matrix

100
A=|o0AO],
001

one obviously has A € O(p +1,q + 1), because of ATnA = n, where n =
diag(1,...,1,—1,...,—1) isthe matrix representing gP*+9+2, Furthermore,

A€ SO(p+1,q+1) < A" € SO(p,q).
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We define aconformal map ¢ : NP4 — NP8 by ¢ := y,, that is
EC: . M) = (0 NE MY
for (E0:...: EM1) € NP4 (cf. Theorem 2.6). For x € RP9 we have

o((x) = ( 5 X 1+2<X>>
_ (1—<2A’x> Al 1+<2A’x>>7

since A’ € O(p,q) implies (x) = (A'x). Hence, ¢(1(x)) = 1(¢p(x)) for al x € RPA.
2. Trandations. For atrandation ¢(x) = x+c, ¢ € R", one has the continuation

PE0: . MY = (80— (&0) — &M (0) &+ 28 e
HEM () +E7(c))

for (E0:...: ML) € NP, Here,

T =SEEY) ad &= (L8N,

P1(x) = (1_2<X>—<Xac>—<g> IXC: 1+2<X>+<x,c)+<;>),
an

d therefore

amm):<1_g+cﬁx+c:L“§+®>:m¢a»

Since p = y with A € SO(p+1,q-+1) can beshown aswell, ¢ isawell-defined
conformal map, that isa conformal continuation of ¢. The matrix welook for can

be found directly from the definition of ¢. It can be written as a block matrix:
1-3{) —(m'e)"  —3(c)

Ac = c En c
3 (e’ 143(c)

Here, E, isthe (n x n) unit matrix and
n' =diag(1,...,1,-1,...,-1)

isthe (n x n) diagonal matrix representing gP9. The proof of Ac € O(p+1,q+1)
requires some elementary calculation. A € SO(p+ 1,9+ 1) can be shown by
looking at the curvet — Aqc connecting E ;2 and Ac.
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3. Dilatations. The following matrices belong to the dilatations ¢(x) = rx, r € R;:

1412 1-r2
2r 0 2r

Ar == 0 En O

1-r2 1412
2r 0 2r

(Ar € O(p+1,q+1) requires ashort calculation again).

Ay € SO(p+ 1,9+ 1) follows as above using the curve t +— A¢r. The conformal
transformation ¢ = y, actually isaconformal continuation of ¢, as can be seen
by substitution:

(e ... MY

— 1+r2 0 1-r? n+l. gr. 1+r n+1 1-r? 0
<2r<3+<§ g e 120,

1+r2 1— 1+r 1-r?
( 5 éOJr 5 <gn-&-l é/ §n+l 2<§O>'

For & = 1(x), thatis &’ = x, E0= 3(1—(x)), €™ = 1(1+ (x)), one has
g2 2
F0(x) = (1 ;x>r i 1+<2x>r )

= (1—2(rx> Irxc 1+2<rx>) =1(p(X)).

4. Specia conformal transformations. Let b € R" and

x—(x)b
1—2(x,b) + (x)(b)’

o(x) = xe M G RPA,

With N = N(x) = 1— 2(x,b) + (x)(b) the equation (¢(x)) = ¥ implies

|((P(X)) — (1_ <;p(X)> : X_§X>b : 1+<;p(x)>>

- <N_2<X> X—(X)b: N+2<X>>.

This expression also makes sense for x € RP% with N(x) = 0. It furthermore
leads to the continuation

PE0:.. EMY) = (£0— (&' D) +&(b) 1 &~ 2D
LEM (& b) +&7 (b)),

where £~ = (EM1 — £9). Because of 1(x)~ = 3(x), onefinaly gets
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000 = (S5 ix- 00: 552 ) 100

for al x € RP9, N(x) # 0. The mapping @ is conformal, since ¢ = y with

(1;<b> ~(m)T i) )
A= b En —b €SO(p+1,g+1).
—3(b) —(n'b)T 1+ 3(b)

In particular, ¢ isaconformal continuation of ¢.

To sum up, for all conformal transformations ¢ on open connected M C RP% we
have constructed conformal continuationsin the sense of Definition 2.7 ¢ : NP9 —
NP9 of the type @(E0: ... : EMY) = y(AE) with A € SO(p+ 1,9+ 1) having a
conformal inverse ! = y, 1. The map ¢ ~— @ turns out to be injective (at least
if ¢ isconformally continued to a maximal domain M in RP9, that isM = RPY or
M = My, cf. Theorem 1.9). Conversely, every conformal transformation y : NP9 —
NP is of the type w = @ with a conformal transformation ¢ on RP9, since there
exist open nonempty subsetsU,V C 1(RP9) with w(U) =V and the map

o:=1toyor: 17 YU) = 17{(V)

is conformal, that is ¢ has a conformal continuation ¢, which must be equal to
v. Furthermore, the group of conformal transformations NP4 — NP9 js isomor-
phicto O(p+1,q+1)/{41}, since ¢ can be described by the uniquely determined
set {A,—A} of matrices in O(p+ 1,q+ 1). This is true algebraicaly in the first
place, but it also holds for the topological structures. Finally, this implies that the
connected component containing the identity in the group of all conformal trans-
formations NP4 — NP, that is the conformal group Conf (RP%), isisomorphic to
SO(p+ 1,9+ 1). This completes the proof of the theorem. O

2.3 The Conformal Group of R??

By Theorem 1.11, the orientation-preserving conformal transformations ¢ : M —
R20 = C on open subsets M  R?0 = C are exactly those holomorphic functions
with nowhere-vanishing derivative. Thisimmediately impliesthat aconformal com-
pactification according to Remark 2.2 and Definition 2.7 cannot exist, because there
are many noninjective conformal transformations, e.g.,

C\{0} = C, z—12 for kez\{-1,01}.

There are a so many injective holomorphic functions without a suitable holomor-
phic continuation, like

z2— 2z, z€{weC:Rew>0},
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or the principal branch of the logarithm on the plane that has been dlit along the
negative real axis C\ {—x : x € Ry }. However, there is a useful version of the
ansatz from Sect. 2.3 for the case p = 2,q = 0, which leads to a result similar to
Theorem 2.9.

Definition 2.10. A global conformal transformation on R?? isan injective holomor-
phic function, which is defined on the entire plane C with at most one exceptional
point.

The analysis of conformal Killing factors (cf. Sect. 1.4.2) shows that the global
conformal transformations and all those conformal transformations, which admit a
(necessarily unique) continuation to a global conformal transformation are exactly
the transformations which have a linear conformal Killing factor or can be written
as acomposition of atransformation having alinear conformal Killing factor with a
reflection z — z. Using this result, the following theorem can be proven in the same
manner as Theorem 2.9.

Theorem 2.11. Every global conformal transformation ¢ on M C C has a unique
conformal continuation @ : N9 — N20, where ¢ = ¢, with A € O(3,1). The group
of conformal diffeomorphisms y : N2 — N29 is isomorphic to O(3,1)/ {1} and
the connected component containing the identity is isomorphic to SO(3,1).

In view of thisresult, it isjustified to call the connected component containing
the identity the conformal group Conf(R?9) of R2°, Another reason for this comes
from the impossibility of enlarging this group by additional conformal transforma-
tions discussed bel ow.

A comparison of Theorems 2.9 and 2.11 shows the following exceptional situ-
ation of the case p+q > 2: every conformal transformation, which is defined on
a connected open subset M C RP9, is injective and has a unique continuation to
aglobal conformal transformation. (A global conformal transformation in the case
of RPA, p+q > 2, isaconforma transformation ¢ : M — RP:4, which is defined
on the entire set RP% with the possible exception of a hyperplane. By the results
of Sect. 1.4.2, the domain M of definition of a global conformal transformation is
M =RPY or M = Mg, see (1.3).)

Now, N29 is isometrically isomorphic to the 2-sphere S? (in general, one has
NPO=~SP sinceSP x SO = SP x {1, —1}) and hence N2 is conformally isomorphic
to the Riemann sphere P := P1(C).

Definition 2.12. A Mdbius transformation is a holomorphic function ¢, for which
there is amatrix
ab az+b
(c d) €SL(2,C) suchthat ¢(z) = m,chrd #0.
The set Mb of these Mdbius transformationsis precisely the set of all orientation-
preserving globa conformal transformations (in the sense of Definition 2.10). Mb
forms a group with respect to composition (even though it is not a subgroup of the
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bijections of C). For the exact definition of the group multiplication of ¢ and y
one usually needs a continuation of ¢ o y (cf. Lemma 2.13). This group operation
coincides with the matrix multiplication in SL(2,C). Hence, Mb is also isomorphic
to the group PSL(2,C) := SL(2,C)/{+1}. Moreover, by Theorem 2.11, Mb is
isomorphic to the group of orientation-preserving and conformal diffeomorphisms
of N20 > P, that is Mb isisomorphic to the group Aut(P) of all biholomorphic maps
v : P — P of the Riemann sphere P. This transition from the group Mb to Aut(P)
using the compactification C — P has been used as amodel for the compactification
NP4 of RPY and the respective Theorem 2.9. Theorem 2.11 says even more: Mb
is also isomorphic to the proper Lorentz group SO(3,1). An interpretation of the
isomorphism Aut(lP) =2 SO(3,1) from a physica viewpoint was given by Penrose,
cf., eg., [Scho95, p. 210]. In summary, we have

Mb 2 PSL(2,C) = Aut(P) = SO(3,1) = Conf(R??).

2.4 In What Sense Is the Conformal Group Infinite Dimensional?

We have seen in the preceding section that from the point of view of mathematics
the conformal group of the Euclidean plane or the Euclidean 2-sphere is the group
Mb = SO(3,1) of Mobius transformations.

However, throughout physics texts on two-dimensional conformal field theory
one finds the claim that the group ¢ of conformal transformations on R%C isinfinite
dimensiona, e.g.,

“The situation is somewhat better in two dimensions. The main reason is that the con-
formal group is infinite dimensional in this case; it consists of the conformal analytical
transformations...” and later “...the conforma group of the 2-dimensional space consists
of all substitutions of the form

2—§(2), 7-E(2),
where & and & are arbitrary analytic functions” [BPZ84, p. 335]

“Two dimensions is an especialy promising place to apply notions of conformal field in-
variance, because there the group of conformal transformationsisinfinite dimensiona. Any
analytical function mapping the complex planeto itself is conformal.” [FQS84, p. 420]

“The conformal group in 2-dimensiona Euclidean spaceis infinite dimensional and has an
algebra consisting of two commuting copies of the Virasoro algebras” [GO89, p. 333]

At first sight, the statementsin these citations seem to betotally wrong. For instance,
the class of all holomorphic (that is analytic) and injective functions z — &£ (z) does
not form a group —in contradiction to thefirst citation — since for two general holo-
morphic functions f : U —V, g:W — Z with open subsetsU,V,W,Z c C, the com-
position go f can be defined at best if f(U) W # 0. Moreover, the non injective
holomorphic functions are not invertible. If we restrict ourselves to the set J of all
injective holomorphic functions the composition cannot define a group structure on
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J because of thefact that f(U) C W will, in general, beviolated; even f(U)NW =0
can occur. Of course, J contains groups, e.g., Mb and the group of biholomorphic
f:U — U onan open subset U C C. However, these groups Aut(U) are not infinite
dimensional, they are finite-dimensional Lie groups. If one tries to avoid the diffi-
cultiesof f(U)NW = 0 and requires— as the second citation [FQS84] seemsto sug-
gest — the transformations to be global, one obtains the finite-dimensional M obius
group. Evenif one admits more than 1-point singularities, thisyields no larger group
than the group of Mobius transformations, as the following lemma shows:

Lemma 2.13. Let f : C\ S — C be holomorphic and injective with a discrete set
of singularities S C C. Then, f is a restriction of a Mdbius transformation. Conse-
quently, it can be holomorphically continued on C or C\ {p}, p€S.

Proof. By the theorem of Casorati—-Weierstral3, the injectivity of f implies that all
singularities are poles. Again from the injectivity it follows by the Riemann remov-
able singularity theorem that at most one of these poles is not removable and this
poleis of first order. O

The omission of larger parts of the domain or of the range also yields no infinite-
dimensional group: doubtless, Mb should be a subgroup of the conformal group
¢. For a holomorphic function f : U — V, such that C\ U contains the disc D
and C\V contains the disc D', there always exists a M6bius transformation h with
h(V) c D’ (inversion with respect to the circle 9D’). Consequently, thereisaMobius
transformation g with g(V) C D. But then MbU { f } can generate no group, since f
cannot be composed with go f because of (go f(U))NU = 0. A similar statement
istruefor theremaining f € J.

As a result, there can be no infinite dimensional conformal group ¢ for the
Euclidean plane.

What do physicists mean when they claim that the conformal group is infinite
dimensiona? The misunderstanding seems to be that physicists mostly think and
calculate infinitesimally, while they write and talk globally. Many statements be-
come clearer, if one replaces “group” with “Lie algebra’ and “transformation” with
“infinitesimal transformation” in the respective texts.

If, in the case of the Euclidean plane, one looks at the conformal Killing fields
instead of conformal transformations (cf. Sect. 1.4.2), one immediately finds many
infinite dimensional Lie algebraswithin the collection of conformal Killing fields. In
particular, one finds the Witt algebra. In this context, the Witt algebraW isthe com-
plex vector space with basis (Ly)nez, Ln := —z””% orLy:= 21*”% (cf. Sect. 5.2),
and the Lie bracket

[Ln,Lm] = (n—m)Lptm.

The Witt algebra will be studied in detail in Chap. 5 together with the Virasoro
algebra.

In two-dimensional conformal field theory usually only the infinitesimal confor-
mal invariance of the system under consideration is used. Thisimplies the existence
of an infinite number of independent constraints, which yields the exceptional fea-
ture of two-dimensional conformal field theory.
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In this context the question arises whether there exists an abstract Lie group ¢
such that the corresponding Lie algebraLie ¢ is essentially the algebra of infinites-
imal conformal transformations. We come back to this question in Sect. 5.4 after
having introduced and studied the Witt algebra and the Virasoro algebrain Chap. 5.

Another explanation for the claim that the conformal group is infinite dimen-
siona can perhaps be given by looking at the Minkowski plane instead of the
Euclidean plane. Thisis not the point of view in most papers on conformal field the-
ory, but it fits in with the type of conformal invariance naturally appearing in string
theory (cf. Chap. 2). Indeed, conformal symmetry was investigated in string theory,
before the actual work on conformal field theory had been done. For the Minkowski
plane, thereisreally an infinite dimensional conformal group, aswewill show inthe
next section. The associated complexified Lie agebrais again essentially the Witt
algebra (cf. Sect. 5.1).

Hence, on theinfinitesimal level thecases (p,q) = (2,0) and (p,q) = (1,1) seem
to be quite similar. However, in the interpretation and within the representation the-
ory there are differences, which we will not discuss here in detail. We shall just
mention that the Lie algebra s((2,C) belongs to the Witt algebra in the Euclidean
case sinceit agrees with the Lie algebraof Mb generated by L _1,Lo,L1 € W, while
inthe Minkowski case s[(2,C) isgenerated by complexification of sI(2,R) whichis
asubal gebraof theinfinitesimal conformal transformations of the Minkowski plane.

2.5 The Conformal Group of R1
By Theorem 1.13 the conformal transformations ¢ : M — R%! ondomainsM ¢ R:1
are precisely the maps ¢ = (u,v) with

UX - Vy,Uy == VX or UX == —Vy,Uy - _VX7

and, in addition,
uZ > V2.

For M = R1! the global orientation-preserving conformal transformations can be
described by using light cone coordinates x. = X+ in the following way:

Theorem 2.14. For f € C*(R)let f. € C*(R2 R) be defined by f.(x,y) := f(x=+
y). The map

®:C*(R) x C*(R) — C*(R? R?),
1
(f.g) — E(f++9ﬂ fi—g-)

has the following properties:

1.im® = {(u,v) € C*(R?,R?) : ux = vy, Uy = Vx}.
2. ®(f,g) conformal < f' > 0,¢g’ > 0or f' < 0,9’ <O0.
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3. ®(f,Q) bijective «< f and g bijective.
4. ®(foh,gok) =®(f,g)o®(h,k) for f,g,h,k € C*(R).

Hence, the group of orientation-preserving conformal diffeomorphisms
¢ :RM - R
isisomorphic to the group
(Diff (R) x Diff . (R)) U (Diff_(R) x Diff_(R)).

The group of al conformal diffeomorphisms ¢ : RY? — R1, endowed with the
topology of uniform convergence of ¢ and all its derivatives on compact subsets of
RR?, consists of four components. Each component is homeomorphic to Diff , (R) x
Diff (R). Here, Diff  (R) denotes the group of orientation-preserving diffeomorph-
isms f : R — R with thetopology of uniform convergence of f and all itsderivatives
on compact subsets K C R.

Proof.

1. Let (u,v) =d(f,g). From

1
Ux = (f,++g/7)7uy:§(f4/>79/7)3

= NI

1
Vx = é(fi 7917)7\/)/ = E(fjr+g,7)7
it follows immediately that uy = vy, uy = vy. Conversely, let
(u,v) € C(R? R?)

with uy = vy, Uy = Vy. Then uyx = vyx = uyy. Now, asolution of the one-dimensional

wave eguation u has the form u(x,y) = %(f+(x,y) +g-(x,y)) with suitable

f,g € C*(R). Because of vy = uy = 3(f, —g" ) and vy = uy = 3(f/ +g’), we

havev = %( fi —g-) where f and g possibly have to be changed by a constant.
2. For (u,v) = ®(f,g) onehasuZ —v2 = f/ g’ . Hence

Uz —vZ>0<«= fig_ >0+= f'g’ >0

3. Let f and g beinjective. For ¢ = ®(f,g) we have asfollows:
@(x.y) = (x',y") implies

f(x+y)+a(x—y) = f(X +y)+9(x' =Y,
f(x+y)—g(x—y) = f(X'+y)—g(x' —y).

Hence, f(x+y)=f(X'+y)andg(x—y) =g(X' —y/), thatisx+y=x"+y" and
x—y=x —y'. Thisimpliesx=x,y=Y. So ¢ isinjectiveif f and g areinjective.
From the preceding discussion one can seethat if ¢ isinjective then f and g are
injective too. Let now f and g be surjective and ¢ = ®(f,g). For (£,1) € R?
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there exist s,t € R with f(s) =& +n, g(t) = & —n. Then p(x,y) = (&, n) with
X:=3(s+t),y = 3(s—t). Conversely, the surjectivity of f and g follows from
the surjectivity of ¢.

4. With ¢ = @(f,g), y = ®(h,k) wehave oy = 3
y)and fLoy = f(5(hy+k )+ 3(hy —k )=

fLoy+g oy fioy—g_o
oh, = (foh),, etc. Hence

—_—

pow=>5((foh), +(gok),(foh), —(gok) ) =a(fohgok). O

Asin the case p = 2,q = 0, there is no theorem similar to Theorem 2.9. For
p =g = 1, the globa conformal transformations need no continuation at all, hence
aconformal compactification isnot necessary. In this context it would make senseto
define the conformal group of R11 simply as the connected component containing
the identity of the group of conformal transformations R%* — R, This group is
very large; it is by Theorem 2.14 isomorphic to Diff . (R) x Diff (R).

However, for various reasons one wants to work with a group of transformations
on a compact manifold with a conformal structure. Therefore, one replaces R
with St in the sense of the conformal compactification of the Minkowski plane
which we described at the beginning (cf. page 8):

RV - S =8§ xS cR?*xRO2.

In this manner, one defines the conformal group Conf(R%!) as the connected
component containing the identity in the group of al conformal diffeomorphisms
St — S Of course, this group is denoted by Conf(S*?) aswell.

In analogy to Theorem 2.14 one can describe the group of orientation-preserving
conformal diffeomorphisms St — S'1 using Diff, (S) and Diff_(S) (one simply
has to repeat the discussion with the aid of 2rz-periodic functions). As a conse-
quence, the group of orientation-preserving conformal diffeomorphisms St — St
isisomorphic to the group

(Diff. (S) x Diff., (S)) U (Diff_(S) x Diff_(S)).
Corollary 2.15.  Conf(RY1) = Diff . (S) x Diff, (S).

In the course of the investigation of classical field theories with conformal sym-
metry Conf(R%1) and its quantization one is therefore interested in the properties
of the group Diff (S) and even more (cf. the discussion of the preceding section) in
its associated Lie algebra of infinitesimal transformations.

Now, Diff . (S) turns out to be a Lie group with models in the Fréchet space of
smooth R-valued functions f : S — R endowed with the uniform convergenceon S
of f and all its derivatives. The corresponding Lie algebra Lie(Diff  (S)) isthe Lie
algebra of smooth vector fields Vect(S). The complexification of this Lie algebra
contains the Witt algebra W (mentioned at the end of the preceding section 2.4) as
a dense subspace.

For the quantization of such classical field theories the symmetry groups or alge-
brasDiff, (S), Lie(Diff (S)), and W haveto be replaced with suitable central exten-
sions. We will explain this procedure in general for arbitrary symmetry algebras and
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groups in the following two chapters and introduce after that the Virasoro algebra
Vir asanontrivial central extension of the Witt algebra W in Chap. 5.

Remark 2.16. Recall that in the case of n = p+q,p,q > 1, but (p,q) # (1,1), the
conformal group has been identified with the group SO(p+ 1,9+ 1) or SO(p +
1,9+ 1)/{£1} using the natural compactifications of RP® described above. To
have afinite dimensional counterpart to these conformal groups also in the case of
(p,q) = (1,1) one could call the group SO(2,2)/{+1} c Conf(S™1) the restricted
conformal group of the (compactified) Minkowski plane and use it instead of the
full infinite dimensional conformal group Conf (S41).

The restricted conformal group is generated by the translations and the Lorentz
transformations, which form a three-dimensional subgroup, and moreover by the
dilatations and the special transformations.

Introducing again light cone coordinates replacing (x,y) € R? by

Xy =X+Y, X_=X-Y,

the restricted conformal group SO(2,2)/{+1} acts in the form of two copies of
PSL(2,R) = SL(2,R)/{£1}. For SL(2,R)-matrices

_ [ag by _ f(a_b_
me () e ()

the action decouplesin the following way:

a; Xy +by ax_ +b_
CiXy+dy e x_+d_ )’

(A+>A—>(X+>X—) = (

Proposition 2.17. The action of the restricted conformal group decouples with
respect to the light cone coordinates into two separate actions of PSL(2,R) =
SL(2,R)/{£1}:

SO(2,2)/{+1} = PSL(2,R) x PSL(2,R).
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