Preface

This work is aimed at mathematics students in the area of stochastic dynamical
systems and at engineering graduate students in signal processing and control sys-
tems. First-year graduate-level students with some background in systems theory
and probability theory can tackle much of this material, at least once the techniques
of Chapter 2 are mastered (with reference to the Appendices and sometutorial help).
Even so, most of this work is new and would benefit more advanced graduate stu-
dents. Familiarity with the language of the general theory of random processes and
measure-theoretic probability will be a help to the reader. Well-known results such
as the Kalman filter and Wonham filter, and also H2, H* control, emerge as special
cases. The motivation is from advanced signal processing applications in engineer-
ing and science, particularly in situations where signa models are only partially
known and are in noisy environments. The focusis on optimal processing, but with
a counterpoint theme in suboptimal, adaptive processing to achieve a compromise
between performance and computational effort.

The central theme of the book is the exploitation, in novel ways, of the so-called
reference probability methods for optimal estimation and control. These methods
supersede, for us at least, the more familiar innovation and martingale representa-
tion methods of earlier decades. They render the theory behind the very general and
powerful estimation and control results accessible to the first-year graduate student.
We claim that these reference probability methods are powerful and, perhaps, com-
prehensive in the context of discrete-time stochastic systems; furthermore, they turn
out to be relevant for systems control. It is in the nature of mathematics that these
methods werefirst devel oped for the technically more demanding areaof continuous
time stochastic systems, starting with the theorems of Cameron and Martin (1944),
and Girsanov (1960). The reference probability approach to optimal filtering wasin-
troduced in continuous-time in Duncan (1967), Mortensen (1966) and Zakai (1969).
This material tends to be viewed as inaccessible to graduate students in engineer-
ing. However, apart from contributionsin Boel (1976), Brémaud and van Schuppen
(1976), di Masi and Runggaldier (1982), Segall (1976b), Kumar and Varaiya (1986b)
and Campillo and le Gland (1989), there has been little work on discrete-timefilter-
ing and control using the measure change approach.
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An important feature of this book is the systematic introduction of new, equiva-
lent probability measures. Under the new measure the variables of the observation
process, and at times the state process, are independent, and the computations are
greatly simplified, being no more difficult than processing for linear models. An
inverse change of measure returns the variables to the “real world” where the state
influences the observations. Our methods also apply in continuoustime, giving sim-
pler proofs of known theorems together with new results. However, we have chosen
to concentrate on models whose state is a noisily observed Markov chain. We thus
avoid much of the delicate mathematics associated with continuous-time diffusion
processes.

The signal models discussed in this text are, for the main part, in discrete time
and, in the first instance, with states and measurements in a discrete set. We pro-
ceed from discrete time to continuous time, from linear models to nonlinear ones,
from completely known models to partially known models, from one-dimensional
signal processing to two-dimensional processing, from white noise environmentsto
colored noise environments, and from general formulations to specific applications.

Our emphasisis on recent results, but at times we cannot resist the temptation to
provide “dlicker” derivations of known theorems.

This work arose from a conversation two of the authors had at a conference
twenty years ago. We talked about achieving adaptive filter stability and perfor-
mance enhancement using martingal e theory. We would have been incredul ous then
at what we have recently achieved and organized as this book. Optimal filtering and
closed-loop control objectives have been attained for quite general nonlinear signal
models in noisy environments. The optimal algorithms are simply stated. They are
derived in a systematic manner with a minimal number of stepsin the proofs.

Of course, twenty years ago we would have been absolutely amazed at the power
of supercomputers and, indeed, desktop computers today, and so would not have
dreamt that optimal processing could actually be implemented in applications ex-
cept for the simplest examples. It is still true that our ssimply formulated optimal
agorithms can be formidable to implement, but there are enough applications areas
whereit is possible to proceed effectively from the foundations laid here, in spite of
the dreaded curse of dimensionality.

Our work starts with discrete-time signal models and with states and measure-
ments belonging to a discrete set. We first apply the change-of-measure technique
so that the observations under a probability measure are independent and uniformly
distributed. We then achieve our optimization objectives, and, in afinal step, trans-
late these results back to the real world. Perhaps at first glance, the work looks too
mathematical for the engineers of today, but all the results have engineering motiva-
tion, and our pedagogical style should allow an engineer to build the mathematical
tools without first taking numerous mathematics courses in probability theory and
stochastic systems. The advanced mathematics student may find later chapters im-
mediately accessible and see earlier chapters as special cases. However, we believe
many of the key insights are right there in the first technical chapter. For us, these
first results were the key to most of what follows, but it must be admitted that only
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by tackling the harder, more general problems did we devel op proofs which we now
use to derive the first results.

Actually, it wasjust two years ago that we got together to work on hidden Markov
model (HMM) signal processing. One of us (JBM) had just developed exciting ap-
plication studies for such models in biological signal processing. It turns out that
ionic channel currents in neuron cell membranes can now be observed using No-
bel prize winning apparatus measuring femto (10~1°) amps. The noise is white and
Gaussian but dominates the signals. By assuming that the signals are finite-state
Markov chains, and adaptively estimating transition probability and finite state val-
ues, much information can be obtained about neural synapses and the synaptic re-
sponse to various new drug formulations. We believed that the on-line biological
signal processing techniques which we developed could be applied to communica-
tion systems involving fading channels, such as maobile radio communications.

The key question for us, two years ago, was how could we do al this signal
processing, with uncertain models in noisy environments, optimally? Then, if this
task was too formidable for implementation, how could we achieve a reasonable
compromise between computational effort and performance? We believed that the
martingale approach would be rewarding, and it was, but it was serendipitous to
find just how powerful were the reference probability methods for discrete-time
stochastic systems. This book has emerged somewhat as a surprise.

Inour earlier HMM studies, work with Ph.D. student Vikram Krishnamurthy and
postdoctoral student Dr. Lige Xia set the pace for adaptive HMM signal processing.
Next, work with Ph.D. student Hailiang Yang hel ped translate some continuous-time
domain filtering insights to discrete time. The work of some of our next generation
of Ph.D. students, including lain Collings, features quite significantly in our final
manuscript. Also, discussions with Matt James, Alain Bensoussan, and John Baras
have been very beneficial in the development of the book. We wish to acknowledge
to seminal thinking of Martin Clarke in the area of nonlinear filtering and his influ-
ence on our work. Special thanks go to René Boel for hisreview of thefirst version
of the book and to N. Krylov for supplying corrections to the first printing.

The support of the Cooperative Research Centre for Robust and Adaptive Sys-
tems, the Boeing Commercial Airplane Company, and the NSERC Grant A7964 are
gratefully acknowledged. We acknowledge the typing support of Shelley Hey, and
Marita Rendina, and IATEX programming support of James Ashton.



Chapter 2
Discrete States and Discrete Observations

2.1 Introduction

In this chapter, we deal with signals denoted by {Xs}, k € N in discrete time. These
signals are further restricted to a discrete set and are thus termed discrete-state sig-
nals. They transit between elements in this set with transition probabilities depen-
dent only on the previous state, and so are Markov chains. The transition proba-
bilities are independent of time, and so the Markov chains are said to be homoge-
neous. The Markov chain is not observed directly; rather there is a discrete-time,
finite-state observation process {Yi} , k € N, which is anoisy function of the chain.
Consequently, the Markov chain is said to be hidden in the observations.

Our objective is to estimate the state of the chain, given the observations. Our
preference isto achieve such estimation on-linein an optimal recursive manner, us-
ing what we term optimal estimators. The term estimator coversthe special cases of
on-line filters, where the estimates are calculated as the measurements are received,
on-line predictors where there is a prediction at a fixed number of discrete time
instants in the future, and on-line smoothers where there is improved estimation
achieved by using a fixed number of future measurements as well as the previous
ones. We aso seek recursive filters and smoothers for the number of jumps from
one state to another, for the occupation time of a state, and for a process related to
the observations.

In the first instance, we assume that the equations describing the HMM are
known. However, if this is not the case, it is possible to estimate the parameters
also on-line and so achieve adaptive (or self-tuning) estimators. Unfortunately, it
is usually not practical to achieve optimal adaptive estimators. In seeking practical
suboptimal schemes, a multipass scheme is to update the parameters estimates only
after processing alarge data set, perhaps the entire data set. At the end of each pass
through this data set, the parameter estimates are updated, to yield improved pa-
rameter estimates; see, for example, the so-called expectation maximization (EM)
scheme; see Dempster, Laird and Rubin (1977). Our approach requires only a for-
ward pass through the data to achieve parameter updates, in contrast to earlier
so-called forward-backward algorithms of the Baum-Welch type (Baum and Petrie
1966).
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Hidden Markov models have been found useful in many areas of probabilistic
modeling, including speech processing; see Rabiner (1989). We believe our model
is of wide applicability and generality. Many state and observation processes of the
form (2.14) arise in the literature. In addition, certain time-series models can be
approximated by HMMs.

As mentioned in the introduction, one of the fundamental techniques employed
throughout thisbook isthe discrete-time change of measure. Thisisaversion of Gir-
sanov's Theorem (see Theorem A.1.2). It is developed for the discrete-state HMM
in Section 2.3 of this chapter.

A second basic observation is the idempotent property of the indicator functions
for the state space of the Markov chain. With X one of the unit (column) vectors g,
1 <i <N, prime denoting transpose, and using the inner product notation (a, by =
a’b, this idempotent property allows us to write the square XX’ as TN ; (X, &) e
and so obtain closed (finite-dimensional), recursive filtersin Sections 2.4-2.9. More
generally, any real function f (X) can be expressed as a linear functional f (X) =
(f,X) where (f,g) = f(g) = fiand f = (f,..., f). Thuswith X' = (X, &),

N
fX)=Y fe)X' =Y fiX". (1.1)
i i=1

For the vector of indicator functions X, note that from the definition of expecta-
tions of asimple random variable, asin Appendix A,

Mz

E[(X,a)] =2 (¢.a)P(X=¢)=P(X=a). (12)

J

1

Section 2.10 of this chapter discusses similar estimation problems for a discrete-
time, discrete-state hidden Markov model in the case where the noise terms in the
Markov chain X and observation process Y are not independent. A test for indepen-
denceisgiven. This section may be omitted on afirst reading.

2.2 Modd

All processes are defined initially on a probability space (Q,.%#,P). Below, a new
probability measure P is defined. See Appendix A for related background in proba-
bility theory.

A system is considered whose state is described by a finite-state, homogeneous,
discrete-time Markov chain Xy, k € N. We suppose Xy is given, or its distribution
known. If the state space of X has N elements it can be identified without loss of
generality, with the set

Sx ={e1,....ex}, (21

where g are unit vectorsin RN with unity as the ith element and zeros elsewhere.
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Write 70 = 6 {Xo,..., %}, for the o-field generated by Xo, ..., X, and { %}
for the compl ete filtration generated by the 52'?; this augments %? by including all
subsets of events of probability zero. Again, see Appendix A for related background
in probability theory. The Markov property implies here that

P(Xr1=26€j | Fi) =P(X1=16j | X).

Write
ai=P(Xg1=6€ | X=8), A= (a;) e RN (2.2)

so that using the property (1.2), then

E [ X1 | Fi] = E [Keyr | Xd] = Ak (2.3)

Define
Vi1 1= X — A (24

So that
Xicr1 = AXic+ Vit 1- (25)

This can be referred to as a state equation.
Now observe that taking the conditional expectation and noting that E[AXy |
Xy = AX, we have

E Vi1 | Fic) = E [Xir1 — A% | Xi] = AX— AX =0,

s0 {W}, k € N, isasequence of martingale increments.
The state process X is not observed directly. We supposethereisafunctionc(.,.)
with finite range and we observe the values

Y1 = C( X, Wiy 1) 5 keN. (2.6)

Thewy in (2.6) are a sequence of independent, identically distributed (i.i.d.) random
variables, with Vi, wx being mutually independent.

{42} will bethe o-field on Q generated by Xo, X1, ..., Xcand Yy,..., Y, and %
its completion. Also {#2} will be the o-field on Q generated by Y1,..., Yi and %
its completion. Note % C %1 C --- and % C %1 C ---. Theincreasing family
of o-fieldsis called afiltration. A function is %ko-measurable if and only if itisa
function of Xg, X1, ..., Xk, Y1,...,Yk. Similarly, for @ko, % See d'so Appendix A.

The wy in (2.6) are a sequence of independent, identically distributed (i.i.d.)
random variables, with Vi, wx being mutually independent. The pair of processes
(X«, Yk),k € N, provides our first, basic example of a hidden Markov model, or
HMM. This term is appropriate because the Markov chain is not observed directly
but, instead, is hidden in the noisy observations Y. In thisHMM the time parameter
is discrete and the state spaces of both X and Y are finite (and discrete). Note that
there is a unit delay between the state X at time k and its measurement Y at time
k+ 1. A zero delay observation model is discussed later in this chapter.
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Suppose the range of c(.,.) consists of M points. Then we can identify the range
of c(.,.) with the set of unit vectors

Sy ={f,....fu}, fi=(0,...,1,...,0) € RM, (2.7)

where the unit element is the jth element.

We have assumed that c(.,.) is independent of the time parameter k, but the
results below are easily extended to the case of a nonhomogeneous chain X and a
time-dependent c (., .).

Now (2.6) implies

P(M1= i [ X0, Xe, .., X6, Ya,. ., Yi) = P(Mipa = [ X))

Write
C=(cj) eRMN ¢i=P(Yqu1=fj| X =€) (2.8)

sothat ¥}, cji =1andcji > 0,1< j <M, 1<i < N.Wehave, therefore,
E Vi1 | X] = CX- (29)

If W11 := Y1 — CX, then taking the conditional expectation and noting E[CX |
Xi] = CXk we have

E W1 | %] = E[Ykr1 — CXc | Xd]

= CXx—CX( =0,
so Wk isa (P, %) martingale increment and
Yier1 = CXc+ W1 (2.10)

Equation (2.10) can be thought of as an observation equation. The case where, given
%, the noise terms W in the observations Yy are possibly correlated with the noise
termsV in the Markov chain will be considered in Section 2.10.

Notation 2.1 Write Y} = (Y, fi) so Y = (Y&,...,YM"), k € N. For each k € N,
exactly one component is equal to 1, the remainder being O.

Note XM, Yi = 1. Write ¢, = E[Yi,; | %] = =\ cij(ej, %) and 1 = (G4,
...,C ). Then

Cki1 = E[Yis1 | %] = CX. (211)

We shall suppose initially that c‘k >0,1<i<M,ke N. (See, however, the con-
struction of P from P in Section 2.3). Note Y™, ¢}, = 1, k € N. We shall need the
following result in the sequel.

Lemma 2.2 With diag(z) denoting the diagonal matrix with vector z on its diago-
nal, we have
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Vies1Viey1 = diag (AX) + diag (Vi 1) — A diag X A
— A%V 1 — Vi (A (212)

and

(Vkt1) ==E [Vk+1V|</+1 | j\k]
= E [V aViey1 | X
= diag(AXy) — Adiag XcA'. (2.13)
Proof From (2.4)
X 1 X1 = A (AX) + AXVici 1+ Vit (AX)' +Vier 1Viey 1.
However, Xy 1X;, 1 = diag(Xg,1) = diag (AX¢) 4 diag(Vk+1). Equation (2.12) fol-
lows. Thetermson theright side of (2.12) involving Vi, 1 are martingal eincrements;

conditioning on Xy we see

M1y =E [VkJerk/H | Xk] = diag (AX«) — Adiag Xc A

Similarly, we can show that

(Wk;1) :=E [VW+1VW+1 | gk} = diag (CX¢) — C diag XcC'.

In summary then, we have the following state space signal model for aMarkov chain
hidden in noise with discrete measurements.
Discrete HMM The discrete HMM under P has the state space equations

Xir1 = AXc+Viy 1,

2.14)
Yir1 = CX +Wht 1, keN,

where X € S, Yk € Sy, A and C are matrices of transition probabilities given in
(2.2) and (2.8). The entries satisfy

Mz
L
I
P

Il
=

ajj >0, (2.15)

cji > 0. (2.16)

M=
O
|
P

Il
N

Vi and W are martingal e increments satisfying

EMaa| Z] =0,  E[Wqa|%]=0,
(Mir1) i= E [VipaViey1 | X ] = diag (AX) — Adiag X A,
Wes1) = E [\/\4(+1Wk/+1 | Xk] = diag(CXx) — C diag XcC'.
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2.3 Change of Measure

Theideaof introducing new probability measures, as outlined in the previous chap-
ter, is now discussed for the observation process Y. This measure change concept is
the key to many of the results in this and the following chapters.

We assume, for this measure change, c; >0,1<i <M,/ eN. Thisassumption,
in effect, is that given any %, the observation noise is such that there is a nonzero
probability that YQH > 0 for al i. This assumption is later relaxed to achieve the
main results of this section. Define

M M—l
=Y <c—') Yy, ), (3.1)
i=1 (4
and ’
A= T M- (3.2)
(=1

Note that Y} = 1 for only onei at each ¢, and Y; = 0 otherwise, so that A, is merely
the product of unity terms and one nonunity term. Consequently, since A is a non-
linear function of Yy, then property (1.1) tellsusthat A, = A (Yk) = XM, Y} /Mc,..

Lemma 3.1 With the above definitions
El k1| %] =1 (33

Proof Applying the properties (1.1) and (1.2),

E (A | %] = %

M
Z VR

+1
= Ck+1

-3 (i =114)
Mg, =%
131
_Mgﬁck-kl_l

Here asin many places, we interchange expectations and summations, for asimple
random variable. Thisis permitted, of course, by aspecia case of Fubini’s Theorem;
see Loeve (1978) and Appendix A. O

We now define a new probability measure P on (€, \/7"_1%,) by putting the re-
striction of the Radon-Nikodym derivative dP/dP to the o-field % equa to Ay.
Thus
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[The existence of P follows from Kolmogorov's Extension Theorem (Kolmogorov
1933)]; see also Appendix A. This means that, for any set B € %,

ﬁ(B):/BAde.

Equivalently, for any %-measurable random variable ¢

Elol= [o00P= [o5paP= [oncdP=Engl, (39

where E and E denote expectations under P and P, respectively. In the discrete-
state case under consideration, dP/dP reducesto the ratio P/P and the integrations
reduce to sums. This equation exhibits the basic idea of the change of measure; for
most of the resultsin thisbook abig challenge isto determine the appropriate forms
for A and A. It is not straightforward to give insight into this process other than to
illustrate by examples and present hindsight proofs. Perhaps the measure changes
of Chapter 3 are the most transparent, and more discussion is given for these.

We now give a conditional form of Bayes Theoremwhich isfundamental for the
results that follow. The result relates conditional expectations under two different
measures. Recall that ¢ isintegrable if E |¢| < oo. First we shall consider a simple
case.

Consider the experiment of throwing a die. The set of outcomesis Q = {1,2,
...,6}. Supposethe dieis not necessarily balanced, so that the probability of i show-
ingisP(i)=pi, pr+---+ps=1.

The o-field % associated with this experiment is the collection of all subsets of
Q, including the empty set ¢. The setsin .% are the events. (See also Appendix A.)
The probability of the event “ odd number,” for instance, isP{1,3,5} = p1+ p3+ Ps.
Consider the sub-o-field 4 of .% defined by ¥ = {Q, ¢,{1,3,5},{2,4,6}}.

Now suppose ¢ is a real random variable on (Q,.%), that is, ¢ (i) € R for i =
1,2,...,6. The mean, or expected, value of ¢ isthen E [¢] =38 1 ¢ (i) pi.

The conditional expected value of ¢, given ¥, E[¢ | ¢], isthen afunction which
is constant on the smallest, nonempty sets of 4. That is,

o 0(L)pr+¢(3)p3+9(5) ps o
E[¢|g](l)* p1+p3+p5 9 |f|€{17375}7
N 0(2)p2+¢(4) pato(6)ps o
Elo|9](i) = D2+ Pat Do ; ifi € {2,4,6}

We note that w = E[¢ | ¢ can be considered a function on (©,.%) and that then
E[E[¢|¥]]=E[¢)].
Suppose we now rebalance the die by introducing weights A (i) on the different
faces. Note that A isitself, therefore, arandom variable on (Q,.7).
Writep;=A(i)pi=P(i),i=1,...,6, for the new balance proportion assigned to
theith face. Then, because P isto be a probability measure, E[A] = Py + -+ Pg =
A)pr+---+A(6)ps=1.
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We have the following expressions:

E[A¢ |9](i)
_IWADPFOBIAB) PO O)ABIPs i o4y 35
P1+P3+Ps ' T
E[A¢ |9](i)
_9(A(2)p2+9(4)A(4) pat+¢(6)A(6)Ps ific (24,6}
P2+ Pa+ Ps ’ e
Similarly,
P1+P3+Ps5
E(A|9]() = 2R P EABPTA®IPs -y g6
P2+ P4+ Ps

However, with E denoting expectation under the new probability P:

Elo|9]() = ¢(1>plglﬂ(§ii3%¢<5>p5, it (1,3.5),

Consequently, E[¢ | 9] =E[A¢ | 9]/E[A|¥].
We now prove this result in full generality. For background on conditional ex-
pectation see Elliott (1982b).

Theorem 3.2 (Conditional Bayes Theorem) Suppose (2, #,P) is a probability
spaceand ¥ C . isa sub-o-field. Suppose P is another probablllty measure abso-
lutely continuous with respect to P and with Radon-Nikodym derivative dP/dP = A.

Then if ¢ isany P integrable random variable

E[AY Y]
E[A]¥]
and y =0 otherwise

E[¢|¥9]=w where y= EA|9]>0

Proof Suppose B isany setin%. We must show

(A0 9],
/E¢|£¢dP /EA|§4
Define y = E[A¢ |¢]/E[A 9] if E[A|¥9] > 0 and y = 0 otherwise. Then
El¢|¥9]=y _ B B
Suppose Aisany setin 9. Wemust show [LE[¢ | 4 |dP = [, ydP. WriteG =
{w:E[A]¥9]=0},50Gc¥.Then [(E[A|¥]dP=0= [;AdPand A >0as.
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So either P(G) = 0, or the restriction of A to GisO as. In either case, A =0 as.
onG.

Now G°={w:E[A|¥] > 0}. Suppose A € ¢; then A= BUC whereB=ANG*
and C = AN G. Further,

/AE[mg]dﬁ:/A(pdﬁ:/AmdP

- /B(pAdP+/Cq)AdP. (3.6)

Of course, A=0as.onC C G, so
/¢AdP:O:/y/d§ 3.7)
C C

by definition.
Now

(A9 9],
/”’dp /EA|§¢
) ',B [AMJ]
E[A[Z]
[Am%q
E[A|¥]
[, E[A9|9]
E_E['BAE[A% 'gH
E[A9|¥]
= E[Am}
E IsE[A | %]
E[lzgAg].

E IBA

1eE[A| 7]

That is i
/A(pdpz/wdﬁ (38)
JB B

From (3.6), adding (3.7) and (3.8) we see that
/CAd)dPJr/BAd)dP:/AAq’)dP
~ [Els|%)dP= [ yaP,

A JA

and the result follows. O

A sequence { ¢} issaid to be ¥-adapted if ¢ is %-measurable for every k.
Applying Theorem 3.2 result to the P and P of (3.4) we have the following:
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Lemma 3.3 If {¢«} isa¥-adapted integrable sequence of random variables, then

E [Axdx | %]

Lemma 3.4 Under P, {Y}, k € N, is a sequence of i.i.d. random variables each
having the uniform distribution that assigns probability ﬁ toeachpaint fj, 1 <i <
M, inits range space.

Proof With E denoting expectation under P, using Lemma 3.1, Theorem 3.2 and
properties (1.1) and (1.2), then

P(Wia=11%) = E[(er 1) | 4]
~E[ Ak (g, fj) | %
E[Axr1 | %]

_ AE [),k+1 <Yk+1> fj> | gk]
AKE [ A1 | %]

= E [ M1 (Yera, ) [ %]

M 1 Yest
=E H(Mci ) <Yk+1afj>|gk

MC|j<+1
IR Y R T
M0i+1 k+1 M - P(Yk+1 - 1)7
a quantity independent of ¥ which finishes the proof. |

Now note that E [ X1 | %] = E [Ak1Xr1 | %] /E [Akra | %] = E[ A1 Xr1 |
%] = AX so that under P, X remains a Markov chain with transition matrix A.

A Reverse Measure Change

What we wish to do now is start with a probability measure P on (Q,\/rr_; %) such
that

1. the process X is afinite-state Markov chain with transition matrix A and
2. {%}, ke N, isasequence of i.i.d. random variables and

1

P(Y1=11%) =P(¥,,=1) = .
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Suppose C=(gi), 1<j<M,1<i<Nisamatrix such that cjj > 0 and
ZJ 1CJI*

We shall now construct a new measure P on (,\/-1%) such that under P,
(2.14) still holdsand E [ Y1 | %] = CX«. We again write

Cky1 = CX«

and Ck+1—<Ck+17 i) = (CX, fi), so that

M .
S =1 (39)
i=1

The construction of P from P isinverse to that of P from P. Write

T=[[Md)", reN, (3.10)
i=1
and )
A= ]2 (3.11)
=1
Lemma 3.5 Wth the above definitions
E[Aki1| %] = 1. (3.12)

Proof Following the proof of Lemma 3.5

E[Aki1] %] =

F=E

(M, m]

Mo )
MZCLHP(YkH ‘gk>

@ Gt _
=M 5 =2 Gi=1
i=1 i=1
O
Thistime set P
dP %

[The existence of P follows from Kolmogorov's Extension Theorem (Kolmogorov
1933); see also Appendix A.]

Lemma3.6 Under P,
E[Yir1 | %] =CX.
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Proof Using Theorem 3.2 and the now familiar properties (1.1) and (1.2), then

P =11%) = E[(Yn ) | %]
E [Awa (Yien, i) | %]

= —= (case A # 0)
E[ ki1 | gk]

E A | %]
E[Ikﬂ <Yk+1» fj> | gk]
M
E | ™ 1)
= {qutl Yicr 1, fl | gk} = CIJ<+1

— 0
In case A1 = 0 wetake 0= 1, and the result follows. O

2.4 Unnormalized Estimates and Bayes Formula

Recall our discrete HMM of Section 2.2; recall also that % isthe complete o-field
generated by knowledge of VYi,..., Yy and % is the complete o-field generated by
knowledge of Xg, X,..., X and Y, ..., Yk. We suppose there is a probability P on
(9, Vi1 %) such that, under P, X1 = AXq + Vi1, where V is a (P, %) martin-
galeincrement. That is, E [Vi1 | %] = 0 and the {Yi} arei.i.d. with P(Y,/ =1) =
ﬁ, and the Y are conditionally independent of V, given %, under both P and P. We
also have via the double expectation property listed in Appendix A,

[E[Vk+1 | %k,@kﬂ] ‘ @k+1]
E Vi1 | %] | 1] =0. (4.1)

The measure P is then defined using (3.13). Recall from Lemma 3.3 that for a
% -adapted sequence { ¢k},

E[Vk+1 | @k+1] E
E

E [Awox | %]

SAEAR 4.2)

Elok| %] =

Remark 4.1 This identity indicates why the unnormalized conditional expectation
E [Axdx | %] isinvestigated.
|
Write gk (&), 1 <r <N, k € N, for the unnormalized, conditional probability
distribution such that

E [ Ak (X&) | 2] = o (er).
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Note that an alternative standard notation for this unnormalized conditional distri-
butionis a; thisis used in later chaptersfor arelated distribution.

Now YN, (X, &) =1, s0

N

D> k(&) =E|A

i=1

N

20@m|%]zﬁmu%y

Therefore, from (4.2) the normalized conditional probability distribution

P (&) = E[(Xc, &) | %]
isgiven by
Gk (er)
le(=1 0k (€))
To conclude this section with a basic example we obtain a recursive expression for
Ok- Recursive estimates for more general processes will be obtained in Section 2.5.

Pk (&) =

i
Notation 4.2 To simplify the notation we write ¢j (Yx) = MTT™, c?(jk.

Theorem 4.3 For ke Nand 1 <r < N, the recursive filter for the unnormalized
estimates of the statesis given by

| Gei1 = Adiag ¢ (Y1) - k. (43)

Proof Using theindependence assumptions under P and the fact that 22\‘:1 <Xk, g > =
1, aswell as properties (1.1) and (1.2), we have

ok(er) = E [ (Xcr1, @) Aksa | Zhsa ]

_ _ M ) i
(At Vics1 &) A [T (Ml 1)
i=1

5”1@1]

M
H ((CX, i) Yier1

%-&-1]

[because Vi, 1 isamartingal e increment with (4.1) holding]

H
Mz
m

(CRETE) | G

||
-

H
Mz

EKXk 6‘J>ar11\k|@d1_lck+l

(because yy isi.i.d. under P)

P4

=M q (e a”Hc"“.
j
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Using Notation 4.2 the result follows. O

Remark 4.4 Thisunnormalized recursion isadiscrete-timeform of Zakai’s Theorem
(Zakai 1969). Thisrecursionislinear.

[ |
2.5 A General Unnormalized Recursive Filter
We continue to work under measure P so that
Xir1 = AXk+Vip1 (5.

and the Yy are independent random variables, uniformly distributed over f1,..., fm.

Notation 5.1 If {Hk}, k € N, is any integrable sequence of random variables we
shall write o
% (He) = E [AcHk | %] . (5.2

Note this makes sense for vector processes H.

Using Lemma 3.3 we see that

E[AcHk| %] m(Hy)

R A

(5.3)

Consequently % (Hk) is an unnormalized conditional expectation of Hy given %.
We shall take y (Xo) = E [Xo]; this provides theinitial value for later recursions.

Now suppose {Hk}, k € N, is an integrable (scalar) sequence. With AH, 1 =
Hi11 — Hi, Hkr1 = Hi+ AHy, 1, then

W1 (Her1) =E [Kk+1Hk ‘ @kﬂ] +E [Kk+1AHk+1 ‘ @k+1] .

Consider the first term on the right. Then, using the now familiar properties (1.1)
and (1.2),

E[Aki1Hk | Zia] = E [KkaIkﬂ \ @ku}

M i
=E KkaMH<CXk, fi) Vi

@I(+1‘|

(A (@) | %] MHcY-k'“

I
Mz
rnl

Il
N

¢j (Vi) (o (HiXe)  €5) -

I
.MZ

[|
=
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In this way the estimate for .1 (Hks1) introduces % (HkXk). A technical trick is
to investigate the recursion for 1 (Hk1Xk+1)- A similar discussion to that above
then introduces the term % (HiXiX); this can be written SN (i (HX) e) e €.

Therefore, the estimates for .1 (Hk: 1%k 1) can be recursively expressed in terms
of % (HkX«) (together with other terms). Writing 1 for the vector (1,1,...,1) € RN

wesee (X, 1) = TN, (X&) = 1,0
(I (HiXe) , 1) = % (H (X, 1)) = % (Hy) - (5.4

Consequently, the unnormalized estimate % (Hk) is obtained by summing the com-
ponents of % (HkX«). Furthermore, taking Hy = 1 in (5.4) we see

N
%(1) = (W (%), 1) =E[A| %] = ZCIk(Q)

using the notation of Section 2.4. Therefore, the normalizing factor % (1) in (5.3) is
obtained by summing the components of % (X).

We now make the above observations precise by considering a more specific,
though general, process H.

Suppose, for k > 1, Hy isascaar process of the form

k+1

Hicr = Y, (o + (Br, Vo) + (80, Vo))
-1

= Hic+ o1+ (B2, Vier 1) + (O 1, Y1) - (5.5

Here V, = X, — AX,_1 and oy, By, O, are ¢-predictable processes of appropriate
dimensions, that is, oy, By, 6y are 4,1 measurable, oy isscalar, B, isN-dimensional,
and o, is M-dimensional.

Notation 5.2 For any process ¢k, k € N, write

Tk (9m) = E [AdmXc | 2] - (5.6)

Theorem 5.3 For 1 < j < M writecj =Cej = (clj,...,CMj)/for the jth column of
C = (cj) and aj = Aej = (auj,...,an;j)’ for the jth column of A= (a;j). Then

Yer k1 (Hicrn)
N
= ¢j (Yir1) { (Mek (Hi) + M1k (O + (B, Y1) ,€))
=]

+ [diag(a)) — aJaJ] [(AkX €)) Brsa | Pyl } - (5.7)

Proof

Yer1kt1 (Hir1)
= E [ Xer1Hkr 1Ak a | it ]



30 2 Discrete States and Discrete Observations

E[ (AX+ Vi) (Hk+ o1 + (B, Virn) + (ke 1, Yrn))
X KkaJrl | @k+1]

= E[((Hk+ o1+ (1, Yiew 1)) A%+ (Mt 1) Prg)

X Nedkia | ],

{because, asin Lemma2.2,

E[ At Vir iy | %]
= E[E[Akdicr Vi Vi1 | Xo Xa, .- X %] | %]
E[(Adis1Vis) | % }

N
2 (Yier1) E (He+ o1 + (Bkg1, Y1) &y

+ (Vier1) Brr 1) Ak (X, €) | Zhesra |-

Finally, because the Y arei.i.d. this final conditioning is the same as conditioning
on %. Using Lemma 2.2 and Notation 5.2 the desired result follows. O

2.6 States, Transitions, and Occupation Times

Estimators for the State

Take He1=Ho=ap =1, 04=0,¢>1 B, =0,¢>0and § =0, £ > 0.
Applying Theorem 5.3 we have again the unnormalized filter Equation (4.3) for
Ok = (dk(€1),- .-, Ok (en)) in vector form:

N
Okr1 =, Cj (Yier1) (O, &) & (6.2)
=

with normalized form
P = Gk (G, 1) (6.2)

This form is similar to that given by Astrom (1965) and Stratonovich (1960). We
can also obtain a recursive form for the unnormalized conditional expectation of
(Xm.€p) given Z41, m < k+ 1. This is the unnormalized smoother. For this we
take Hx 1 = Hn = <Xn~h8p>, Mm<k+1,1<p<N,oy=0, B =0and o =0.
Applying Theorem 5.3 we have

N
E [Axi1(Xm.€p) | Zhi1] = Z, (Yier1) (Ymk (X, €p)) , €j) aj. (6.3)
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We see that Equation (6.3) isindeed arecursion in k; thisis why we consider Hy X.
Taking the inner product with 1 and using Notation 5.1 gives the smoothed, unnor-
malized estimate

T ((Xm,€p)) = E [Aw(Xm.€p) | %]

Estimators for the Number of Jumps

The number of jJumps from state e to state es in time k is given by

k

K=Y (X1,€r) (X, 65).
/=1

Using X, = AX,_1+V, thisis

k k
=Y (Xe—1,6&) (AX_1,6€5 Z Xo-1,&) (Vi,€s)
i-1 =1
k
=Y (X_1.er)ag + 2 (Xe—1,6) (Vi,€5).
i-1 -1

Applying Theorem 5.3 with Hx,1 = #%;, Ho =0, oy = (X,—1,&)asr, Br =
(Xe-1,€r) &, & = 0 we have

Yertket (Fii1)
Z(Hc k+1>{<)4<k 23 k(X&) as) . €) aj
j=1
+ [diag (a;) - a;af]
xE[<Xka,ej><Xk7er>es|@k+1}}

~u3 (Hc ) (k) @)

M (G, & (Hc k“) [aga +esdiag(ar) — s (aray)]

that is, using Notation 4.2,

N
Ykt () = Zlcj (Yir) (ek (LZK°) - €)) @
e

+¢r (Yira) (O &) BsrEs.

(6.4)
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Together with the recursive Equation (6.1) for gx we havein (6.4) arecursive estima
tor for % k ( ) Taking itsinner product with 1, that is, summing its components,
Weobtalnn(( ) =E[A 708 %]

Taking Hk+1:Hm: i, ay=04>mp=0¢>0,6=0,¢>0, and
applying Theorem 5.3 we obtain for k > m, the unnormalized smoothed estimate
E [Ak+1fnrqsxk+1 | @k+1]

N
Yk ( Z Yir1) (ke (Zm) . €)) ;. (6.5

Again, by considering the product / SXy a recursive form has been obtained.
Taking the inner product with 1 gives the smoothed unnormalized estimate

E[A /7 | %]

Estimators for the Occupation Time

The number of occasions up to time k for which the Markov chain X has been in

statee, 1 <r <N, is
k+1

ﬁlﬁ-&-l = Z (Xe-1,6€r).
(=1

Taking Hg1 = Oy, 1, Ho =0, oy = (X,-1,€&), Br = 0, 6, = 0 and applying Theo-
rem 5.3 we have

N M i
herikr1 (k1) = lel e ((nk (Gk) &)
+ (O ((Xoer) . 85)) 3.
That is
N
ertiert (Gkpa) = zlcj (Yiern) ek (K) - €1)
=

+¢r (Yir) (O, &) & (6.6)

Together with (6.1) for g this equation gives a recursive expression for % (&}).
Taking the inner product with 1 gives % (0f) = E [0 | %]. For the related
smoother take k > m, Hx 1 = Hnw= &}, oy =0, By = 0, 6, = 0 and apply Theo-
rem 5.3 to obtain

N
Ymk+1 (G, z (Yir1) (Ynk (On) . €5) @j. (6.7)
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Estimators for State to Observation Transitions

In estimating the parameters of our model in the next section we shall require esti-
mates and smoothers of the process

k
2 X@ 17 Y€7fs>

which counts the number of times up to time k that the observation process is in
state fs given the Markov chain at the preceding time isin state e, 1 <r <N,
1 <s< M. Taking Hy,1 = ‘gkrfl’ Ho=0,0,=0,8,=0, & = (Xp_1,&) fs and
applying Theorem 5.3

N M
Wikt (Fii1) = 2,11 ot (e (55 85)

+ <}1(,k (<xk7a’> <Yk+l; fS>) ) ej >) aj .
That is, using Notation 4.2,

N
74<+1~,k+1(<7krf1) = Z (Yir) (Hek () J>
=1

M (0, &) (Yict1, fs) Csray

Together with Equation (6.1) for g we have arecursive expression for %k (7'®).
To obtain the related smoother take k+1 > m, Hg 1 = Hn= 933, a¢y =0, B, =0,
0 = 0 and apply Theorem 5.3 to obtain

N
Ymk+1 (] Z (Yier) (mk (T) . €5) @ (6.9)

Thisisrecursivein k.

Remark 6.1 Note the similar form of the recursions (6.1), (6.4), (6.6), and (6.8).
[ |

2.7 Parameter Reestimation

In this section we show how, using the expectation maximization (EM) algorithm,
the parameters of the model can be estimated. In fact, it is a conditional pseudo
log-likelihood that is maximized, and the new parameters are expressed in terms
of the recursive estimates obtained in Section 2.6. We begin by describing the EM
agorithm.
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The basic idea behind the EM agorithm is as follows (Baum and Petrie 1966).
Let {Py, 0 € ©} beafamily of probability measures on a measurable space (Q, %)
all absolutely continuous with respect to afixed probability measure Py and let % C
% . Thelikelihood function for computing an estimate of the parameter 6 based on
the information available in % is

)
dRy

and the maximum likelihood estimate (MLE) is defined by

L(G):Eo[ ‘@]

6 € argmax L (6).
6cO
The reasoning is that the most likely value of the parameter 6 is the one that maxi-
mizes this conditional expectation of the density.
In general, the MLE is difficult to compute directly, and the EM algorithm pro-
vides an iterative approximation method:

Sep 1. Set p =0 and choose 6o.
Step 2. (E-step) Set 6* = 6, and compute Q (-, 6*), where

dPy
dPy-

Q(6,0") = Ep- [Iog @} )

Sep 3. (M-step) Find .
Opy1 € argmaxQ(0,6™).
6cO
Sep 4. Replace p by p+ 1 and repeat beginning with Step 2 until a stopping
criterion is satisfied.

The sequence generated { ép, p> 0} gives nondecreasing values of thelikelihood
function to a local maximum of the likelihood function: it follows from Jensen’'s
Inequality, see Appendix A, that

|09|-(ép+1) - |09|-(ép) > Q(ép+1,ép)7
with equality if 6,1 = 6. We call Q(8,6*) a conditional pseudo-log-likelihood.
Finding a set of parameters which gives a (local) maximum of the expected log-

likelihood function gives an optimal estimate.
Our model (2.14) is determined by the set of parameters

0:=(aj, 1<i,j<N,cji, 1<j<M, 1<i<N)

which are also subject to the constraints (2.15) and (2.16). Suppose our model is
determined by such aset 6 and we wish to determine a new set

6=(4ji(k), 1<i,j <N, &i(k),1<j<M,1<i<N)
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which maximizes the conditional pseudo-log-likelihoods defined below. Recall %
isthe complete o-field generated by Xo, Xg, ..., Xk. Consider first the parameters a;;.
To replace the parameters a;; by &;; (K) in the Markov chain X we define

k N A
Ac=T] ( > {az_(k)} <X£7es><Xz1,&>> :
(=1 \rs=1 S

Incase aj =0, takeéji(k) =0and éji(k)/aji =0. Set

dPé
dPy

= Ag.
T

To justify this we establish the following result.

Lemma 7.1 Under the probability measure P; and assuming X, = €, then
Es [(Xcr1,85) | Fi] = asr (K).

Proof

E[(X«t1,65) Ay | Fi]
E[Axs1 | Fi]

B [(Mene) B[
- E{EF‘:l {éiik)} (Xr1,6s) | fk}

ag (k)

Eg [ (Xcr1,6) | Fk] =

d

Notation 7.2 For any process ¢y, k € N, write ¢ = E [y | %] for its & -optional
projection. In discrete time this conditioning defines the % -optional projection.

Theorem 7.3 The new estimates of the parameter 45 (k) given the observations up
to time k are given, when defined, by

e (0 = 2 (A (7.0

We take g tobeO.
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Proof

Nk
logAx = D, Y, (X, €s) (Xr—1,€) [logés (k) — logag]
rs=1(—1

N
=Y 7®logés (K)+R(a),

rs=1
where R(a) isindependent of 4. Therefore,
N ~ ~
EflogAx | ] = Y, #¢°logéay (k) +R(a). (7.2
rs=1

Now the &g (k) must also satisfy the analog of (2.15)

N
Yag (k) =1 (7.3)
s=1

Observe that "

Y A5 =04 (7.4)
s=1

and in conditional form N
S A= 6. (7.5)
s=1

We wish, therefore, to choose the &5 (k) to maximize (7.2) subject to the constraint
(7.3). Write A for the Lagrange multiplier and put

rs=1

N N
L(&A) = Z Zlogéay (k) +R(a)+ A (239 (k) —1) .
s=1
Differentiating in A and &y (k), and eguating the derivatives to 0, we have the opti-
mum choice of &g (k) is given by the equations
1
ag (k)
N
Y ag (k) = 1. (7.7)
s=1

IS4 =0, (7.6)

From (7.5)«7.7) weseethat A = —ﬁ} so theoptimum choiceof &g (k),1<s;r <N,
is

o A k(D)
4y (K) = RN (7.8)

]
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Note that the unnormalized conditional expectations in (7.8) are given by the
inner product with 1 of (6.4) and (6.6).

Consider now the parameters c;; in the matrix C. To replace the parameters cy
by €4 (k) we must now consider the Radon-Nikodym derivative

xk_n<zz{ }x“, ><Ye,fs>>-

)4 r=1s=1

By analogy with Lemma 3.1 we introduce a new probability by setting

dPyly, €
ThenEg [ (Yir1, fs) [ Xk = & ] = C« (K).
Then
E [Iogf\k | %} 2 2 FSlogés (K) 4+ R(C), (7.9)

r=1s=1

where R(c) isindependent of €. Now the & (k) must also satisfy

Z Cy (k) =1 (7.10)
s=1
Observe that
2 9rs ﬁr
and conditional form
M ~ ~
Z RS = 0Oy (7.12)
s=1

We wish, therefore, to choose the €5 (k) to maximize (7.9) subject to the constraint
(7.11). Following the same procedure as above we obtain:

Theorem 7.4 The maximum log likelihood estimates of the parameters €4 (k) given
the observation up to time k are given, when defined, by

(%)

Cs (k) = m (7.12)

We take g to beO.

Together with the estimates for y (.7;"%) given by theinner product with 1 of Equa-
tion (6.8) and the estimates for y (&) given by taking the inner product with 1
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of Equation (6.6) we can determine the optimal choice for &y (k), 1 <s<M—1,
1 <r < N. However, 22"2165, (k) = 1 for each r, so the remaining €vy (K) can also
be found.

Remarks 7.5 The revised parameters &g (k), €5 (k) determined by (7.8) and (7.12)
give new probability measures for the model. The quantities y (_#.%), % (%),
% (OF) can then be reestimated using the new parameters and perhaps new data,
together with smoothing equations.

|

2.8 Recursive Parameter Estimation

In Section 2.7 we obtained estimates for the a;; and the c;i. However, these are not
recursive, that is, the estimate at time k is not expressed as the estimate at time
(k—1) plus acorrection based on new information. In this section we derive recur-
sive estimates for the parameters. Unfortunately, these recursions are not in general
finite-dimensional. Recall our discrete HMM signal model (2.14) is parametrized in
terms of a;j, Cji. Let us collect these parameters into a parameter vector 9, so that
we can write A= A(0), C = C(0). Suppose that 6 is not known a priori. Let us
estimate 0 in arecursive manner, given the observations %;. We assume that 6 will
take valuesin some set © € RP.

Let us now write ¢ for the complete o-field generated by knowledge of Xp, X1,
ey X Y, .., Yk, together with 6. Again % will be the complete o-field generated
by knowledge of Y1, ..., Yk. With this enlarged % the results of Sections 2.2 and 2.3
still hold. We suppose there is a probability Pon (Qx©,\/7_1%) such that, under
P, the {Y;} arei.i.d. with P(Y) = 1) = &, and Xc;1 = AXc+ Vi1, where Vi is a
(P, %) martingale increment. Write g (6), 1 <r <N, k € N, for an unnormalized,
conditional density such that

E[Ac(X &)1 (6 €d6) | %] = (6)de.

Where df is Lebesgue measure on © € RP.

Here, | (A) istheindicator function of the set A, that is, the function that is 1 on
A and 0 otherwise. The existence of g (6) will be discussed below. Equalitiesin the
variable 6 can be interpreted amost surely.

The normalized conditional density py (), such that

Pk (6)d6 = E[(X. &)1 (68 €d0) | %],
isthen given by

o (0)

)=
“ Z?‘:lf@Qi(U)dU
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We suppose aninitial distribution po (.) = (pg(.),..., py (.)) isgiven. Thisisfurther
discussed in Remark 8.2. A recursive expression for ¢ (6) is now obtained:

Theorem 8.1 For ke N, and 1 <r < N, then the recursive estimates of an unnor-
malized joint conditional distribution of X, and 6 are given by

i1 (0) =& () diag(ak(6)) c() (Yirr)- (81)

Proof Suppose gisany real-valued Borel function on ©. Then

E [ (X 1,6)9(6 )Ak+1 | @kﬂ]
= [t (v 82

M
E | (AXc+Vis1,6) 9(0) Ak D M (CX, i) (Y1, fi) ’ @kﬂ]
i=1

M
E | (AX.&)g Z (CX, fi) (Yiy 1, i )%+1]

N

2 [ (Xc.es)arsg (6 )Akl%}]'[ck+1

N
= M/ Y arst (u) g duHc 1 (8.3)
Os=1

Asgisarbitrary, from (8.2) and (8.3) we see

N
Upa(U) =M (afSQk HC M) -
=1

Using Notation 4.2 the result follows. O

Compared with Theorem 4.3 the new feature of Theorem 8.1 is that it updates
recursively the estimate of the parameter.

Remark 8.2 Suppose 7t = (71, ...,7n), where i = P (Xo = @) istheinitial distribu-
tion for Xp and h(6) isthe prior density for 6. Then

Go (6) = mh(6),

and the updated estimates are given by (8.1).
|

If the prior information about X; is that, say, Xo = &, then the dynamics of X,
(2.4) will move the state around and the estimate is given by (8.1). If the prior in-
formation about 6 isthat 0 takes a particular value, then h(6) (or a factor of h)
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is a delta function at this value. No noise or dynamics enters into 6, so the equa-
tions (8.1) just continue to give the delta function at this value. Thisis exactly to be
expected. The prior distribution h taken for 6 must represent the a priori information
about 0; it isnot aninitial guess for the value of 6.

Time-varying dynamics for 6 could be incorporated in our model. Possibly
Okr1 = Ag O+ V. 1, where vy, 1 isthe noise term. However, the problem then arises
of estimating the terms of the matrix Ag.

Finally, we note the equations (8.1) are realy just a family of equations para-
metrized by 6. In particular, if 6 can take one of finitely many values 6,6,
...,0p we obtain p equations (8.1) for each possible 6. The prior for 6 is then
just adistribution over 61, .. ., 6p.

2.9 Quantized Observations

Suppose now the signal process {x,} is of the form
Xict1 = A+ Vi1,

wherex, € RY, A= (aji) isad x d matrix and {v,}, £ € N, isasequence of i.i.d. ran-
dom variables with density function y. (Time-varying densities or nonlinear equa-
tions for the signal can be considered.) We suppose X, or its distribution, is known.
The observation process is again denoted by Y, ¢ € N. However, the observations
are quantized, so that the range space of Y, isfinite. Here, also, we shall identify the
range of Y, withtheunit vectors fy,..., fu, fj =(0,...,1,... ,0) € RM, for some M.
Again suppose some parameters 6 € © in the model are not known. Write & for
the complete o-field generated by Xg, X1, ..., Xk, Y1,..., Yk and 6; % isthe complete
o-field generated by Yi,...,Yi. If Y} = (Y, fi), L <i < M, then Y, = (Y/,...,YM’
and IM .Y} = 1. Write

G =E[(Y0 fi) |9 1] =P(Ye=fi | 1).
We shall suppose
POY,=fi | % 1)=P(Yo=fi|%.1), 1<i<M,(eN.
In this case we write ¢} (x,_1). Suppose ¢, (x,—1) > 0,1 <i <M, £ € N. Write

M

A —ﬁ Z[;} o)
I<_[=:|_ i=1 Mci1(<xifl) el )

dp
dp

Defining P by setting

%
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gives a measure such that

— 1

E[(Yo, fi) | 4-1] = vE

Suppose the parameter 6 takes valuesin RY and is random and unknown.
Suppose we start with a measure P on (Q X Rd,v;":l%) such that

E[(Y,, fi) | %r1] zé

and X1 = Ax + V1. Write

K /M
Ac=]1 <Z M [y (xe-1)] (Ye, fi>> :

(=1 \i=1

[Note this no longer requires CLH (%) >0]
Introduce P by putting

|-

dPl, T ©

£

Suppose f isany Borel function on RY and g is any Borel function on ©, and write
Ok (z,0) for an unnormalized conditional density such that

E[Adl (X €d2)1 (0 €db) | %] = qk(z 6)dzd6.

Then

B[ 00)9(0) Ausa | %a] = [[1(E)gWaaGudEdr ). @1

Theright-hand side is also equal to

=ME

M i
f(AX+ Vier1) 9 (8) A [ Gy a (40 Yoot | %H]
i=1
v (V) gk (z,u) dvdzdA (u).

- M/// f(Az+v)g(u) [ﬂCL+1(Z)Y&+1

Write§ = Az+v,sov= & — Az Theaboveis

M i
-m/[[1@9w (gc'm(zﬁm) V(E— A a(z)dzdE dA (W) (9)

Comparing (9.1) and (9.2) and denoting
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Mo
Ckr1(Yir1,2) =M 2 CI(+1 (2) Yy, fi)

i=1
we have the following result:

Theorem 9.1 The recursive estimate of an unnormalized joint conditional density
of thesignal x and the parameter 6 satisfies:

Qi (€)= [ 00 (2,2 v (€ —AD) e (z.u) 2

Example

In Kulhavy (1990) the following simple situation is considered. Suppose 6 € R is
unknown. {v,}, ¢ € N, is a sequence of i.i.d. N (0,62) random variables. The real
lineis partitioned into M disjoint intervals,

l1 = (=0, 0n), l2=[0n,02),...,IMm-1=[om-2,0m-1) , Im = [am, ) .

The signal process is X, = 6 +V;, £ € N. The observation process Y; is an M-
dimensional unit vector such that Y; = 1if x, € I;. Then

¢ =P(Y=1]%1)
=P(Y,=1]0)=P(ai-1<Y; < |0)
212 (470 202
= (2no?) / exp (—x°/20%) dx
aj_1—6

=c(0), 1<i<M.

Measure P is now introduced. Write gk (6) for the unnormalized conditional density
such that

E[Adl (6 €d0) | %] =aqk(6)d6.
Then, for an arbitrary Borel function g,

E[9(6) Rt | %oa] = [ 0(R)aea()d2

M .
9(0) Ak Y, Cr1(0) (Yira, fi) | %ﬂ]
i—1

= ME

=MAMM

M o
.;CLH (A) Mt 1, fi>] Ok (A)dA.
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We, therefore, have the following recursion formula for the unnormalized condi-
tional density of 0:

M i
Ok1(4) = (]:{korl (/I)Yk“> Ok (A)- (93

The conditional density of 6 given % isthen

e
P = T @)de

2.10 The Dependent Case

The situation considered in this section, (which may be omitted on afirst reading),
isthat of ahidden Markov Model for which the “noise” termsin the state and obser-
vation processes are possibly dependent. An elementary prototype of this situation,
for which the observation process is a single point process, is discussed in Segall
(1976b). The filtrations {.Zk}, {%} and {#L} are as defined in Section 1.2. The
semimartingale form of the Markov chainis, asin Section 2.2,

Xi+1 = AXi + Vi1, keN,

where Vy is an {.%¢} martingale increment, aji = P( Xk 1 =¢€j | Xk =6 ) and A=
(aji). Again the Markov chain is not observed directly; rather we suppose there is
a finite-state observation process Y. The relation between X and Y can be given as
P(Yer1=fr | %) = P(Ykp1 = fr | Xk) sothat

Yier1 = CXi +Wey 1, keN,
where W is an {¢} martingale increment, cji = P (Y11= fj [ Xk=¢) andC =
(cji). Weinitially assume cji positivefor 1 <i <Nand1< j <M.

However, the noise, or martingale increment, terms Vi, and W are not indepen-
dent. In fact, the joint distribution of Yy and Xy is supposed, given by

Yk+1xl:+l = SXk + Fk+la ke N7

where S= (sji) denotes a MN x N matrix, or tensor, mapping RN into RM x RN
and

Sji=P(Yk="fr, Xx=¢j | X1=8) 1<r<M, 1<ij<N.

Again Ty, isamartingale increment, so E [Tk.1 | %] = 0.
If the terms are independent

SXi = CXec (AX)'.
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In this dependent case, recursive estimates are derived for the state of the chain,
the number of jumps from one state to another, the occupation time of the chain
in any state, the number of transitions of the observation process into a particular
state, and the number of joint transitions of the chain and the observation process.
Using the expectation maximization algorithm optimal estimates are obtained for
the elements aj;, cjj and sj; of the matrices A, C, and S, respectively. Our model
is again, therefore, adaptive or “self-tuning.” In the independent case our results
specialize to those of Section 2.5.

Dependent Dynamics
We shall suppose
P(Yip1=fr, X1 =6 | %) =P (M1 = fr, X1 =€) | X) (10.1)
and write
Sji=PMg1=TXp1=¢ | X=8), 1<r<Mm, 1<i,j<N.

Then S= (sji) denotes a MN x N matrix, or tensor, mapping RN into RM x RN,
From this hypothesis we have immediately:

Yir1Xeir = X+Tkr1,  KEN, (10.2)
where Ty, 1 isa (P,%),RM x RN martingale increment.

Remark 10.1 Our model, therefore, involves the three sets of parameters (a;i), (Gri),
and (i)
|

Write 1 = (1,1,...,1)’ for the vector, in RM or RN according to context, all
components of which are 1.

Lemma10.2 For 1 € RM, then

(1, SX) = A (10.3)
For 1€ RN, then

(X 1) = CX. (10.4)

Proof In each case (1,T) and (T'k,1) are martingale increments. Taking the inner
product of (10.2) with 1 the left side is, respectively, either (1,Yi 1%/, 1) = X or
(Yir1Xe 1, 1) = Yiep1. Therefore, the result follows from the unique decompositions
of the special semimartingales Xy and Y. O
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In contrast to the independent situation, we have here P[ X 1 =€) | Fi, %1 | =
P[Xi+1=€j | Xk, %+1]. Thisis not, in general, equal to P[ X1 = €j | X¢] so that
knowledge of %, or in particular Yy, now gives extrainformation about Xy.

Write

Qjir = —;
Cri
(recall the ¢;; are positive). We then have the following:

Lemma 10.3 With Athe N x (N x M) matrix (ojir), 1 <i,j <N, 1<r <M,
1= A(XleéJrl) +Vii 1,
where
E[ Vi1 | Fio hia | =0 (10.5)
Proof
P X1=6j | X =8&,Yk1 = fr]

_ P[Ykr1= fr, X1 =6 | Xk =&
PYica = fr [ Xc=8]

_ S
Cri

= Qljir.
With A= (ajir), 1 <i,j <N, 1 <r <M, wedefineVk by putting
Xicr1 = A (XM 1) + Vi1 (10.6)
Then
E [\7k+1 | 3%%4&} = E [Xet1 | Fi, Thrr] — A (XN, 1)

= A(XkYk/+1) - A(XleéJrl) =0.

O
In summary then, we have the following.
Dependent Discrete HMM  The dependent discrete HMM is
Xer1 = A (X 1) + Ve
+ ( k+1) + (10.7)
Yk+1:CXk+\M<+1, kENv

where X € S, Yk € Sy, Aand C are matrices of transition probabilities given in
Lemmas 10.3 and (2.8). The entries of A satisfy
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N
Y ajir=1, o5 >0. (10.8)
j=1

Vi is amartingale increment satisfying
E [Vk+1 ‘ 9ka@k+1} =0.

Next, we derive filters and smoothers for various processes.

The State Process

We shall be working under a probability measure P as discussed in Sections 2.3

and 2.4, so that the observation process is a sequence of i.i.d. random variables,

uniformly distributed over the set of standard unit vectors { f1, ..., fu} of RM.
Here Ay isas defined in Section 2.3. Using Bayes' Theorem we see that

|3[Xk+1 =€ | jk?%-‘rl] = E[<Xk+1,ej> | yka@kﬂ]
E

[<Xk+1»ej>1\k+1 | ﬂk,@kﬂ]
E[Aki1 | % i)

_ Ax+1E [<Xk+1;ej> | Zx, %H]
Axi1

= P[Xk+1:ej | Pk, Dyt ]
= P[X¢i1 =€) | X, Ykr1]-

Therefore under P, the process X satisfies (10.7). Write Gy, k € N, for the unnormal-
ized conditional probability distribution such that

E [ Ak | 2] = G-

Also write

A(ej fr/) = 0O.jr = (ocljr,azjr,...,och,) ands,.j = (Srljy---75rNj)-

Lemma 10.4 A recursive formula for Gy, 1 isgiven by

Gkr1=M

M=z

N
Y (G, €)) (Yier1, fr) sr.j = MSGicYe 1. (10.9)
1j=1

r
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Proof
qk+1 =E [Kk+1xk+l | ngrl]

(M(CX, fr)) I<+1E[Xk+1 | P, Phrt] | @k+l‘|

I
m

4
:z

,
Il
aN

I
m
>
:z

k

(M (X, )"t AXQY 4 | @k+1]

_<
II
=

k. € ) (Yiern, fr) crjeejr

_‘
Il

=
Il

=

I

<
Mz I M=
Mz Mz

<qk7ej> (Yier1, fr) s

1
=
x\:T
+ e
AN

O

Remark 10.5 If the noise terms in the state X and observation Y are independent,
then

X = E [VMer1Xesa | %]
= CX (AX)'

N
=Y (X&) cia,
i=1

wherec; =Cgq and g = Ag.

A General Recursive Filter

Suppose Hy is a scalar ¢-adapted process such that Hp is .%p measurable. With
AHygi1 = Hypa _t'k’_Hk+1 = Hx + AHy. 1. For any ¢-adapted process ¢, k € N,
write fink (¢m) = E [ AkdmXi | Z]. Then

Yt 1.k+1 (Hiy1)

=E [Akr1HiXr1 | Zhr1] +E [ Akr1AHi 1 X | Zorr |
[ kaA XkYk+1 xk+1 ‘ %4—1} +E [Ak+1AHk+1Xk+1 | %—4—1]

<J’kk He),€j) (Yicra, fr) s

||
HMZ
HMZ

+E [ Ak 1AHi 1 X1 | Zhga |
MSick (Hk) Y1 +E [Kk+lAHk+1Xk+1 | gk+1} : (10.10)
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For the smoother at timem < k+ 1, we have

M N
77m.k+l(Hm) =M Z Z <'J7m.,k(Hm) 7ej> <Yk+1, fr>5r j
r=1j=1

= IvlS(Jh}m,k (Hm) YI£+1' (10.11)
Remark 10.6 The use of the product Hy.1Xk+1 and HmXk.1 is explained in Sec-
tion 2.5. Specializing (10.10) and (10.11), estimates and smoothers for various pro-

cesses of interest are now obtained.
[ |

The State Process

Here Hy11 = Ho = 1 and AHy1 = 0. Denoting ¥k (1) by &k we have from (10.10)
and (10.11)

Or1 = MScYi 1 (10.12)

which we have aready obtained in Lemma 10.4. For m < k+ 1 we have the
smoothed estimate

T+ 1 ((Xm:€p)) = MSnic ((Xm. €p)) Y1 (10.13)

The Number of Jumps

HereHi1 = £ = 5301 (X 1,€q) (Xn,€p) A Abyy1 = (X, €p) X (Xicr1,€g)-
Substitution of these quant|t|e$ in (10.10) and (10.11) gives the estimates and
smoothers for the number of jumps:

Ferikin (Aon) =M (S (L) Yigr + (Gk.€p) (Yir1,Sqp) €q) | (10.14)

and for m < k+ 1 we have the smoothed estimate

T2 (2R = MShmk (78 Y1 (10.15)

The Occupation Time

Here Hi1 = 67, = 3571 (Xn,€p) and AHy 1 = (X, €p). Using again (10.10) and
(10.11) we have the estimates

Herike (1) =M (St (0F) Yeya + (G ) (Yer1,5.p)) » (10.16)
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where (Yi;1,S.p) = XM (Vi1 fr) r.p, and the smoothers for m < k+1

Fnk+1(Oh) = MSink (OF) Yis1- (10.17)

The Process Related to the Observations

HereHy, 1= ykzsl 2"“ <Xg 1 ep> Yy, fs) and AHy, 1 = <xk ep> (Y1, fs). Again,
substitution in (10.10) and (10.11) gives

Fier skt (1) =M (STiek () Y + (G, €p) (Yier1: Fs) Ssp) (10.18)

and for m < k+ 1 we have the smoothed estimate

k1 (Ti) = MSfmk (F8°) Vi1 (10.19)

The Joint Transition

In the dependent situation a new feature is the joint transition probabilities. Here
Hir1 =200 = ST Yy, f) (Xo ) (Xe—1,€p) and AHy 1 = (Yier 1, fi) (K 1,€q) %
(Xk, ep> Estimates and smoothers for the joint transitions are obtained using again
(10.10) and (10.11). These are:

ko1 (L) =M (Shiek (L) Vs + (G €p) (Yir1, fe) Sqpq) | (10.20)

and

Fnke1 (L) = MSfmk (ZP) Yy 1. (10.21)

Parameter Estimation

Our hidden Markov model is described by the equations:

Xer1 = A +Via
Yer1 = CXe+Weya
Yk+1xé+1 = S+ Tkt1, keN.

The parameters in the model are, therefore, given in a set

6 = {aji,1<i,j <N;
Cii,1<j<M, 1<i<N;
Sji,1<r<M, 1<i,j<N}
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These satisfy
N M M N
Yai=1 Yci=1 Y Ysji=1 (10.22)
j=1 j=1

Suppose such a set 6 is given and we wish to determine a new set 6 = {(&i (),
(€ji (K)), (§ji (k) } which maximizes the log-likelihood function defined below.
Consider the parameters (sji,1 <r <M,1<i,j <N). To replace the joint tran-
stions s ji by &ji (k) consider the Radon-Nikodym derivatives

® I {éj-(k>}<Yf’fr><xf,ej><x¢1,q>.
dPly  iriijen LS (K)
Therefore
dP MONG A
Ellog 5| [%| =2 2 £’ 0g&ii(k)+R(s), (10.23)
EZS r=1i,j=1

M N - '
> Y L) =06 (10.24)
M N - N
> Y L) =6 (10.25)

M N
> Y &iilg=1 (10.26)

We wish, therefore, to choose the § i (k) to maximize the conditional log-likelihood
(10.23) subject to the constraint (10.26). Write A for the Lagrange multiplier and

put
Sovs)

Equating the derivatives of F in §&ji (k) and A to zero we have that the optimum
choice of &j; (k) is given, when defined, by

||M§

M N
:Z ijr“mgs(]l ) <
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L (") (10.27)

0= T e

Similarly, asin Section 2.7 the optimal choice for &;i (k) and €;ji (k) given the obser-
vations are, respectively, when defined

#(A)
A (1) — : (10.28)
and
A _ (10.29)
CJ'(k) ,}";k(ﬁl) :

Remark 10.7 We have found recursive expressions for %(6}), &(-Z"), (%)
and #( 7). The revised parameters 6 = ((&i(k)), (€ji(k)), (5ji(k))), are then de-
termined by (10.27), (10.28), and (10.29). This procedure can be iterated and an
increasing sequence of likelihood ratios obtained.

|

A Test for I ndependence

Taking inner productswith 1 € RN, (10.16) and (10.20) provide estimatesfor % ()
and %(%,""), respectively; an optimal estimate for §ji (k) is then obtained from
(10.27). However, if the noise termsin the state X and observationY areindependent
we have

SX = Cdiag X A'.
Taking Xk = g and considering
we see that if the noise terms are independent:
Sji = Grid;i

for L<r <M, 1<i, ] <N.If thenoise terms are independent %k (_7,), i (1),
and ykk(ﬁk”) are given in Section 2.6. Taking inner products with 1 € RN gives
estimatesfor u(_2,'), w(6}), and % (%), and substituting in (10.28) and (10.29)
gives estimates for 4;i (k) and €;; (k). Consequently, a test for independence is to
check whether

§ii (k) = & (k) - &i (k).
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Modification of our model and this test will give other tests for independence. For
example, by enlarging the state space, so the state at time k isin fact (X1, Xk) @
test can be devised to check whether either the process X is Markov, or (X1, %)
is Markov, in a hidden Markov model situation. Alternatively, models can be con-
sidered where Xy, 1 and Y, 1 depend also on Y.

2.11 Problemsand Notes

Problems

1. Show that Ay defined in Section 2.3 is a (P, %)-martingale, and A defined in
Section 2.7 isa (P, %)-martingale.

2. Fill inthe detailsin the proof of Theorem 5.3.

3. Write pmy (&) = E [(Xm. &) Ak | %], Amk=TT}_ ¥ ad Bk (&) = E[Amy2 |
Xm =&, %]. Show that B satisfies the following backward recursive equation

N M yi
Bmx (&) =M z Hdigmzﬁm,k(ei) Pre
(=1i=1

and Bk (-) = Bn-1k () = 1. Then verify that:

Pmk (&)= ﬁmk Hdlr )

where gm (+) isgiven recursively by (4.3).

. Prove Theorem 7.4.

. It is pointed out in Section 2.10 that alternatively, the transitions at time k of
the processes X and Y could also depend on Yy_1. Describe the dynamics of this
model and define a new probability measure under which the observed process
Y isasequence of i.i.d. random variables uniformly distributed.

6. Using a*“double change of measure” changing both processes X and Y into i.i.d.

uniform random variables, rederive the recursions of Sections 2.4 to 2.6.

[0

Notes

Hidden Markov models, HMMs, have found applicationsin many areas. The survey
by Rabiner (1989) describestheir role in speech processing. Stratonovich (1960) de-
scribes some similar models in Stratonovich (1960). The results of Astrom (1965)
are obtained using Bayes' rule, and the recursion he obtained is related to Theo-
rem4.3.



2.11 Problemsand Notes 53

The expectation maximization, EM, algorithm was first introduced by Baum and
Petrie (1966) and further developed by Dempster et al. (1977).

Our formulation, in terms of filters which estimate the number of jumps from
one state to another ¢, the occupation time ¢, and the .7 process, avoids use of
the forward-backward algorithm and does not require so much memory. However,
it requires alarger number of calculations that can be donein parallel.

Related contributions can be found in Boel (1976) and Segall (1976b). The latter
discusses only a single counting observation process. Boel has considered multidi-
mensional point processes, but has not introduced Zakai equations or the change of
measure.

The continuous-time versions of these results are presented in Chapters 7 and 8.



