Preface

The theory of Eisenstein series, in the general form given to it by Robert
Langlands some forty years ago, has been an important and incredibly useful
tool in the fields of automorphic forms, representation theory, number theory
and arithmetic geometry. For example, the theory of automorphic L-functions
arises out of the calculation of the constant terms of Eisenstein series along
parabolic subgroups. Not surprisingly, the two primary approaches to the ana-
lytic properties of automorphic L-functions, namely the Langlands—Shahidi
method and the Rankin—Selberg method, both rely on the theory of Eisenstein
series. In representation theory, Eisenstein series were originally studied by
Langlands in order to give the spectral decomposition of the space of L2-
functions of locally symmetric spaces attached to adelic groups. This spectral
theory has been used to prove the unitarity of certain local representations.
Finally, on the more arithmetic side, the Fourier coefficients of Eisenstein series
contain a wealth of arithmetic information which is far from being completely
understood. The p-divisibility properties of these coefficients, for example, are
instrumental in the construction of p-adic L-functions.

In short, the theory of Eisenstein series seems to have, hidden within it,
an inexhaustible number of treasures waiting to be discovered and mined.

With such diverse applications, it is not easy even for the conscientious
researcher to keep abreast of current developments. Indeed, different users
of Eisenstein series often focus on different aspects of the theory. With this
in mind, the workshop “Eisenstein Series and Applications” was held at the
American Institute of Mathematics (Palo Alto) from August 15 to 19, 2005.
The goal of the workshop was to bring together users of Eisenstein series from
different areas who do not normally interact with each other, with the hope
that such a juxtaposition of perspectives would provide deeper insight into
the arithmetic of Eisenstein series and foster fruitful new collaborations.

This volume contains a collection of articles related to the theme of the
workshop. Some, but not all of them, are based on lectures given in the work-
shop. We hope that the articles assembled here will be useful to a diverse
audience and especially to students who are just entering the field.
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Summary. We construct a topological model for certain Eisenstein cohomology of
congruence subgroups.

1 Introduction

Let G be a semisimple algebraic group over Q, let G(Q) and G(A) be its rational
and adelic groups, and let K C G(A) be a good maximal compact subgroup.
Let K = K;K, with Koo C G(R) and Ky C G(Ay), where G(Ay) is the
finite adelic group and G(R) is the group of real points. By our assumption on
G, we know that G(R) and K, are connected Lie groups (cf. Proposition 2.1
below). Then the cohomology of the congruence subgroup I' = G(Q) N K¢
can be computed by

H*(I,C) = H* (G(Q)\G(A)/ K o, C) ¥, (1.1)

where the superscript Ky stands for the subspace of K j-invariants in the
G(Af)-module

H* (GQ\G(A)/K e, ©) i = colim H” (GQ\G(A)/ K K, C) . (12)

The inductive limit is over all open subgroups K/ C K ¢. It is clear from
definition 1.1 that the Hecke algebra ) = C° (K ;\G(As)/K ) of compactly
supported K ¢-biinvariant functions on G(Ayf) acts on H*(I,C). Let

7= {res=crmnaen/Ky | [ radeh=o

Ay)

be the ideal of elements of §) which act trivially on the constant representation.
Since H*(I, C) is a finite dimensional vector space, any element of H*(I",C) is
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annihilated by a finite power of an ideal of finite codimension in §. Therefore,
the subspace

H*(I'C)z = {x € H*(I,C)|Z"x = {0} for some n >0}

is a direct summand of H*(I',C) which, among other elements, contains the
constant cohomology class in dimension zero. One of the aims of this article
is to study the space H*(I,C)z.

Our main result gives a topological model for H*(I",C)z. We first recall
the topological model for the cohomology of the constant representation of
G(R), which maps to H*(I', C)z. Let I§ ) g be the algebra of G(R)-invariant
differential forms on the symmetric space G(R)/K «. Such forms are closed
and give rise to G(A¢)-invariant elements in H* (G(Q)\G(A)/K «, C). We get
a map of graded vector spaces

IE(IR),KOO — H*(I,C)z.

Furthermore, H* (I, C)z is a I ) g -module since multiplication by G(Ay)-
invariant cohomology classes, unlike the rest of the multiplicative structure,
commutes with the action of the Hecke algebra. Let G(°(R) C G(C) be a
compact form of G(R) such that K., € G(°(R). Then the homogeneous space
X(gc): = G)(R)/K ., is the compact dual of G(R)/K . The complexified
tangent spaces at the origins of X(gc) and of G(R)/K  can be identified, and
one gets an identification of 1§ ) - with the space of G(©)(R)-invariant forms

on X (gc). The space of G(°)(R)-invariant forms on X (gc) is equal to the space
of harmonic forms (with respect to a G(¢)(R)-invariant metric) on X(gc)/KDo,
hence it is isomorphic to H*(X (gc), C). We obtain a multiplicative isomorphism
between 15 o and H*(X(gc),(C)”O(KOO).

Our topological model for H*(I',C)z consists of a canonical isomorphism

of I§ ) k. = H” (X(gc), C)-modules from H*(I',C)z onto the invariants of a

certain group in H*(Ug,C), where Ug C X(gc) is a certain open subset. To
give the definition of Ug, we first have to introduce some new notation. Let
P, be a minimal Q-rational parabolic subgroup of G. We consider standard
parabolic subgroups P 2 P,. Let Np C P be the radical of P and let Lp =
7)/./\[73 Let

Mp: :( N ker(x))o (1.3)

XEX*(Lp)

be the connected component of the intersection of the kernels of all Q-rational
characters of Lp. To ensure that our constructions do not depend on such a
choice, we will never choose a Q-rational section Lp — P of the canoni-
cal projection P — Lp. We will, however, use the fact that the projection
PNO(P) — Lp, where 0 is the Cartan involution defined by K, is an iso-
morphism of algebraic groups over R. This identifies Lp(R) and £Lp(C) with
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subgroups of G(R) and G(C). Using this identification, the compact form of
Mp becomes

M ([R) = Mp(C) N GO(R),

a subgroup of the compact form of G, and the compact dual of the symmetric
space defined by Mp becomes

X, = MP(R)/ (Koo 0 Mp(R)) € X,
a subset of the compact dual of the symmetric space defined by G. We put

Ug: =X§ - | X% (1.4)
PP,

The group Ko N Po(R) acts on X S;) by left translations and leaves Ug

invariant. The action of Ko NP,(R) on the cohomology of X (gc) is trivial, the
action on the cohomology of Ug factorizes over the finite group of connected
components (K o N P,(R)). With these definitions, we can formulate our
main result about H*(I',C)z.

~

Theorem 1.1. There is a canonical isomorphism ofIE(R))KOQ = H" (X(gc), C)-
modules
H*(I',C)z = H*(Ug, C)*="P(), (1.5)

Furthermore, elements of H*(I',C)z, which by definition are annihilated by
some power of T C $), are already annihilated by T itself.

The map I§g) i — H*(I,C) was first studied by Borel [2], who proved
that it is an isomorphism in low dimension. Since H*(I',C)z is a direct sum-
mand of H*(I',C), the question of noninjectivity of Borel’s map (which was
studied by Speh [22]), can be understood in terms of restriction of cohomol-

ogy classes from X (gc) to Ug. Our interest in this particular summand was,
however, motivated by the fact that it is an important model case for the
effects produced by the singularities of Eisenstein series when one studies
the cohomology of congruence subgroups in terms of automorphic forms. Our
method of studying H*(I',C)z uses the results of [9]. It consists of expressing
H*(I',C)z as the (g, K)-cohomology of a direct summand of the space of au-
tomorphic forms and of representing this space in terms of Eisenstein series.
The Eisenstein series which are of interest are the Eisenstein series starting
from the constant functions on the Levi components of standard parabolic
subgroups, evaluated at one half the sum of the positive roots. There are
many singular hyperplanes which go through this parameter, and the iter-
ated residue of the Eisenstein series is the constant function on G(A). The
contributions from the Eisenstein series starting from a given parabolic sub-
group is therefore no direct summand of the space of automorphic forms, but
only a quotient of a suitable filtration on the space of automorphic forms.
The problem of understanding these extensions was the main motivation for
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writing this paper. For GLgy over algebraic number fields, the summand of
the cohomology considered in this paper, has been computed by Harder [13,
Theorem 4.2.2.]. There are probably more explicit calculations for rank one
cases and also some for rank two cases, for instance in [20]. These authors do
not use topological models to describe the Eisenstein cohomology, they arrive
at explicit formulas.

We can more generally study the G(A)-module of all elements x in the
cohomology H* (G(Q)\G(A)/K +, C) which at all but the finitely many ram-
ified places are annihilated by some power of Z. Again it turns out that the
first power is sufficient. Let H*(G)z be the space of cohomology classes x
with that property. Then H*(G)z can be identified with the Ko N Py(R)-
invariants in the hypercohomology of a complex of sheaves with G(A ¢)-action

on X (gc). It turns out that the hypercohomology spectral sequence for this
complex degenerates, and that the limit filtration can be described in terms
of the G(Ay)-action. However, Hilbert modular forms and SL3 over imaginary
quadratic fields provide easy examples that the limit filtration will usually not
split in the category of G(Ay)-modules. To get a complete picture of H*(G)z
as a G(Ay)-module, one may be forced to carry out the laborious work of
explicit calculations for the various families of algebraic groups. As an exam-
ple, we carry out explicit calculations for SL,, over imaginary quadratic fields.
This example shows that while explicit calculations for the various series of
classical groups should be possible, the topological model provides a much
more vivid picture of the cohomology.

By the work of Moeglin and Waldspurger [17], the residual spectrum of
GL,, over a number field is now completely understood. The structure of the
residues is quite similar to the case investigated in this paper. Therefore,
there is some hope that our methods can be used to completely understand
the KEisenstein cohomology of GL, in terms of the cuspidal cohomological
representations. Compared with this paper, one has to expect two difficulties.
Firstly, there is the possibility of “overlapping Speh segments”. In this case,
the structure of the Eisenstein cohomology may depend on whether some
automorphic L-function vanishes at the center of the functional equation. This
effect was first found by Harder [14, §III] in the case of GL3 over imaginary
fields. As a second complication, the Borel-Serre-Solomon—Tits Theorem 4.2
in this paper will not suffice. One needs a Solomon-Tits type theorem with
twisted coefficients, which investigates the cohomology of a complex formed
by normalised intertwining operators. I hope that the methods of this paper
are flexible enough to extend to this new situation.

The author is indebted to J. Arthur, D. Blasius, M. Borovoi, G. Harder,
J. Rohlfs, J. Schwermer and C. Soulé for interesting discussions on the sub-
ject and methods of this paper. In fact, it was after a discussion with C. Soulé
and G. Harder that I realized the need for passing to the space of invariants
n (1.5). T also want to use this occasion to thank the mathematics depart-
ment of the Katholische Universitdt Eichstatt and the Max-Planck-Institut
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fiir Mathematik in Bonn (where this paper was written) and the Institute for
Advanced Study, the Sonderforschungsbereich “Diskrete Strukturen in der
Mathematik”, and the mathematics department of the Eidgendssische Tech-
nische Hochschule Ziirich (where [9] was written) for their hospitality and
support.

2 Notations

We will study connected reductive linear algebraic groups G over Q. Let K =
K ;K be a good maximal compact subgroup of G(A), decomposed into its
finite adelic factor Ky and its real factor K . Let § be the Cartan involution
with respect to K, and let K7 be the connected component of K. We
denote by P, a fixed minimal Q-rational parabolic subgroup of G. Unless
otherwise specified, parabolic subgroups P will be assumed to be defined over
Q and to be standard with respect to P,. Let Np be the radical of P, and
let Lp = P/Np be the Levi component. Unless P = G, we will not think of
Lp as a subgroup of P. We will, however, identify £ Xgpec(q) Spec(R) with
the R-rational algebraic subgroup P N 6(P) of Lp. Let Ap be a maximal
Q-split torus in the center of L£p, and let Mp be defined by (1.3), such that
Lp = ApMp is an isogeny. In the case P = P,, we will write M,, A,, and N,
instead of Mp,_, Ap_, and Np,. In the case P = G, Ag is a maximal Q-split
torus in the center of G, and Mg is generated by the derived group of G and
the Q-anisotropic part of the center of G.

Let G(A) be the adelic group of G. If S is a subset of the set of valuations
of @, let G(Ag) be the restricted product over all places v € S of the groups
G(Q,). In the special case where S is the set of finite primes, this is the finite
adelic group G(Ay). Let Kg = K N G(Ag). For a parabolic subgroup P, let
Ap(R)T be the connected component of the group of real points Ap(R). In
the special case P = G, this is the connected component of the group of real
points of a maximal Q-split torus in the center of G.

Let g be the Lie algebra of G(R), {(g) its universal enveloping algebra, and
3(g) the center of i(g). Similar notations will be used for the Lie algebras of
other groups.

Let ap be the Lie algebra of Ap(R). We will write a, for ap,. If P C O,
then it is possible to choose a section ig: Lo — Q of the projection Q —
Lo. Then ig(prg_ s, (P)) C P. We define an embedding ag — ap as the
restriction to ag of the differential of the map

pr'P—)L‘,fpiQ‘

This embedding is independent of the choice of ig. The dual space ap of ap
can be identified with the real vector space X*(P) ®z R generated by the
group of Q-rational characters of P. The same identification can be made for
Q. Then restriction of characters from Q to P defines an embedding ag —
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ap. The embeddings ag — ap and dg — ap define canonical direct sum
decompositions ap = ag @ a% and ap = ag P ﬁ%.

Let A, C a9 be the set of simple positive (with respect to P,) roots of A,.
The subset A of simple positive roots which occur in the Lie algebra of Mp
is contained in @”. Of course, both definitions require the choice of sections
L, — Lp — P, but the result does not depend on such a choice. Let Ap be
the projection of A, — A” to ap, and let A% for P C Q be the projection of
AOQ — A? to ﬁ%. Let p, € @, be one half the sum of the positive roots of A,,
and let pp and p% be the projections of p, to ap and to a%.

Our notion of a (g, K')-module is the same as in [26, §6.1]. A G(Ay)-module
is a vector space on which G(Ay) acts with open stabilizers. If K is a field, let
C*(G(Ay),K) be the G(As)-module of compactly supported locally constant
K-valued functions on G(Af). If no field is given, it is assumed that K =C. A
similar notation is used for quotients of the adelic group. For quotients of the
full adelic group like C*°(P(A)\G(A)) or similar quotients of partial adelic
groups which contain G(R), we adopt the conditions that C'*°-functions have
to be locally constant with respect to the finite adelic part and K o-finite and
infinitely often differentiable with respect to G(R).

2.1 Connected components of real groups

Let us recall the following fact:

Proposition 2.1. Let G be a reductive connected algebraic group over R and
let Koo be a mazimal compact subgroup of G(R).

1. Then mo(K ) = mo(G(R)).
2. If R C Q are parabolic subgroups defined over R, then the map
To(R(R) N K o) — mo(Q(R) N K )

18 surjective.
8. If G is R-anisotropic or if it is semisimple and simply connected, then
G(R) is connected.

Proof. The first two assertions are consequences of the Iwasawa decomposi-
tion G(R) = P(R)° x K,, where P is a minimal R-parabolic subgroup (cf.
[23, Proposition 5.15]). The third fact is established in [6, Corollaire 4.7] for
semisimple simply connected groups and in [5, Corollaire 14.5] for anisotropic
groups. O

3 Formulation of the main results
Let H*(G) be the inductive limit

H'(9): = colim H” (G(Q)A5(R)"\G(4)/ K’ K2, C) (3.1)
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over all sufficiently small compact open subgroups K Fc G(Ay). This is a
G(Ay)-module. Let H}(G, C) be the same inductive limit over the cohomology
with compact support. For any set of finite primes S, the Hecke algebra $g =
C*(Ks\G(As)/Kgs) of Kg-bi-invariant compactly supported functions on
G(Ag) acts on H*(G,C) and H?(G,C). Let Zg be the ideal

/ f(g) dg = o} 7
G(As)

Is: Z{fef)s

and let

H*(G,C)z: =

{z € H*(G,C) [for any set S of finite primes, Z¢'x = {0} for m > 0}
HX(G,C)z: =

{z € H}(G,C) |for any set S of finite primes, Z¢'x = {0} for m > 0}.

These are direct summands of H*(G,C) and H(G,C). Our main result de-
scribes them as the space of K2 NP, (R)-invariants in the hypercohomology
of a complex of sheaves of G(As)-modules on the compact dual.

The construction of these complexes of sheaves follows a general pattern,
which associates a chain complex to a functor with values in an abelian cat-
egory on the poset Bg of standard parabolic subgroups. Note that G is a
maximal element of PBg. Let < be a total order on A,. We order successors
Q of P in Pg by the order < of the unique element of AS — A” and denote
the i-th successor (0 < i < dima$) of P by P;. Let F” be a contravariant
functor on Pg. For P C Q, let

FP<2. F° - FP
be the transition map. We define the chain complex C*(F*) by
Ck (F.) — @ F'P

PeEP

dim a%:k

with the differential

k
d <(f7v) ey k) = (Z(—l)iFQCQi(fQiO v (3.2)

dim aZz= i—0 ' <
dim uQ:k+1

Similarly, let F'p be covariant, with transition maps
FPQQZ Fp — FQ.

We order predecessors Q of P in P according to the order by < of the unique
element of A” — A2, denote the i-th predecessor (0 < i < dima’’) by ;7 and
form the chain complex
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PeEP
dima, =k

with differential

k
d <(f7v) _Pep > = (Z(—l)iFchQ(fiQO . (3.3)
e = =0 dim a8 k1

We apply similar conventions to functors of several variables. For instance, if
F% is covariant with respect to P and contravariant with respect to 9, then
we have the following chain complexes:

e For fixed P, the chain complex C*(F'3) obtained by applying construction
3.2 to the contravariant variable.

e For fixed Q, the chain complex C*(F ) obtained by applying construction
3.3 to the covariant variable.

e The chain complex C*(F7), the total complex of the double complex,
obtained by applying (3.2) to the contravariant variable and (3.3) to the
covariant variable.

Of course, all these complexes depend on the choice of <. However, they do
so only up to unique isomorphism. For instance, let C'* (FP)< be formed with
respect to < and let C*(F”)= be formed with respect to <. Then we have
the isomorphism of complexes

C*(F*)< — C*(F7)

(fp) »ex  —(epfp) wPex
dim a%:k dim a%:k

where ep is the signature of the permutation of A, — Af which identifies
the total orders < and < of A, — A?. We will therefore suppress the —<-
dependence of C*(F*) in our notations. The same applies to C*(F,) and the
constructions for bifunctors. We will also apply these constructions if F' takes
values in the category of chain complexes. In this case, C*(F'*) has the total
differential formed by the differential of F'* and (3.2).

Recall the definition of the compact dual X S\C/L and of the embeddings

X 5\0/[)7) — X ﬂg from the introduction. For a topological space X, a closed
subset Y and a vector space V, let V3 be the constant sheaf with stalk V'
on Y and let (iycx)«Vy be its direct image on X. If K is either R or C,
let A(G, K2 ,K)” be the functor which to P € P associates the sheaf with
G(Ay)-action

(ixg cxy ) C= (PU NG )y -
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For P C Q, A(G, K% ,K)P<2 is defined by the inclusion
C(QUANG(Af),K) € CZ(P(A\G(Af), K),

followed by restriction from X &CJQ to X 5\0/[)7). The group K2, N P,(R) acts
on this complex by left translation, and the resulting action on hypercoho-

mology factorizes over the quotient mo(K 2, N Po(R)). Recall the Borel map
o wyxo, — H*(G,C)9*s) and the isomorphism g ko = H*(Xs\c,fg)
from the introduction.

With this notation, we can formulate our main result as follows:

Theorem 3.1. There is a canonical isomorphism of G(Ag)- and I}, ) Ko =

m* (Xg\c/[)g)—modules between HX(G,C)z and the hypercohomology of the com-
plex associated to the functor A(G,C)7

H(9.C)z = H* (X[}, C"(A(G, )™ K= (), (34)
This isomorphism identifies the real subspace H?(G,R)z with
"H (X, C*(A(G, €)™ HKnPe(),

The proof of this theorem will occupy most of the remainder of this paper.
We will now give some corollaries. Since the sheaf of G(A f)-modules A(G, C)”
is annihilated by Zg, we have the following result.

Corollary 3.2. If S is a set of finite places of Q, then H*(G,C)z and
H:(G,C)z are annihilated by Zs (and not just a power of Zg).

The assertion about H*(G, C)z follows from the result about cohomology with
compact support by duality.

To evaluate the cohomology sheaves of the complex C*(A(G, C)*), we have
to define some Steinberg-like G(Af)-modules. Let

UL = O (P(A\G(A1),C) | D C®(Q(A1)\G(As),C),  (3.5)
QDP

and let ‘Bi(if )) be the dual of ‘Bg(Af For instance, %ggi; g and @ggi; ; are

both 1som0rph1c to the constant reprebentation. Recall the definition of the

subsets © ©
Umer =X, - | XM,
QCP

If V is a sheaf on U sy, let (z )IV be its continuation by zero.

UMngﬂfjg

Corollary 3.3. The i-th cohomology sheaf of the complex C*(A(G, K2, C))
1s given by
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. G(Ay)
D (v, cxe, ) T 36)
SPY !
dim a,g,—z

The hypercohomology spectral sequence degenerates, and the limit filtration
Fil; H*(G,C)z has quotients

(Fil; /Fili_1 ) H}G.C)z = @  HE /(U ppp )™ F =P ® ®%9<Af>

PeEP
9 _;

dim aZ
(3.7)
where the isomorphism is an isomorphism of modules over G(Ay). This is the

only ascending filtration of HX(G,C)z whose i-th quotient is of the form

@ Vp ® ‘Bg(Af)

PeP

dim a%:z

Similarly, H*(G,C)z has a descending filtration Fil* with quotients

(Fllz /Fllz-‘rl) Hf(@(C)I o~ @ Hkerim(np)(UMp)ﬂU(KOOﬂPO(R))@%i((Af)

Ag)’
PEP
dim a%:z
(3.8)
This is the only descending filtration of H*(G,C)z whose i-th quotient is of
the form
P G(Ay)
D vevp)
PEP
dim a%:z

Proof. By Poincare duality, it suffices to prove the assertions about cohomol-
ogy with compact support. The formula (3.6) is a consequence of the Solomon—
Tits like Theorem 4.2 in the next section, which generalizes [4, §3]. The degen-
eration of the hypercohomology spectral sequence follows from Hodge theory
and the fact that the restriction of an invariant (= harmonic) form on the
compact dual of a Levi component of G to the compact dual of a smaller Levi
component is again invariant.

The uniqueness assertion about the filtration of H}(G,C)z follows from
the next proposition. a

Proposition 3.4. Let S be a set which contains all nonarchimedean primes
of Q with finitely many exceptions, and let P # Q be parabolic subgmups of G.

: g(as) Ks gan K :
Then the spaces of S-spherical vectors %P(Af) and U QA * have finite
length as representations of the group

11 G(Qu),

v nonarchimedean
v

and their Jordan—-Holder series have mutually nonisomorphic quotients.
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Proof. This is a consequence of |7, X.4.6.]. O

Unfortunately, Hilbert modular forms and SL3 over imaginary fields provide
examples where the filtration Fil; H (G, C)z does not split in the category of
G(Af)-modules.

Since K was supposed to be good, we have P(A;) K = G(Ay) for all
parabolic subgroups P. Therefore, Q]f,((i’; )) has K g-spherical vectors only if

P = G, and the only quotient of Fil; H}(G,C)z which has a K g-spherical
vector is in dimension zero. We get the following corollary.

Corollary 3.5. The natural maps
HZ(G,0)9*) — HZ(G,C)7" — HZ(G,C)f ’

are isomorphisms. (The first of these isomorphisms follows from the fact that
the constant G(Ay)-representation is annihilated by I.) Similarly, the maps

H*(G,C)7 " — (H*(9,C)1)ga,) — H*(G,Clgqay)

are isomorphisms, where the subscript g,y stands for the space of G(Ay)-
coinvariants. Also, we have isomorphisms Ofl}kvlg(R),Kgo =~ H* (Xg\c,?g)—modules
H7(G,C)gay) = H*(Umsg, C)
and
H(G,C)9 ™) 2 HY(U pmg, ©).

In particular, this establishes Theorem 1.1 of the introduction.

4 An adelic Borel-Serre—Solomon—Tits theorem

In this section we study the cohomology of the chain complexes associated to
certain functors on 3. Let us start with the easiest example. For parabolic
subgroups @ C R, consider the contravariant functor

C itQCPCR

P _
BQR)" = {{O} otherwise

and the covariant functor

_(C #fQCPCR
B(QR)p = {{0} otherwise
such that B(Q, 72)73g5 and B(Q,R)pcp are the identities if @ C P C PCR
and zero otherwise. B
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Lemma 4.1. If O C R, C*(B(Q,R)*) and C*(B(Q,R).) are acyclic. If
Q =R, then the only cohomology group of C*(B(Q,R)®) is C in dimension
dim agQ, and the only cohomology group of C*(B(Q,R)s) is C in dimension
dim a$.

This is straightforward.

For a more interesting example, one takes the set of all C-valued functions
on P(Q)\G(Q) for F” together with the obvious inclusions as transition maps.
The associated chain complex gives the reduced cohomology of the Tits build-
ing of G shifted by —1; hence by the Solomon—Tits theorem it has cohomology
only in degree dim a¥. The related theorem in which continuous functions on
P(Q,)\G(Q,) (with Q,-rational parabolic subgroups P which are standard
with respect to a minimal Q,-rational parabolic subgroup) are considered has
been proved by Borel and Serre [4, §3]. We need an adelic version of their
result.

Theorem 4.2. Let S be a set of places of Q, and let R be a standard Q-
parabolic subgroup. Let C(G, R, Ag)® be defined by

OO R, As)” = {%D;(P(AS)\Q(AS)) Z/Zr%mfe.

(Recall our convention that C™°-functions are supposed to be K o -finite.) Let
the transition functions for C be given by the obvious inclusions. Then the
complex C*(C(G, R, As)®) is acyclic in dimension < dima¥.

Proof. The only difference to the situation considered by Borel and Serre
is that we consider quotients of an adelic group by Q-parabolic subgroups,
whereas they consider quotients of the v-adic group by Q,-rational subgroups.
Their method is flexible enough to cover our situation. To eliminate any pos-
sible doubt, let us give the modified proof.

Since C(G,P,Ag)® is the inductive limit of its subfunctors C(G, P, Ar)
for finite T', it suffices to consider the case where S is a finite set of places of
Q. We will prove the following proposition.

Proposition 4.3. Let S be a finite set of places of Q, let B be a Banach
space, and let R € PB. Let C(R,Ag) be given by spaces of B-valued continuous
functions on flag varieties of G

C(P(As)\G(As),B) if PC R

. -
C(R,As, B)" = {{0} otherwise

with _the obvious inclusions as transition homomorphisms. Then the complex
C*(C(R,As, B)*) is acyclic in dimension < dima¥.

For finite S, the theorem follows from the proposition, since C(G, R,Ag) is
the inductive limit of its subfunctors C(G, R, Ag)e over idempotents e of the

convolution algebra C*°(Kg). But C(G,R,Ag)e = C(R,As,C)e is a direct
summand of C(R,Ag,C). O
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Proof. We proceed by induction on the cardinality of S, starting with the case
S = (. For this case, we have C(R,Ay,B)*: = B(P,,R)* ® B and apply
Lemma 4.1.

Let v € S be such that the proposition has been verified for S\ {v} and
arbitrary R and B. Let P, C P, be a minimal Q,-parabolic subgroup, and
let A, C P, be a maximal Q,-split torus. Let wy,. .., wy be an enumeration
of the elements of the Weyl group W(A,,G(Q,)) such that {(w;) < {(w;) if
i < j, where ¢(w) is the length of w. Let

C(w) = Pu(Qu)\Pu(Qu)wPu(Qu) C Pu(Qu)\G(Qy)

be the Schubert cell associated to w, and let E; = U;:o C(wj). Let A, and

AP be defined like A, and A?| but with P, replaced by P,. For a € A,, let
S be the reflection belonging to a. Let

7 Po(Qu)\G(Qy) — P(Qu)\G(Qy)

be the projection. We have the following consequence of the Bruhat decom-
position as given in [4, 2.4.].
Lemma 4.4. Let 0 < i < N. If P O P, is a Qy-parabolic subgroup such that
U(sqw;) > L(w;) for all « € AV then mp induces an isomorphism
C(wi) = mp(Clw;)) = mp(E;) — mp(Ei-1).
Otherwise, we have mp(E;) = mp(Ei—1).
Let Fil' C(R, Ag, B)” be the set of all f € C(R,Ag, B)? which vanish on

(P(As\op)\G(As\(v})) X T (). (4.1)

This is a subfunctor of C’(R, Ag,B)*. Let us consider 0 < ¢ < N. If there
exists no Q-parabolic subgroup Q@ D P, such that ((sqw;) > ¢(w;) for all
o € A2, then Lemma 4.4 implies Fil' ' C(R,As, B)* = Fil' C(R, Ag, B)®.
Otherwise, let Q; be the largest Q-parabolic subgroup with this property. Let
C(C(w), B) be the Banach space of continuous B-valued functions on C(w),
and let C.(C(w),B) C C(C(w),B) be the closure of the set of compactly
supported functions. Identifying B-valued continuous functions on (4.1) with

C(mp(F;), B)-valued continuous functions on

P(As\{v3)\G(As\(0})

and using the isomorphism

ker (C(mp(E;), B) — Clrp(Ei1), B)) = {{C(i}(c(wi)ﬂ) ig ? g

we get an isomorphism
(Fi'™! JFi') C(R, As, B)” 2 C(RN Qi, As_ 0y, Ce(C(w;), B)),

and the induction argument is complete. a
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Generalising the definition of ‘B%((iff )) in the third section, we define

VI = O (P(As)\G(As)) | Y. €% (Qas)\G(As)  (42)
QDOP

where it is understood that if S contains the archimedean place, then induction
at this place is (g, K)-module induction. Let Qvlg((ii) be the K g-finite dual

G(a Py (A < Po(A
of Q]P((Ai)). We put Stgay) = %g(ésf) and Gtg(ay) = Q]g(‘é f) These can be

considered as Steinberg-like modules, although they are highly non-irreducible
unless S consists of a single place v at which P, is also a minimal Q,-parabolic
subgroup.

If we choose Haar measures on G(A) and P,(A), then the dual of

C(B(A)\G(A)) = Ind§ C
can be identified with Ind% Csp, . This allows us to view
Ind$ St a) @ Copy

as a submodule of Ind%o Csp, . It is the orthogonal complement of
> CF(QANG(A)),
QCP

hence it decreases if P increases. This allows us to define

Ind} Strpa) ® Copp P #Py
D) =1 Y df Strpa) © Capp if P=P, ¢ CInd Cap,. (4.3)
PeP

Theorem 4.5. If dima¥ > 0, then C*(D(G)*®) is acyclic.

Proof. D(G)* C B(P,,G)* ® Ind%a Cyp, is the orthogonal complement of

M, C B(P,,G)e ® Ind}, C,

where
Y. CE(RMANGA)  HP#P,
M’P: dimﬂ:,Rzl CCDO(P(;(A)\Q(A))

C= (] C™(R(A)\G(A)) otherwise

REP
dim a?}:l
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By Lemma 4.1, it suffices to show that C*(M,) is acyclic. Let

- [MpifP#P,
MP_{{O} if P =P,

Since C C Mp, C HY(C* (M.)), the acyclicity of C*(M,) and the theorem
will follow if we show that C*(M,) has only one one-dimensional cohomology
space in dimension one.

We will reduce this to Theorem 4.2 by introducing a functor of two vari-
ables IN§ and using the spectral sequence for its double complex. We define
N by
NS {0} ifQZPorif Q="P,

P C>(Q(A)\G(A)) otherwise.
It is a consequence of Theorem 4.2 (applied to C(G, Lg,A)) that
. {0} if k # dima¥ — 1
(C (Np)) = {Mplfk—dlmug—l
Since
NQ _ {0} if @="P,
* B(Q,G)e ® C*(Q(A\G(A)) if QD Po,
Lemma 4.1 implies

U a2 {0}if I # dimad or Q #G
H(C (N )) {(C if | =dimad and Q =G.

Combining these two facts, we get

k * (N _ k+dim a(gjfl * . {0} if k 7& 1
H (C (M.))—H (C*(N?Y)) = { e
As was mentioned earlier, this implies the theorem. a

We complete this section with a rather elementary lemma. For a parabolic
subgroup R of G, let

= {0173 oo

The transition homomorphism E(R)ﬁgp* is given by the projection af —
ah. E(R)*" is a functor from 3 into the category of graded vector spaces.

Lemma 4.6. The projection

E(R)9" = A*(@%,) — det % [— dim &%,]
defines an isomorphism on cohomology

1 (€ (BR)*)) = det 8 [ dim &),

By the determinant of a finite dimensional vector space, we understand its
highest exterior power.
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Proof. Let Rq,..., Rk be the parabolic subgroups containing R with the prop-
erty that dim ag"’ = 1. Then

cr %é<C®aR —>(C),

i=1

proving the lemma. a

5 The space of automorphic forms

It is known that H*(G, C) can be evaluated by using the cohomology of the de
Rham complex, which is isomorphic to the standard complex for evaluating
the (mg, K2 )-cohomology H{\ _ x (C*(Ag (R)TG(Q)\G(A))). Let

Cimg(Ag(R)TG(Q)\G(A)) € C=(Ag(R)"G(Q)\G(A)) (5.1)

be the subspace of functions of uniformly moderate growth. Let J = 4(g)g N
3(g) be the annihilator of the constant representation in 3(g). Let

Agz: ={f € CR(AgR)*GQ\G(A))| T"f = {0} for n> 0} . (5.2)

Borel has verified that the inclusion (5.1) defines an isomorphism on coho-
mology and conjectured that the inclusion Ay C Cgy,, also defines an iso-
morphism on cohomology with constant coefficients. After partial results by
Casselman, Harder, and Speh, this has been verified in [9], where we denoted
Comg by Sec and A7 by FinzSe since we worked in a more general situation.

Let S be a set of finite primes which contains all but finitely many primes.
It is a consequence of well-known finiteness properties of the space of automor-
phic forms (cf. [11, Proposition 2.3]) that the space of K g-spherical vectors

A?s C Az has a decomposition into associated Hecke eigenspaces
Ks _
A% ]_[ A%,

where the sum is over maximal ideals Z C $Hs and

Af;;:{feAj

7 f = {0} forn>>0}.

It is clear from the proven Borel conjecture that the cohomology of A“’; SI

is isomorphic to the space of K s-spherical vectors in H*(G,C) which are
annihilated by a power of Z. Recall the maximal ideal Zg C $)g, which is the
annihilator of the constant representation. We put

Agz: = co}sjm A?SIS. (5.3)

The aim of this section is to study Ay z.
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There are two methods available for studying the space of automorphic
forms. One method is to define a filtration on the space of automorphic forms,
and to show that its quotients are spanned by principal values of cuspidal and
residual Eisenstein series. This method was used in [9]. It is particularly useful
in a general situation, where one has only the facts proved in Langlands’ book
[15] available. The second method, which was proposed by Harder in [14]
before [9] was written, is to generate the space of automorphic forms by the
coeflicients of the Laurent expansions of cuspidal Eisenstein series at a certain
point. In [11], we derived from the result of [9] that this procedure really gives
the space of all automorphic forms. This method gives a complete description
of the space of automorphic forms (and not just the quotients of a filtration),
but is useful only if the precise structure of the singularities of the cuspidal
Eisenstein series near the point where they have to be evaluated is known.
For the Eisenstein series which contribute to Az 7z, we are in the fortunate
situation to have such information available. We will therefore generate the
space Ay 7 by cuspidal Eisenstein series. At the beginning, the procedure
will be quite similar to the methods used by Speh in [22]. However, Speh
studied only a certain subspace of A7 7, which was sufficient for her examples
of the noninjectivity of the Borel map, and for which only Eisenstein series
depending on one parameter were needed.

Let P be a standard parabolic subgroup. Recall the standard height func-
tion Hp: G(A) — ap, which is defined by

(Hp(g9),x) = Y _log|x(pu)l, , (5.4)

where g = pk with p € P(A) and k € K. The scalar product (.,.) on the left
side is the pairing between ap and dp, and x € X*(P) C ap. It is clear that
(5.4) characterizes Hp(g) uniquely, and that Hp(g) does not depend on the
choice of the Iwasawa decomposition g = pk. If @ D P, then Hg(g) is the
projection of Hp(g) to ag.

We have to recall a few facts about the Eisenstein series starting from
the constant representation of a Levi component. Proofs can be found in [10,
Lemma 2.7], although the results about the Eisenstein series were almost
certainly known previously. If ¢ € C>(P(A)\G(A)), the Eisenstein series
starting from ¢ is defined by

B, N) = > ¢lyg)eitertiro), (5.5)
YEP(@Q\G(Q)

This series converges for sufficiently regular R\ in the positive Weyl chamber,
and has an analytic continuation to A € (dp)c. The singular hyperplanes
of this function which cross through pp are precisely the hyperplanes (A —
pp,&) = 0, where a € Ap and ¢ is the corresponding coroot. The residues
may be described as follows. Let for A € (ap)c
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BN = [] (@A —pp).

aeA,Q,

Then the function q%(A)E%w, A) is regular on an open dense subset of
ps + (dg)c. Its restriction to p® + (dg)c can be described as follows. If
¢ € C=(P(A)\G(A)), then

o(Hp (-):20P) Qg() c Ind% (CZ[)P?

and let Cy,,, be the one-dimensional vector space on which p € P(A) acts by
multiplication by e{#?(r):2¢7)  There exists a unique nonvanishing homomor-
phism

TS Ind% Copp — Ind% Capo

with the following property. For generic 9 € ag we have
(@2()ES()) (6,9 + pS) = EY, (e—<2pg,HQ(.)> 72 (o2 Hr () qg)’ﬁ) . (5.6)

It is easy to verify

and to see that Tg is independent of K.

Let S(a9) be the symmetric algebra of a7. It can be identified with the
algebra of differential operators with constant coefficients on . After we
choose a basis for aJ, we have elements 2., € S(a¢) for any multi-index
a = (ai,...,Qgima9)- Elements of S(a9) can also be viewed as polynomials
on a% C ap. Let H* be the polynomial in H € ap belonging to aa;a. We
define a G(Ay)-action on

S(a%) © C=(P(A)\G(A)) (5.7)
by
(W oy, @) (9) =
dima% o 3
> (H ﬁ.ui,u)aaAﬂ@’((HP(gh)—HP(g))vez(p”’HP(gh)_H”(g” ¢(9h))
a=0+vy =1 LA

(5.8)

for h € G(Ay). In a similar way, one obtains a (g, K )-module struc-
ture on (5.7) by taking the differential of the G(R)-action which would be
given by (5.8) if there was no condition of Ko-finiteness for elements of
C=(P(A)\G(A)). Let a P(A)-action on S(a%) be defined by

p: D — e P D eHP ()
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At the infinite place, the P(R)-action gives rise to the structure of a (p, Koo N
P(R))-module. There is a homomorphism of (p, Ko NP(R), P(A¢))-modules

S(@%) ® CX(P(A)\G(A)) — S(a%) ® Capp
D@olg) = D o(1)

which defines an isomorphism
S(68) & C(P(A)\G(A)) — Ind$ $(a%) @ Cap. (5.9)

Using this isomorphism and the regularity of ¢%(-)E% (¢, ) at pp, we get a
homomorphism of (g, K, G(Af))-modules

29: 5(89) @ C™(P(AN\G(A)) = nd% S(5%) © Capp — Agz  (5.10)

which maps D ® ¢ to (Dq%(-)E%(d), ) (pp).

To see that the functions in the image of 57% are annihilated by sufficiently
high powers of Zs and 7, it suffices to note that Ind, S(a%,)®Cy,p is the union
of an ascending sequence of subrepresentations with quotients isomorphic to
Ind% Cspp, and that Zg and J trivially act on Ind% Copp-

We first prove the surjectivity of 579;0.

Theorem 5.1. E%O is surjective. It is independent of the choice of K.

Proof. The fact that = is independent of K is established by an easy com-
putation, using the fact that both Ego and the identification

S(a9) @ C%(P,(A)\G(A)) = Indf, S(af) ® Cap,

depend on K, and these dependencies cancel out.

We will derive the surjectivity of = go from the description of the space of
automorphic forms in [11, §1]. Recall from [11, Theorem 1.4] that the space
A7 as a composition

A7=B I cirre (5.11)

{P} ¢, Py

where the first sum is over classes { P} of associate parabolic subgroups and
the second sum is over @¢ (p), a set of equivalence classes of cuspidal au-
tomorphic representations 7 of the Levi components of the elements of {P}.
Here two cuspidal automorphic representations belong to the same equivalence
class if they can be identified by a Weyl group substitution. An equivalence
class belongs to @¢ (py if and only if it is in a certain way compatible with
the infinitesimal character J of the constant representation. For a precise def-
inition, we refer to [11, §1.2]. Note that our notation is slightly different from
the notation in [11], where the space of automorphic forms was denoted 2¢
with a finite-dimensional representation £, which in our case is C. Therefore,
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Az in our notations is ¢ in [11]. The notations on the left side of (5.11) are,
however, the same as in [11].

By [11, Theorem 1.4], the space ¢ {p},, can be spanned by the coefficients
of the Laurent expansion of cuspidal Eisenstein series starting from elements of
. In particular, [11, Theorem 1.4] says that, for the special case {P} = {P,}

and 90 = {Cw-po}wew(Ao:g(Q)), we haVe

; =G _
image of 57 = Ac Py} {Curpo Yuew (a0 " (5.12)

Let us fix {P} and ¢ € P¢ (py. Let P € {P} and let m be an irre-
ducible cuspidal automorphic representation of £L» which belongs to pp. Let
Xr: Ap(A)/Ap(Q) — C* be the central character of 7, and let A\, € d% be
the differential of the restriction of x. to Ap(R). By applying a Weyl group

substitution to P and m, we may assume \; € d%*. Let S be a set of non-
archimedean primes of Q which has a finite complement. We assume that 7
is unramified at the places of S. Let v € S. By [11, Theorem 2.3|, we have an
ideal Z,, , C $),, associated to ¢ such that all K ,-spherical vectors in 2¢ (py, o
are annihilated by some power of Z,,. Recall the annihilator Z, C £, of
the constant representation. If ¢ (py, N A7z # {0}, then we must have
Z,s = I, for all but finitely many places. We will verify that this implies
{P} = {Po} and ¢ = {w-Csp, }, cpy(a,.c(q)- BY (5-12), this will complete
the proof of the theorem.

Let v € S such that Z, , = Z,. We recall Satake’s description of §,. Let
P, C P, be a minimal @Q,-rational parabolic subgroup with Levi component
L,. Let

av = X*(,Pv)Qv Xz R7

where Xg =~ are the characters defined over Q,, and let a, be the dual of a,.
Let T, be the group of unramified characters of £,(Q,), i.e., of continuous
characters y: £,(Q,) — C* which are trivial on the projection of P, (Q,)NK,
to L,(Qy). The map

(av)(c - T, (513)

A = xa(l) = P (D)
is surjective, and T, has the structure of a complex torus which is isomorphic
to (ay,)c/Iy, where I, is a lattice in ia,. Let O(T,) be the ring of algebraic

functions on the complex torus T',,. The Weyl group W (A, : G(Q,)) of A, in
G(Q,) acts on %, and we have the Satake isomorphisms

So(an): Hiv — O(T,)" (A:0@)
Sep@.: Ho(Llp) = o(T,)" (AL (@)

(cf. [8, Theorem 4.1]) for G and for the Levi components of standard parabolic
subgroups. Here $),(Lp) is the Hecke algebra for Lp(Q,), defined by the
projection of K, NP(Q,) to Lp(Qy).
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Let $,(Lp) act on the K ,-spherical vector of 7 by multiplication by the
character (S, q,)h)(t,) for t, € T,. The W(A, : Lp(Qy))-orbit of ¢, is
uniquely determined by 7. Let £, € &, be a lifting of ¢,,. It is well-known that
the ideal Z, corresponds to the image of p, in T, by (5.13), where p,, is one
half the sum of the positive roots of A,. If 7, = Z, ,,, then the W (A, : G(Qy))-
orbit of that image must contain t,. By changing #, in its I},-orbit, we may
assume

ty = wp, (5.14)

for some w € W (A, : G(Q,)). Let a’’ be defined in a similar way as a’’, and
let t, = tf + typ be the decomposition of ¢, according to &, = Elf @ ap,y,
where ap , D ap is the Q,-character group of P made into a real vector space.
By changing t, in its W (A, : Lp(Q,))-orbit, we may assume that t” belongs
to the closure of the positive Weyl chamber a}, ™.
Let A, and A7 be the same as in the proof of Proposition 4.3. For a root
a of A,, let ng be its multiplicity. If « is positive and reduced, then we have
the inequality
(&, py) > N + 2n24, (5.15)

for which equality occurs if and only if « is simple. This is easily verified by

comparing the expressions

SaPv = Po — O, py) = Py — Z ngp.
B>0
sa3<0

From (5.14) and (5.15), we get for « € A?

(@, t])] = [{a to)]
Z Na + Non

= <d’ Pf>

This implies t7 € p? 4 a, . By the boundedness of the matrix coefficients
of the unitary representation 7, this may happen only if t7 = p”’. But then
the local factor m, of m at v is multiplication by an unramified character of
L(Qy,). Since this has to be the case at all but finitely many primes, weak
approximation proves that = must be one-dimensional. Since 7 is cuspidal,
this implies P = P,,.

To show that m = C,_, it remains to verify that t,p, = p,. Fix a Weyl
group invariant scalar product on @, and consider the following inequality:

|tUPo| = (top,, tv)
< < vPovpv>
= (tvp,; Po)
< | v’Po| |Po|- (5.16)
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The equalities are easy orthogonality relations. The inequality on the second
line follows from t, = wp, € p, — Ta,, where *a, is the closed positive cone
spanned by the positive roots, plus the fact that by our assumption on 7 we

have t,p, = A\x € ag* for the central character A + m of m. The inequality
on the last line of (5.16) is the Cauchy-Schwarz inequality. We also have the

equality
| 2

2 2 2
= lpul” = [p5°]" = Ipo

Comparing this with (5.16), we see that equality must occur on the last line
of (5.16). By Cauchy—Schwarz, this implies ¢,p, = p,, and we have finally
verified that P = P, and m = C, . As was mentioned earlier, this completes
the proof. O

|75v730|2 = |tv|2 - |tv730

Our next task is to determine the kernel of E%O. We start with a few facts
about the kernel of the operators T];o. The operator Tgu is a G(A)-invariant

linear functional on Ind% Csp, and induces a duality

C™(Po(A)\G(A) ® Ind, Co,, — C
® G — 75 (69).

With respect to this pairing, for any standard parabolic subgroup P with
dim a? = 1, the orthogonal complement of C*(P(A)\G(A)) is Ind%, Strpa)-
For arbitrary P # P,, the orthogonal complement of C*°(P(A)\G(A)) is the
kernel of 7p. By Theorem 4.2 applied to C(Lp,P,/Np, A)®, we have

C¥(PANGA) = [ C™(QANG(A),

QCP

dim u?:l

and the orthogonal complement of the intersection is the sum of the orthogonal
complements since any K-type occurs with finite multiplicity. We get

ke1"7'77;O = Z Ind% G;'tl;Q(A). (5.17)

QCP

dim u?:l

We will now give the description of the kernel of 579;0.

Theorem 5.2. We have

ker 27 = Y Ind} Strna) ® S(@%) ® Capp. (5.18)
PEP

dima? =1

Proof. 1t is clear from (5.6) that the right-hand side of (5.18) is really con-
tained in the kernel of Ego. Conversely, let f € Ind%o S(ag) ® Cap, belong to

the kernel of E%O. Define dp € S(a%) by
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where w, is defined by

o= P EE

There is a unique decomposition

f=> P

PeP

with
fip) € nd?, S(a3) @ Cap,.

Of course, the map f — f(P) is only a map of vector spaces. From the fact
that f € ker Ego we derive

(Id @5 ) fP) =0 € nd$ S(a%) ® Capy. (5.19)

By (5.17) this implies

fPope Y InddS(a%) @ Sty ® Copg

QCP

dima2=1

o=

and proves (5.18).

Let T be a bijective map from the set of vectors pp for P € P to the set
{0;1;...;24im o — 1} with the following property: If pg € pp — ta¥, then
T(pp) < T(pg). Here tag is the closed cone spanned by A,. It easy to verify
the existence of such a function T'. Let P(®) be the unique parabolic subgroup
with T(pp) = . Then PO =P,

It is a consequence of (5.6) that

o

=5 7=%=¢ ((Id ® T;’O)f@)ap) : (5.20)

We will prove (5.19) for P = P by induction on i by an investigation of the
constant term of the Eisenstein series occurring in (5.20). Recall that for a
continuous function ¥ on G(Q)\G(A), the constant term with respect to P is
defined by

bplg) = / (ng) dn,
Np(Q)\Ng(A)

where the Haar measure dn is normalised by 1p = 1. The necessary facts
about the constant term of Eisenstein series are summarised in the following
lemma, which will be proved after the proof of Theorem 5.2 is complete.
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Lemma 5.3. There exists a finite set 20; of affine maps apuy — a, such that

(BZ (6:0)p, (9) = D (Niw, \)9) (g) X FPe-tPo ), (5.21)
weW,;

where N;(w, A) is a meromorphic function from ap to the space of K-invariant
homomorphisms from C(P(A)\G(A)) to C®(P,(A\G(A)). If w; is defined
by

ws : a’p(i) - Elo
p)

o 9

WA= A—p

then w; € 2; and N;(w;, \)¢ = ¢. Furthermore, if w € 20, and if wppy =
O] ..
ppay —pb ", then j <i.

Let us assume that (5.19) has been proved for P = PY) with j < i.If i = 0,
this assumption is void. In any case, the induction assumption implies that
the only summands in (5.20) which are possibly different from zero belong
to the parabolic subgroups P with j > i. As a consequence of (5.21), the
constant term of Egu f may be written as

(52.0)p, (9) = D falg) ePFretirelol,

AeA

where A is a finite subset of d, and where f) is a continuous function on G(A)
with the property that for any g € G(A), the function fx(pg) of p € P,(A) is
a polynomial in Hp,(p). Since f is in the kernel of Egu we have f = 0 for
any A.

Let N = dim ai(i), let v, ...,ayn be the elements of Apey, and let w; =

Wq,- We have a unique representation

oo

N

demp)fP =" > (@) ® faran
ai,..,an=0 k=1

with fo,, an € Ind%(i) (CZP,,@) . By the induction assumption, (5.20), the def-

inition of Eg and Lemma 5.3, we have

e o] N
fﬂp(i) —pp® (9) = Z (H(ai + UW&HPO(Q»Q"’) far,an(9)-

ai,...,an=0 \k=1

This function vanishes identically if and only if f,, . 4y = 0 for all choices of
the a;. This establishes (5.19) and completes the proof of the theorem. O

Proof (of Lemma 5.8). The formula (5.21) is a general fact from the theory of
Eisenstein systems (cf. [15, §7] or the modern exposition [18, §IV]). In general,
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the theory of Eisenstein systems provides for the possibility of additional
polynomial factors of higher degree in the expression for the constant term.
Since this may happen only in the case of singular infinitesimal character, in
our case the expression for the constant term simplifies to (5.21).

To arrive at the assertion about N;(w;, ), we consider the partial Eisen-
stein series EX (¢, ), which is defined as in (5.5), but with the summation
restricted to P(Q)\R(Q). As a general fact about Eisenstein systems, the con-
stant term of EX (¢, \) is given as in (5.21), but with the summation restricted
to those w € 2J; whose linear part is the identity on ax. In the special case
R =P, where

Eg(qzﬁ, \) = A er Hre () #(-),
this expression for the constant term boils down to the assertion about
Ni(wi, )\)

Finally, the only Eisenstein series Eg(qﬁ, pp) which have an exponential
term of the form e??»®-Hr®) in their constant terms are the Eisenstein
series starting from P = PU) with j < 4. This fact is a consequence of our
condition on T and the proof of the main theorem in [9, §6]. The proof of
Lemma 5.3 is complete. a

The description of the kernel of 579;0 is a little too complicated to use di-
rectly. Therefore, we will use it to get a resolution of the space of automorphic
forms by induced representations whose cohomology can be described easily.
This is achieved in two steps. In the first step, we consider the functor

Ind§, $(8%) @ Stz (a) @ Capp if P # P )
FP = P P Lp(A) 2pp 0 c1 dg g g Co
{Ind%o S(@g) ® Cap, itp=p, [ Wdp,SE)®Cs,
The map F(G)P27 is given by the inclusion S(ﬁ%) C S(ap), followed by the
inclusion

étﬁﬁ(A) - Il’ld;; Gt[,p(A) & (C2p;";

which holds because of the description of étg( A) as the orthogonal complement

of
D C(P(ANG(A)).
POP,

Proposition 5.4. The map E7g>,, defines an isomorphism

HYm oS (O (F(G)*) = Ag .
This is the only nonvanishing cohomology group of C* (F(G)*).
Proof. Let the functor F° be defined by FP =F(G)7 if P> P, and

~ P, < <«
F'= Y Indf}&tr,u) @ S(85)Capp.
PeEP
dim uf:l
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This is our expression for the kernel of Ego. It is therefore sufficient to prove

the acyclicity of the chain complex of F°.
We have a filtration of functors

> Ind? S(ag) © Stepa) © Capp if PO P,
QDP

dim u%:k
> Indf (%) © Strpa) © Capy if P =P,
QeP

dim u%:k

Fil, B =

with quotients
(Fily /File—1 ) F* = > M(R)*,

REP

dim a%:k

where tog
» |0 i R
M(R)” = { S(@%,) ® Ind$, D(Lr)P/N® if Q C R.

The acyclicity of the functors D(Lx)® is the assertion of Theorem 4.5. This

implies the acyclicity of the quotients of the filtration of F., and hence of F*
itself. a

If P O P,, then the cohomology of the representation F(G)” is still rather

mysterious. We construct a second resolution for A7 7 by the bifunctor

G(G)F = {mdg S(6%) ® Copo if QC P

~ {0} ifQgP.

The map G(g)gcg is given by TQQ, and the map G(g)ggj is given by the

inclusion S(d%) C S(a%).
Proposition 5.5. The map

Indf, S(a5,) © Cap, = GG € 2™ % (GL(G))
induces a surjection

Indf, S(a%, ) @ Cap, — HI™ 9 (C* (G(G)3))

whose kernel is equal to the kernel of E%O. This gives us an isomorphism

HY™ (O (G(9)2) = Ag .

The other cohomology groups of C* (G(G)2) vanish.
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Proof. 1t suffices to construct an isomorphism

H' (C*(GG)T)) = {ﬁ)(}g)? ﬁ ; - 8 (5.22)

which is functorial in P. Let us fix P. Then
G(G)7 =nd$ S(a%) ® My @ Capp,

where
Mo — {Indgcgpg if QCP
27 {0} if Qg P.

If Q C P, then Mg is in duality with C (Lp, (P,/Np),A). An isomorphism
(5.22) is therefore given by Theorem 4.2. It is easy to see that this isomorphism
is functorial in P. O

6 Construction of the isomorphism of equation (3.4)

Our final goal is to compute the (g, K)-hypercohomology of the chain complex
C*(G(9)?) and to relate it to the topological model explained in Section 3.

We first compute H{mg,Kgo) (C* (G(g)’g)) for a given parabolic subgroup Q.
We have the projection

Clmg. oy (C* (G(9)D)) = Clmg oy (G(9)D)
= Clngicz,) (4G Cape ) - (6.1)

By Frobenius reciprocity we have

Clmg.icz,) (1S Capo ) =
g(a )
(Indg((Aff)) (Cng) ® (Homgo nom) (A" (N mg/qNE),C)), (6.2)

where the G(Ayf)-action on the second factor is trivial. The second factor
carries the differential of the standard complex for computing
(gNmg, K2, N Q(R))-cohomology. The embedding

det(a, ®ng) ® A*(mg/mg NE) C A*(qgNmg/qNE)[dimad + dimng]
defines a projection

po: Homgo nom) (A" (g Nmg/qNE),C) (6.3)
— Hompgo no(r) (/1* (mg/mgNe)® det(a% ®ng), (C) [— dim CLQQ — dimng).

This is a homomorphism of chain complexes, and the differential of its target
vanishes. Let H(G)g" be the graded vector space
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G(a
H(G)o" = (Indg;) Cayo ) (6.4)
® Hompgo_nor) (4 (mg/mg NE) @ det(af, @ ng),C) [— dimad — dimng),

which can also be viewed as a chain complex with zero differential. The com-
position of (6.1), (6.2), and (6.3) defines a projection

Clme,xc) (CT (G(G)2)) — H(G)o™ (6.5)

Proposition 6.1. The projection (6.5) defines an isomorphism on cohomol-
0gy.

Proof. By Frobenius reciprocity and by Kostant’s theorem on n-homology
([27, Theorem 9.6.2] or [26, Theorem 3.2.3]), there is an isomorphism

Hino ko) (Indg S@g) ® cg,,g) [dimno]
~ G(Ay)
=Indg,) ({H(mQ,Ko no®))(C) ® Hg ( 9)) @ detng' } ® (C2pg>
= 1%, ({ Himg ez, noe (€)@ 4 ( ) @detng' } ©Csp0)  (6.6)

~ G(Ar) *
=Ind) ({H(mg,KgQﬂQ(JR))((C) E(Q)%" ® detng }®(Cng),

where the factors in curved braces have trivial Q(Ay)-action. We have used
the following isomorphism, which is easily constructed:

Hys (5(a3)) = A"(aG) = E(Q)™

where E(Q)” = A*(a) was considered at the end of Section 4. This iso-
morphism, and hence also (6.6), is functorial with respect to P. (Recall that
E(Q)P<P" is defined by the projection a3 — d%.)
If P =G, then the composition of the isomorphism (6.6) with the projec-
tion
E(Q)Y = A*(ag) — det(a) ™[~ dim ad) (6.7)

is precisely the map defined by (6.2) and (6.3) on cohomology. By Lemma 4.6,
the projection (6.7) defines an isomorphism

H* (C* (Indg&f]}) ({H(*mQmeQ(R))(C) ® E(Q)"” © det nél} ® Cng)))
~ Ind") ({H{mQ,K&mQ(R))(C) ® B(Q)7" @ det(a% @ ng)*l} ® (Cng)
[~ dim ag)],

which proves our claim. a
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*

We now have to determine the structure of a covariant functor on H(G)g
such that (6.5) becomes functorial in Q. We have to introduce some new
notation. For any Q, let the Haar measure on K., N Q(R) be normalized by
fKoomQ(lR) dk = 1. Then there is a unique homomorphism

Q(Ay) . Q(A G(A
TP(A;) Ind} f (CQP,, —>IndQ(A )(Cgp,,

such that we have, for the standard model of the induced representation in
the space of functions on the adelic group,

(T2 F)(grg00) = Tg((ﬁff)) e{Ha(g0)200) / F(grkkeo) dE, (6.8)
K. NQ(R)

where g5 € G(Af) and goo = Pockos € G(R) with poe € P(R) and koo € K2.
It is easy to see that the right-hand side of (6.8) is independent of the choice
of the Iwasawa decomposition geo = Pookoco

It is clear that (6.1) is functorial with respect to Q. Let Q D Q. Since
gNnmg/qNt=gnmg/qN¢t, the formula

(i000%) (V) = /KWHQ(R) $(kN) dk (6.9)
for A € A*(qNmg/qNt) and
¢ € Homgo nom)(@Nmg/qNE,C) =Homgo nowr)(qaNmg/qNE C)
defines a map
i550: Hompo nom)(9Nmg/qNE C) — Hompo o) (@ Nmg/qNE C).

It follows from (6.8) that the isomorphism (6.2) is functorial in Q if the tran-
sition homomorphism for its target is defined by Tg((ﬁf )) ®i55g- It is clear

that

i550 Homgo nom)(mo/q Nt ® det(ad ®no), C)
C Hompeo () (mg/qaNe® det(agé ®ng),C).
Therefore, we may define H(G) g5 by Tg((ﬁf)) ®1ig5g- To verify that (6.3) is
functorial in Q, we have to verify that psi5-o vanishes on the kernel of pg.
This follows from the following lemma. -

Lemma 6.2. Let H be a semisimple algebraic group over R, K C H(R) a
mazimal compact subgroup, and let P = MAN be a R-parabolic subgroup of
H. Let b, p, m, a, n be the Lie algebras of H(R), P(R), M(R), A(R), N (R).
If X € Ala®detn® A*(m/ENm) C A*(h/hNE) for i < dima, then

Exdk =0
KO

in A*(h/6NE).
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Since (6.1), (6.2) and (6.3) are natural in Q, the same is true for their
composition (6.5). Therefore, Proposition 6.1 together with Proposition 5.5
and the proven Borel conjecture imply the following theorem.

Theorem 6.3. Let H(G)o" be defined by (6.4), and let H(G)s-0 =

TS(S?;; ®i5~g- Then we have an isomorphism of G(Ag)-modules

Hk(g, (C)I o~ I{k—dimai7 (C* (H(g).*))
which respects the canonical real structures on its source and its target.

It remains to prove Lemma 6.2.
Proof (of Lemma 6.2). By Poincare duality, it suffices to verify that
¢ (A (a) ® A*(m/mNE) =0 (6.10)

for j > 0 and any ¢ € Homgo (A*(h/8),C). Recall the definition of the com-

pact homogeneous space X;j) and of the compact duals H(®), M(©) and A
from the introduction. Then (6.10) admits a topological reformulation

im (H*(ng),(C) — H*(X) A(c)(R),(C)) cH(x.c)  (6.11)

in terms of the pull-back of cohomology classes from X gj) to X 53 x A(R).
Let J be an integer, and let

fri AO®R) x X\ - x1)

frla,z) = a’z

be defined by the action of A()(R) on Xg;‘) and the embedding Xs\? C ng).
To verify (6.11), it suffices to take some J # 0 and to verify

im(f7) = im(fg) (6.12)

for the pull-back on cohomology with complex coefficients. For the right-hand
side of (6.12) is always contained in the right-hand side of (6.11), and for
J # 0 the left-hand sides of (6.11) and (6.12) agree.

As ‘H was supposed to be semisimple, the fundamental group of H(°)(R)
is finite. Since A(®)(R) is a product of circles, if J is divisible by a certain
positive integer, the map

A (R) - HO(R)
a—a’
will be homotopic to the identity. But then fy and f; are homotopic, and this
implies (6.12). The proof of Lemma 6.2 is complete. O
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For those who are only interested in an algebraic formula for H*(G,C)z,
Theorem 6.3 would be the final result of this paper. It remains to derive the
isomorphism (3.4) from this theorem.

Let

H(G)?" = C=(Q(Ap)\G(Ay)) ® Hompeg noew) (47 (mo/meo N¢), C),
where the transition maps H(G)222" are given by the embedding
C=(QA\G(A) T C(Q(A\G(A)))
and the restriction to mg
Hompgo nom)(A*(mg/mgNE),C) — HongomQ(R)(/l*(mQ/k Nmg),C).

If P is a standard parabolic subgroup, then K2 N P,(R) meets every con-
nected component of K, N P(R) by Proposition 2.1. Consequently, there is
a canonical isomorphism between

7o (K ooNPo(R))

(e (1)

and the invariants in the hypercohomology of the complex associated to the
functor A(G,C)?

H* (¢ (H(G)*")) = H:(9,C)z = H'(X(,,C*(A(G.0)).
This isomorphism identifies the canonical real subspace of its source with
PHY (X, C(A(G,0)).

To construct (3.4), we construct a duality between fI(g)’* and H(G)s".
Let o be an orientation of the real vector space mg/¢. Multiplication by a
square root 7 of —1 defines an isomorphism between mg/¢ and the tangent

space of X 539 at the origin. Therefore, o and 7 define an orientation o; of
the differentiable manifold X 5\64)9. There exists 6, € {93/t det(mg /¢) such

that o
/ 5, — lim(me/®)
X

(©
Mg
if 0, is viewed as a real dim(mg/€)-form on Xg\c,zg. We have

0_; = (_l)dim(mg/?)oi7
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hence ¢, is independent of the choice of 7. Then d, defines a duality

Homgs nom) (4" (mg/mo NE) © det(ad @ no), C)
& HongQﬁQ(]R) (/1* (mg/mg N E), (C)
— C[— dim(mg/#)],

and 7,fQ9As) defines a duality between Indgg(&ff)) C and Indg((iff )) Cir@. We
get a duality

H(G)* H(G)s" — C|— dim(mg/¥)] (6.13)

which defines an isomorphism (3.4) independent of o; (6.13) changes its sign
if 0 is changed. Furthermore, (6.13) maps the real subspaces of H and H
to ¢4m(ma/UR  whence the assertion about real subspaces in Theorem 3.1
applies.

7 Some examples

7.1 Ghost classes in the image of the Borel map

It is rather easy to use the topological model to explicitly compute the kernel
of the Borel map
Ig@) ko, — H'(G,C).

This allows us to give new examples of ghost classes. Recall that a cohomology
class of G is called a ghost class if it trivially restricts to each boundary
component of the Borel-Serre compactification and if its restriction to the
full Borel-Serre boundary is not zero. This notion was coined by Borel. The
first example of a ghost class was constructed by Harder in the cohomology
of GL3 over totally imaginary fields, using FEisenstein series starting from
an algebraic Hecke character whose L-function vanishes at the center of the
functional equation. Our computation of the kernel of the Borel map will make
it clear that ghost classes abound in the image of the Borel map, at least for
most groups of sufficiently high rank.

Recall that H} (G, C)z can be computed as the cohomology of the complex
of graded vector spaces C* (ﬂ.*) The map

v ex

* 7O * *
C*H )—H — I5m), Ko
defines a homomorphism
H3(G,C)1 — Igw) ko, (7.1)

which is easily identified with the Poincare dual of the Borel map. It can
also be viewed as the restriction to the subspaces which are annihilated by
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the Hecke ideal Z of the map from cohomology with compact support to Lo-
cohomology. By the definition of the differential of the complex C*(H .*), the
image of (7.1) is the space

(IE(R),KgQ)Image = ker (IE(R),KgO - @ Ijvtp(R),KanP(R)) (7.2)

PeEP
dim u,,g,zl
In other words, a cohomology class of the constant representation of G is
in the image of the cohomology with compact support if and only if its re-
striction to the cohomology of the constant representation of any maximal
Levi component vanishes. By Poincare duality, the kernel (IE(R% Ko, )Kernel Of
the Borel map is equal to the orthogonal complement of (IE(R)’KS.O)Image. Let
(IE(R),KgO)Ghost be the space of all invariant forms i € IE(R)’K,,& such that, for

any parabolic subgroup P with dim a% =1, the image of j in

I/*\/IP(R),KgOnP(JR)
belongs to
(I (B) K2, P () )Kernel

Then the space of ghost classes in the image of the Borel map is isomorphic
to (Ighost /Itmage + IKemel)Z(R),Kgo‘ This follows from: the fact ([20, 1.10])
that after identifying (g, K)- and de Rham-cohomology, the homomorphism
defined on (g, K)-cohomology, by taking the constant term along P, corre-
sponds to restriction to the Borel-Serre boundary component belonging to P;
and (7.3) as presented below in Proposition 7.2.

Let us explain this a little more for the case of groups over totally imag-
inary fields. That is, let G be obtained by Weil restriction from a totally
imaginary field. Then X (gc) has a group structure. Therefore, its cohomology
Ié(R),Kgo is a Hopf algebra. By the Hopf structure theorem, it is an exterior
algebra over a graded space E*(G) of primitive elements, which are of odd

order. The same is true for all Levi components of parabolic subgroups of G.
Let

Bipl@) = ker(5°0) ~ @ F(Mo))

PEP
dim u%:l
and
Eéhost(g) = ker(E*(g) - @ EW(MQ))
PeP
dim a%:Q
Then

(IE(R),K&; ) Image E%Op(g) A AT (E»< (g))
(IE(R),K‘;O ) Kernel = det (E%OP (g)) A A* (E* (g)
(IE(R),KZQ ) Ghost det (Eahost (g)/E:E‘op (g)) A A (E* (g)/E’?op (g)) .
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For instance, for SL,, over a totally imaginary field K, we have primitive
generators /\;U),. . )\sf)) for each v in the set U of archimedean primes of K,
with the relation Z‘Bﬁ’g )\g”) = 0. The degree of )\gv) is 2j — 1. The following
fact is an obvious consequence of this discussion.

Theorem 7.1. Then an invariant form is in the image of cohomology with
compact support if and only if it is a sum of monomials which contain one of
the classes )\S}), It is in the kernel of the Borel map if and only if it is divisible
by /\muzo )\sf)). It defines a ghost class if and only if it is a sum of monomials

which contain all of the classes Afj’_)l but none of the classes AW

The space E*(G) is known for groups over totally imaginary fields by the
known calculation of the cohomology of compact Lie groups. (See [1, §11] for
a statement of the result and for references, and [12, §VL.7] for the case of
the classical groups.) Therefore, the spaces (IE(R)’ Ko, )Image, Kernel, Ghost are
at least in principle known for groups over totally imaginary fields.

Let us also formulate the result about the kernel of the Borel map and
about ghost classes for SL,, over a field K which has real places. We first have
to formulate the necessary facts about the cohomology of SU(n,R)/ SO(n,R).
They can be obtained from the consideration of the Leray spectral sequence
for the projection SU(n,R) — SU(n,R)/SO(n,R), either by hand or by the
general theory (cf. [12, X1.4.4.]).

Proposition 7.2. If n is odd, then the cohomology with complex coefficients
of SU(n,R)/SO(n,R) is an exterior algebra with generators A3, As,..., An,
where deg \; = 2i — 1. Furthermore, \; can be obtained from the primitive
element \; in the cohomology of SU(n,R) by pull-back via the map

SU(n,R)/SO(n,R) — SU(n,R) (7.3)

g—9-9".
If n is even, then the cohomology of SU(n,R)/SO(n,R) is an exterior algebra
generated by elements As,. .., Ap—1 obtained in the same way as above, and by

a class € in degree n, which is the Euler class of the canonical n-dimensional
orientable real bundle on SU(n,R)/SO(n,R).

If Zle n; < n, then the restriction of \; to
k
[]SU(ni,R)/SO(ni,R) C SU(n,R)/SO(n, R) (7.4)
i=1
18 .

>
1<i<k
’I’LLSl

where S\I(i) is the copy of Y for the i-th factor in (7.4). If n is even, then
the restriction of the Euler class € to (7.4) can be described as follows.
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If n = Zle n; and if all the n; are even, then the restriction of € is
given by

eMA... 5(k),
where ' is the copy of € for the i-th factor in (7.4). If n < Zle n; or if some
of the n; are odd, then the restriction of the Euler class is zero.

Now let K be a field which has at least one real place. Let G be SL,
over K. If n is odd, then the space of invariant forms is an exterior algebra
with generators ;\éu), S\éu),. . S\%U) for the real places u and /\év),. .. ,/\%U) for
the complex places v (if there are any complex places). A monomial in these
generators belongs to (IE(IR), Ko, Jimage if and only if it contains one of the

generators 5\%“) for a real place u or one of the generators )\S)) for a complex
place v. It belongs to the kernel of the Borel map if and only if it is divisible

by
A XA A AW

u real v imaginary

If n is even, then IE(R),KgO is an exterior algebra with generators 5\%“),

;\gu),. . 5\5?_)1 and e for each real place u and )\gv) e ey /\%U) for the complex
places v. A monomial in these generators belongs to (IE(R), Ko, )Image if and
only if it contains one of the following factors:

° )\sf)) for a imaginary place v;
o (WA )\Si)l for real places v and w;

o ore® A )\S)_)l for a real place v and an imaginary place v.

A monomial belongs to the kernel of the Borel map if and only if it contains
at least one of the following two factors:

A NN N AR AN

u real v imaginary
or /\ e A /\ AW
u real v imaginary

where a product over the set of imaginary places is supposed to be one if the
field is totally real. In particular, if n > 2 is even and if K is totally real, then
(%(R),Kg@)lmage does not contain (IE(]R),K‘;O)KETHEI completely.

We can use this to describe all ghost classes in the image of the Borel map.
If n is odd, then a monomial in the generators of I w), Ko, is a ghost class if

and only if it contains all the generators ;\;@2 for all the real places u and all
the generators )\S)_)l and /\ELU_)2 for all the imaginary places v, but none of the

generators Aw” or AY). If n = 3, this means that there are no ghost classes
in the image of the Borel map. (Recall our assumption that K is not purely
imaginary.)
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If n is even, then a monomial g in the generators of IE(R) o defines
a ghost class if and only if at least one of the following four conditions is
satisfied:
e Kis not totally real, and p contains all the generators )\ ; for v complex
and )\;7)1 for u imaginary, but none of the classes )\% Y) nor any Euler class
().
E )
e K is not totally real, and x contains all the generators (*) for u real and

)\S))Q for v imaginary, but none of the generators )\( ))
e n > 6 and Kis not totally real, and w contains at least one of the generators

e and all of the generators /\n 3 )\(v 3 and )\n 4, but none of Ay, @) )\(v
or /\n ™
e orn >6and K # Q is totally real, and p containb at least one but not all

of the generators (*) and all of the generators /\n )3, but none of 5\;“21

If n =4 and K is totally real or if n > 4 is even and K = Q, this means that
there are no ghost classes in the image of the Borel map.
In our description of ghost classes, we have used the following fact!.

Proposition 7.3. Let P be a standard parabolic subgroup. Then the image of
the restriction map

H:'lg, ((C) - :17>+n,Kooﬁ77(]R)(C)

1s contained in Hmernp’mep(R)((C) C Hmp+n meP(R)((C)'

Proof. By an easy induction argument, it suffices to prove this assertion
for maximal proper Q-parabolic subgroups. In this case, it follows from
Lemma 7.4 below that

* ~ * *—dim
Hmern KQOQ'P(R) ((C) = Hmern,KoQﬂ'P(R) ((C) @ Hmp+n ;{P ﬁ'P (det n‘ﬁ)

and it follows from (6.2) that the restriction of an element of Hy _ f_ (C)
never has a nonvanishing projection to the second summand.

Lemma 7.4. Let P be a mazimal proper Q-parabolic subgroup of G. Then
H*(np,C)M? = C @ det np[— dimnp)]. (7.5)

Proof. Let b be a Cartan subalgebra of g which contains a, and is contained
in a, ® mp. Let B C P, be a Borel subgroup defined over C with § C b,
and let A, be the set of simple positive roots of h determined by B. This set
decomposes according to the restrictions to a,:

Ay= | Dy
a€A,N{0}

T am indebted to A. Kewenig and T. Rieband for pointing out that this is not
self-evident.
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By a theorem of Kostant ([27, Theorem 9.6.2] or [26, Theorem 3.2.3])

H'(np.C©) = S Fupp[-Lw)) (7.6)

weEN(h,g)
w*lAhmP >0

In fact, it follows from the proof given in the above references that (7.6) even
holds in the derived category of (mp, Ko NP(R))-modules. This implies the
splitting of the Leray spectral sequence, which will be used below. Since both
summands on the right-hand side of (7.5) are accounted for by this formula,
it suffices to show that there are at most two w for which the corresponding
summand in (7.6) contributes to (7.5).

Indeed, if the summand belonging to w in (7.6) contributes to (7.5), then

<d7wph> = <d,ﬂh> =1 (77)

for all o € A‘,;”’ and
(&, wpy) = (B, wpy) (7.8)

for a, 8 € Ay, where A, = A? U {v}. The first of these conditions implies
that w™'a is not only positive but also a simple positive root. It follows from
the second condition, (7.8), either w™'Ap ., > 0 or w1 Ay, < 0. In the first
case, w™ ! maps every positive root to a positive root, and w is the identity.
In the second case, let v be a root of h in np. Then v = +' + ", where ~/
is a linear combination of elements of Ay , with nonnegative coeflicients, and
~" is a linear combination of elements of A?;. By our assumption, w14/ is a
linear combination of simple roots with nonpositive coeflicients. Since 7’ does
not vanish on ap, it is not a linear combination of elements of AZ)’. Therefore,
there is an element a € Ay — w_lAE which occurs with a negative coefficient
in the representation of w™'4’ as a linear combination of the elements of Ay.
Since w™'4” is a linear combination of the elements of w_lA?f C Ay, this
means that o occurs with a negative coefficient in the representation of w1~y
as a linear combination of positive roots. But this means that w™' maps all
positive roots of h which do not occur in [p to negative roots. Therefore, the
length of w is the largest possible, and the contribution of w to (7.6) is in
the highest possible degree, which is one-dimensional and coincides with the
second summand in (7.5) O

7.2 SL,, over imaginary quadratic fields

Let K be an imaginary quadratic field, and let G = res% SL,,. We want to
explicitly compute H(G, C)z. We will directly use the complex C* (H(Q)'*)
Let us first describe this complex explicitly.

Recall that the cohomology of the constant representation of SL,, over an
imaginary quadratic field is the exterior algebra with generators As, ..., An.
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The degree of A\, is 2n — 1, and, using the coalgebra structure of the cohomol-
ogy of X (gc) = SU(n, C) coming from the group law, A, is characterised up to
multiplication by a nonvanishing number as the primitive element in degree
2n — 1. We will assume that for k <[ < n, the restriction of Ay on SL,, is A
on SL;.

Let the minimal parabolic subgroup be the stabilizer of the full flag V3 C
Vo C ... C V, = K". Then any standard parabolic subgroup P is the stabilizer
of aflag V;, C V;, C--- CV;, for some sequence 0 < i3 <2 < -+ <ig =n.
Then

K
Mp = ][ Res§SLi, —i,_,., ig: =0
=1

hence the cohomology of X 587, is an exterior algebra with generators

1 1) (2 2 K K
A A AR A A
where the supercript ) stands for the I-th simple factor of the Levi compo-
nent. If 4 — ¢;_1 = 1, there is primitive element of H*(Mg) belonging to the
[-th factor. Furthermore, the restriction from X (gc) to X 537) of the primitve
generator \j is given by

(c)
g

X l
Xy M= S (7.9)

i —i—1>k

res

Finally,
Koo ﬂP(R) = S(U(’Ll) X U('LQ —il) X X U(’LK _iK—l))

is connected, hence its group of connected components does not interfere with
the computation of the functor H (G)®**. Therefore, we get an explicit descrip-
tion of the functor H (G)** which we now want to describe.

Let £, (K) be the set of functions

: {2,...,n} - {0,1,...}
such that

Zmax {k|l(k) > 7} <n. (7.10)

If the parabolic subgroup P corresponds to 0 < i; < --- < ig =n, let Y p
be the set of functions

v {(kD2<k<n1<I<Uk)}— {1,... Kk}

with the property that
Uy(k0) ~ Uy(k—1 = K (7.11)
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and
0<y(k,1) <y(k,2) <. <y(k,U(k)). (7.12)
Note that 2);p is not functorial with respect to P. Let P D P, n e Yip,
5 € 2, 5. Let P belong to the sequence 0 < iy < -+ < ix = n and let P
correspond to 0 < 47 < -+ < ;f( = n. Then {51,...,;[(} C {i1,...,ix}. We
will write § &> p if 3 )
Bk, =1 < Iy(k,l) < Ty(k,D)- (7.13)
It is clear that for given P, P, and p there is at most one § with §>1. Let IZ)

be the vector space with base ;. Then I is a contravariant functor from
P to the category of vector spaces if we put for § €9, 5 C (Ip)

O S (7.14)
neEDp
nEy
By (7.9), the map
IT[—degl] — H(G)"
n (k)

= A AR,

k=21=1

where
n

degl =Y (2k—1)i(k) (7.15)

k=2
is a functormorphism. We get a direct sum decomposition

HG)" = @ IT[—degl] @ C™(P(Ap)\G(Af)). (7.16)
€L, (K)

If Ky is a good maximal compact subgroup of G(Ay), we also get a direct
sum decomposition for spherical vectors

(H(G)P)¥r = P IT[-degl]. (7.17)

e, (K)

Let us first formulate our result for spherical vectors in the cohomology.

Theorem 7.5. For [ € £,(K), ¢ € {0,1}, and N < 0, let Xn ., be the set
of ordered (N + 1)-tuples ¢t = (Xo,...,Xn) of subsets of {2,...,n} with the
following properties:

e Each number k with 2 < k <n belongs to precisely (k) of the sets X;;
o We have

N
Zmax#{Xi} =n—e.
i=0
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If 1 = 0, we put Xy = 0. Then for each r € Xy, H*(C*(I7)) has a
generator {¢} in degree N + ¢, and we have

H{(C*(I?)) @ b c ) (7.18)

e= OFG%L e,e,l

Consequently,

oD O cw

1€£,(K) e=0r€X; ¢ _degt

Moreover, let the ordering < on the roots which was used to define the complex
C*(F*) be

1 — T2 T2 —T3 =+ <=Tp-1— Tn-
Then for t = (Xo,...,Xn) € XN, a representative of the cohomology class

{t} is given by the element
N #(X:)

A A AV (7.19)

in the cohomology of Xg\c,zp, where P € P is the stabilizer of the standard flag
of vector spaces with dimensions

N-2 N-1
0 < #(Xo) < #(Xo) +#(X1) <+ < D #(X) < Y #(X) =
=0 i=0

Ifr = (Xo,...,Xn) € En1y and if 0 < k < N 41, then a representative of
the cohomology class {r} is given by the element

k—1#(X3) N #(X3i)
/\ A A A /\ N G (7.20)
]éXrL JéX’L

in the cohomology of XE\C,EP, where P € P is the stabilizer of the standard flag
of vector spaces with dimensions

0 < #(Xo) < #(Xo) +#(X1) <+ < Z #(X;)

k—1
<14 #(Xi) < 1+Z# <1+Z#
1=0
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For instance, if n = 2, then the only spherical vector in H*(G,C)z is the
volume form in degree 2. This is in good keeping with the results of Harder for
SLy and also with the computation of R. Staffeldt [25, Theorem IV.1.3.] which
implies that H*(SLz2(Z][i]),C) vanishes in positive dimension. In particular,
there are no harmonic cusp forms for SLo(Z[i]). If n = 3, then H}(G,C)z
contains the following three spherical vectors:

e In degree 4, the cohomology class belonging to

[(k):{lifk:Z

0 otherwise

and ¥ = {{2}} € X015
e In degree 5, the cohomology class belonging to

[(k):{lifk=3

0 otherwise

and r = {{3}} € Xo,0,1 (This class maps to A3 in I5®) ko)
e And in degree 8, the volume form belonging to

lifk=2o0ork=3
(k) = {0 otherwise

and ¢ = {{2, 3}} S %070,[.

In the case K = Q(¢), this can be compared with the computation by
R. Staffeldt ([25, Theorem IV.1.4.] combined with the Borel-Serre duality
theorem [3, Theorem 11.4.1.]). It turns out that in this case all cohomology
classes of SL3(Z[i]) can be generated by Eisenstein series starting from the
constant representation or by the constant representation itself. In particular,
there are no harmonic cusp forms modulo SL3(Z).

7.3 Homotopy type of a poset of partitions

As the main combinatorial tool in our computation of H(G, C)z for GL,, over
imaginary quadratic fields, we use the description of the homotopy type of a
partially ordered set of partitions.

In the following, we shall write ‘poset’ for ‘partially ordered set’. Let BX
be the classifying space of the poset X. Notions from homotopy theory applied
to posets or morphisms of posets will have the meaning of these notions,
applied to the classifying space of the poset or morphism of posets. We will
freely use the basic techniques for investigating the homotopy of the classifying
space of a category (cf. [19] or the textbook [24]).

By an ordered partition of an integer n, we mean a tuple (M, xq, ..., ),
where M is the number of intervals in the partition and 0 = zy < z1 <
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-+ < xpr = n are the vertices of these intervals. We will say that a partition
(M, zg,...,xp) is finer than or equal to (N, yo,...,yn), and write

(M,.’EO,...,Z‘M)ﬁ(N,y(),...,yN),

if {yo,...,yn} C{zo,..., T}

Consider a finite set & and a function F: & — {1,2,...}. Let P, & r be
the set of pairs (f, (M, z1,...,znm)), where (M, xzg,...,zp) is a partition of
n and f: & — {1,..., M} such that zs) — 255-1 > F(s) for s € &. In
other words, elements of P, s r are ordered partitions of n in which for each
element s € & an interval of length > F'(s) is marked. The intervals associated
to different elements of & are not supposed to be different.

There is a partial order < on P, g r for which

(fv(valv"'va))ﬂ(ga (Naylw--ayN))

if and only if (M,zo,...,2ap) < (N,yo0,...,yn) and yry—1 < Tpe—1 <
Ty < Yps) for s € &. In other words, the partition (M, xzo,...,zn) has

to be finer than (N, yo,...,yn) and the interval in (M, xo,...,z)) associ-
ated to s by f must be contained in the interval in (N, yo,...,yn) associated
to s by g.

If n < max F(s), the poset P, o r is empty. Otherwise, it is contractible
s€

since it has a final object (1, (1,0,n)), where 1 is the constant function s — 1
on G. Let ~
Pye,Fr =pner—{(1,(1,0,n))}.
We will investigate the homotopy type of }5,1,6, . It will turn out that it is a
wedge of spheres. Before formulating our result, we have to define the index
sets over which the wedge is taken. For 1 < k < #(&) and e € {0,1}, let
M, &,k be the set of ordered k-tuples (&1, ...,S) of nonempty mutually
disjoint subsets of & such that & = Ule Srandn=c¢+ Zle max F(s).
< 1

Proposition 7.6. If n = max F(s), Py,e,F is empty. Let n > max F(s). Fiz
s€ s€

the basepoint Y4 = (1,(2,0,ma6xF(s),n)> of the poset Pngp We have a
se
homotopy equivalence of pointed spaces

1 #6

On,&,F: (Bpn,G,F) = \/ \/ \/ Ghte=2 (7.21)

e=0k=1 M, &,F ¢k

where S' is the pointed l-sphere (a set of two points if | = 0). It is assumed
that the wedge over an empty index set is a contractible space.

Moreover, if s = (61,...,6k) € M, & Fok, then the reduced cohomology
class of its factor in (7.21) is given by the unrefinable chain of length k — 1

331(5) < 332(5) <--- ] xk_l(s),
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where

1+1 k

l
z(s) = (ff, (k=1Y #6,,> #6;,....> #6;= n))
j=1 j=1

=1

and )
a = {1 el
k+1ifse Sy with k> 0.

Similarly, if (61,...,6k) € My &, F1,k, then any of the following unrefinable
chains of length k is a representative for the reduced cohomology class defined
by the corresponding factor in the wedge (7.21). Take 1 < m < k + 1, define

1 ifl<mands€Uli:16i

f(m)(s) _ )2 ifl>m tmdseuli:1 G;

! k+1ifse€Sp withk>0andk+1<m
k4+2ifs€ Gy withk>0andk+1>m

for 1 <1<k and consider the chain

xgm)ngﬁ---ﬂx,(cm)

with
l
2™ = (f}ml (k+2-1> #6i,...
=1
m—1 m—1 m
S #GL1+ Y #Gi,1+§j#6i,...,n))
i=1 i=1 =1
if l <m and
m—1 m
2™ = (fl(m), <k+2—l,1+ > #6,1 +Z#6i,...,n)>
i=1 i=1
otherwise.

Proof. Tt is clear that P, s r is empty if n = max F(s).Ilf n=1+ max F(s),
s€E s€

it is easy to see that I:’ny@, F consists of two points without relation, and the
theorem follows.
Let n>1+ max F(s). Let A be the poset of all elements (f, (M, z1, ...,
sE

xM)) € ng’ r which satisfy one of the following two conditions:

e f71(1) is empty;
e orx; > max Fl(s).
sef—1(1)
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Since n > 1+ max F(s), Py—1,s,r is contractible. We have an embedding
S

i1: Phooigr — A
defined by

Z‘1 ((gv(valvvyN)))
=(g+1,(N+1,0,1l=y1+L,yo+1,...,n=yx +1)),

where g + 1 is the function s — g(s) +1 on &. We also have a retraction for
1
ri:A— Py_16,F

which is defined by

Tl((fv(Mvirla"'axM)))
Jf-1,M-1,0=21—1,z2—1,....,.n—1=2ay —1))ifz; =1
(M0, -1, .,z —1=n—1)) if x1 > 1.

Since i171 (f, (M, z1,...,2m)) < (f, (M, z1,...,2Mm)), Po—1,6,F is a deforma-
tion retract of A, hence A is contractible.

Let B C Pn,G,F be the poset of all (f, (M,x1,...,z))) which satisfy at
least one of the following two conditions:

b (fv(Mvmlv"'axM))eA;
e or M>2.

We have the obvious inclusion i5: A — B and a retraction ro: B — A which
is defined as follows. If (f, (M, x1,...,xp)) € A, we put

TQ((f,(M,ifl,...,ifM))) = (f’ (Maxlv“'va))'
If (f,(M,z1,...,xp)) € B— A, we define a function

h:6—-1,... M -1

by
(1 if f(s) =1
hs) = { F(s)—1if fs) > 1 (7.22)
and put
ro((f,(M,x1,...,20p))) = (h, (M — 1,20, 22,...,2Zp)) . (7.23)

It is easy to see that ro is a morphism of posets, that roio = Id, and that
iore (f, (M, z1,...,20p))>(f, (M, 21,...,20)). Therefore, A is a deformation
retract of B, and B is contractible.

For z € j:)n76,F — B, let B_(x) be the poset of all y € B with y < x. The
set of all = for which B_(x) is empty can be identified with M,, & r0,2. Since
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no element of }5,1,6, F can be coarser than z, the fact that B is contractible
gives us a homotopy equivalence

BP,esr = \/ Y(BB_(z))V \/ SY, (7.24)
2€P, g, F—B My e,F0,2
B_(z)#£0

where X' is the suspension functor.

Let us first assume that & consists of a single element s. The assumption
made at the beginning of the proof means that n > F(s) + 1. Then all sets
My, s, F. ., are empty, and we have to show that Pn,G,F is contractible. The
only factor in (7.24) is B_ ("), which has an initial object

(1,(n—F(s),0,F(s),F(s)+1,...,m)).

This completes the proof of the proposition if & has only one element.

Now we assume by induction that the proposition has been verified for all
subsets of &. As above, B_ (") has an initial object and is contractible. The
other elements of ]5%6, r — B for which B_(z) is not empty are of the form

lonT
v <(2on 6T>’ (2’0’r§1eaTXF(S)’n)>’

where T is a nonempty subset of & such that max F(s)+ max F(s) < n. For
s€ s

such x we have

B_(z) = Pn_glea%(F(s),G—T,F’

Then a combination of (7.24) with the induction assumption gives us

BPn,G,F = \/ E(Bpnfmea%(F(s),GfT,F) \% \/ SO
§;Qa Mn,&,F,0,2
max F'(s)+max F(s)<n
SET s@T

1%

1 #(6-T)
< \/ \/ \/ \/ Sk+e—1>
;;% e=0 k=1 M'”’_‘g“eaq’i F(s),&6—T,F, e,k

max F(s)+max F(s)<n
seT sgT
v/ s
My, s,r0,2

Since the maps

Mn—ma%(F(s),G—T,F,e,k — Mp &, F e k+1
s€E

(61,...,6k_1) — (T,Gl,...,Gk_l)
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define an isomorphism

U Mn—ma%cF(s),G—T,F,e,k = Mp,s,Fek+1
TCe s€
T

max F'(s)+max F(s)<n
seT sgT

this completes the induction argument. The explicit formula for the reduced
cohomology classes defined by the individual factors in the wedge (7.21) can
easily be verified by induction. O

We now want to explain how one can translate homology computations
for certain posets into assertions about the homology of functors from B to
abelian groups. Let

p: (X, <) — (B, 0)
be a morphism of posets such that p~1(G) is empty and such that
a. for G DP D Qand x € p~(Q), there is a unique y € p~1(P) with y > .
We define a functor J% , by

P _ ®.’E€p71(7}) (C(E lf P C g
Ixp { Cif P =G (7.25)
and
C
JEP@@) = >y
yep (Q)
y<x

for x € p~1(P) with P C G and

c
BE- Y
yep~1(Q)

Proposition 7.7. Assume condition a. above and assume moreover the con-
dition
b. If x1,...,x € X such that p(x;) is a mazimal parabolic subgroup for 1 <

i <k, then there is at most one y € p~*(p(x1) N -+ Np(ay)) with y <x;

forall1 <i<k.

Under these circumstances, we have a canonical isomorphism
H*(C*(J%,)[1] = H*(BX). (7.26)

Moreover, let us assume that the differential on C*(J% ) was defined using
the order < on A,. Let £ = (x1 <Qxe < ...xK) be an unrefinable chain in X,
defining a reduced cohomology class [£] in degree k—1 on BX. Then x1 cannot
be refined, hence it defines a cohomology class in degree k for Jx ,. Let a; be

the unique element of AR@i+1) _ AP@D) if i < k and the unique element of
A, — AR@) if i = k. Further, let € € {1;—1} be the orientation with respect
to < of a1,...,ax. Then (7.26) maps [§] to exy.
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Proof. Let us define a simplicial complex (Y, X) as follows. The set of ver-
tices Y is the set of z € X such that p(z) is a standard maximal parabolic
subalgebra. A k-tuple (z1,...,x%) of vertices belongs to the set X' of sim-
plices if there exists an x € X with = < x; for all k. By conditions a. and
b. above, the reduced chain complex for computing the cohomology of (Y, X)
is C*(J% ,)[1]. The proposition now follows from the well-known fact that
the barycentric subdivision of a simplicial complex is the nerve of its poset of
simplices, which in the case of (Y, X)) is X. O

7.4 Proof of Theorem 7.5

We now prove the explicit formulas for the Eisenstein cohomology which we
announced earlier. We are considering the group G = resggljn for an imagi-
nary quadratic field K.

To prove Theorem 7.5, consider [ € £, (K). If [(n) = 1, then 9 p is empty
unless P = G, in which case it has precisely one element. It follows that
C*(37) has a one-dimensional cohomology group in dimension zero, and no
other cohomology. Also, Xy is empty unless N = 1 and ¢ = 0, in which
case it consists of a single element. This proves the theorem for those [ with
[(n) = 1. The case [(n) > 1 is excluded by the condition (7.10). Therefore we
suppose for the remaining part of this proof that [(n) = 0.

We define the set & by

Si={kD2<k<n1<1<I(k)}

and define the function F': & — {1,2,...} by F ((k,1)) = k. Since [(n) = 0,
the poset P, &, r defined in the last subsection is not empty. We have the
map

pi: Pher— B

from 15”,6[, r to the poset B of standard parabolic subgroups which as-
sociates to the tuple (f,(M,i1,...,ip)) the parabolic subgroup of type
0 < i3 < -+ < iy = nm, i.e., the stabilizer of the standard flag of sub-
spaces of succesive dimension . The formula (7.25) now defines us a functor

Jp o & . from P to vector spaces whose homology is known by Proposi-
n,&,F>
tion 7.6 and Proposition 7.7. We will express I] as an “antisymmetrization”
of J15 .
n,&(,FyPI

The product of the symmetric groups [[;_, Sik) acts on the set &y by
permutation of the second entry of the pairs (k,!) which form &;. This per-
mutation leaves F' invariant, therefore it extends to an action of the group
ITis Si(k) on the poset 15”,6[7 r. This action leaves p; invariant, therefore it
extends to an action of HZ:2 Si(k) on the functor Jﬁn,e[,p,p[' We want to

consider the antisymmetrization of J 5 o rpu with respect to this action.
n,&,F
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For each parabolic subgroup P, we have an injective map of sets
i: Yip —p '(P)
which maps the element y) € 9 p to the element
(m, (K,i1,...,iK)) € 6.

By condition (7.11), this element really belongs to &;. Consider an element
(f,(K,i1,...,ik)) of p~1(P). If there exists a k and if 1 < 1y < ls < [(k), then
exchanging (k,l1) and (k,l2) is an odd element of [];_, Si) which leaves
(f, (K,i1,...,ik)) fixed. Therefore, the image of (f, (K,i1,...,ix)) in the
anisymmetrization of J 5 vanishes. Otherwise, the [];_, Si(k)-orbit of

n,&(,F,Pl
(f, (K,i1,...,ix)) contains an element in the image of i, which is unique by
(7.12). This identifies I7 with the antisymmetrization of Jp _ .
n, [ I
By Proposition 7.6 and Proposition 7.7, the cohomology of J5 _  isa
S F s

graded vector space with a basis given by the sets M, &, F, 5. A permutation
p in [T, _, Sik) acts on these sets by

7 (61,...,6k) = (7(G1),...,7(6)),

and this action commutes with the action on the cohomology of J 3 o mprt
n, [ I

We have the map
j: XN,el = My, Fe,N+1

which maps the collection Xy, ..., X of subsets of {2,...,n} to the disjoint

partition & = UN'H S, where

j=1
G; = {(k,l) € 6, ‘ k € Xj4+1, and there

are precisely | — 1 elements ¢ with 0 <i < j and k € Xi+1}.

If (S1,...,9N8+1) € My.s, Fen+1 and if there exists 2 < k < n and
1 <l; <ly < I(k), then exchanging (k,l1) and (k,l2) is an odd element of
[Ti—s Six) which leaves (S1, ..., Sn41) fixed. Therefore, the image of the gen-
erator belonging to (S1, ..., Sy+1) vanishes in the antisymmetrization of the
cohomology of Jf’n,e[,p,p[‘ Otherwise, the [],_, Si(ky-orbit of (S1,...,SN+1)
contains a unique element in the image of j.

We have identified I7 with the antisymmetrization of J 5 and the

,&(,FsP1
right-hand side of (7.18) with the antisymmetrization of the[homology of
J Puo,rp This proves (7.18). By the remarks made before the formulation
of Theorem 7.5, this also completes the computation of the spherical subspace
of H¥(G,C)z.

To get a result about the nonspherical vectors in the cohomology, we have
to investigate the cohomology of the functor
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~P

Jner=Jp, ® C=(P(Ap\G(Ay)),

&, FPt

where & is a finite set and F' is a function from & to integers. Since both
the formulation and the proof of the result are straightforward but quite
unpleasant,the result will be formulated precisely but the proof will only be
sketched. Let Q(6) be the set of partitions

k
s:6=J6
=1

into k disjoint pieces. For s € Q4 (6), let s o r be the set of pairs (P, ) with
the following properties:

e P is a standard parabolic subgroup, stabilizing the standard flag of sub-
spaces of dimensions

_ P _ P P _
0=1 <ij < <lgimag =M
e fis a monotonous map from {1,...,k} to {1,...,dima%} such that

i) — — max F(s
) ~ H()-1 = max F(s).

o Ifje{l,....dima%} —§({1,...,k}), then i; —i;_1 = 1.
Note that the rank of P is uniquely determined; it is equal to

k
o(s) =dimaf =k+n— Y #(&).

Jj=1

For (P,f) € As.s,F, let wp; € P, s, r be the element
(%, (@im e it igmag) ) -

where f* is equal to §(j) on 6. This is a minimal element of P, g r which
lies over P. We get a homomorphism

a: @ CFPANG(A) — B (C*(T o )

(P,5)eds

(P prea,y = D Fri®apy.
(P.f)eUs

If 9 is a parabolic subgroup of rank > 0(s), let %TQ’E be the set of all pairs
((77, f), (P, f)) with the following properties:

o We have (P,f),(P,f) €U and Q D P, Q D P.
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o Let0=if <iZ<---<i% , =n bethe dimension of the spaces in the

dlm

standard flag defining Q. For each j € {1,...,k}, there exists an [ with

Umy <) S
and .
¥o) P ¥o)
1y < z}(j) <17
; P ;P P ;P
In other words, the intervals [zf(j)_l + l,zf(j)] and [zf(j)_l + l,zf(j)] are
contained in the same interval of the partition i<

e We have
Y #6,=ip—ig, — 1.

1<<k
o _P
W1 <) S

An empty sum is supposed to be zero. Note that by the previous assump-
tion, the sum on the left-hand side of the inequality is also equal to

S %6,
1<5<k
Q
zl 1<7‘y()<7'1

We have the homomorphism

bl D ) - D CxP@B\G(A)
Qe dimad>0(s) (P.N,(P.))eBL,,  (PHeds
which for ((P,f), (P, 1)) maps f € C=(Q(A,)\G(Ay)) to f&(P. )~ f&(P.f).
Similarly, let QTQ’S be the set of all (P, f) € ™A, such that P C Q and such that

there exists an [ with

Q _ ;Q .
U e E #6;.
1<j<k
i <ify i

Let cl be the obvious map

D B QUGN — P CE(PA\G(A))).

Qe dimad>0(s) (P,pec, (P.fes

Theorem 7.8. The kernel of as is equal to the image of bl @ cl, and we have
an isomorphism of G(Af)-modules

(0* ne,F) D D coker(bf cl)[-2(s)]. (7.27)

k s€Qr(6)
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To prove the theorem, one filters 55,6, 7 by the subspaces

D CRANGAN S5,
REP
RCP

dim a% <k

to define a similar filtration on the sources of as, bl and cl, and to derive the
theorem for the grading from Proposition 7.6 and Proposition 7.7.

To compute H*(G, C)z, recall that IT is the antisymmetrization of J,, &, r
with respect to the group [} _, Si(k) and note that (7.27) identifies the action
of this group on the cohomology of jn’ghF with the action on the right-hand
side of (7.27) derived by permutation of the elements of the set Qx(&(). If
therefore Q" (&) is the set of all s = (&1,...,6) € Qx(S;) such that, if
1<l <ly <l(m)and (m,l;) € &;, and (m,lz) € &;, then i1 < iz, we then
get

Theorem 7.9. We have a canonical isomorphism

H*(G,C)1 = @ @ @ coker(bl @ ¢l)[—0(s) — degl].  (7.28)

€L, (K) k s€Qmon(&))

7.5 The case SL,,(Z)

Here we consider the case G = SL,,. We want to explicitly compute the space
of spherical vectors in H*(G, C)z and to compare the result with computations
by C. Soulé and J. Schwermer for n = 3 and by R. Lee and R. H. Szczarba
for n = 4.

We start with an explicit description of the spaces H (Q)P*Kf. Recall that
the minimal parabolic subgroup P, is the stabilizer of a standard full flag
Vi Cc Vo C---CV,=K" Let P be the stabilizer of the subflag V;;, C V;, C
-+ C Vi, for some sequence 0 < i3 < ig < --- < ixg = n. Then

K
Mp =]]SLi—i_, -

=1

By Proposition 7.2, the cohomology of X S\C/ZP is an exterior algebra which, for

1 <1 < K, has the following generators:

S\gl)’ ;\él)’ e ;\gll) if 4y —4;—1 1is odd (7 29)
3O RD 0y i is even, '

The group

Wo(SO(n,R) N CP(R)) = {0'1,. .., 0K € {:t].}

K
Hol = 1}
=1
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acts on this cohomology algebra, and only the invariants will contribute to
H (Q)P*Kf. Using the fact that ;\El) is obtained by pull-back with respect to
(7.3), one easily sees that the classes S\El) are 7o (SO (n, R) N Lp(R))-invariant.
However, conjugation by an element of O(n,R) — SO(n,R) changes the ori-
entation of the canonical n-dimensional real bundle on SU(n,R)/SO(n,R),
hence (O’Z) € m(SO(n,R) N Lp(R)) maps ) to 0,6, This means that a
monomial p in the generators (7.29) is mo (SO(n, R) N Lp(R))-invariant if and
only if one of the following cases occurs:

e 4 contains no Euler class e(;
e or the numbers 4; — 4;_1 are all even, and p contains all Euler classes e®,

It follows that

- K n odd
H Pxtrf — )
@) { 72 ‘”M(n) n even, (7.30)
where
z‘f) = {monomials in the ;\El)}
and

X <) if all the numbers 1;,
eM(n) _JILs e . {monomials in the \; } 1 <1< K, are even

{0} otherwise.

The explicit formulas for the restriction of cohomology classes in Proposi-
tion 7.2 show that, for n even, the decomposition (7.30) is functorial in P.
We first give an explicit formula for the first summand in (7.30). Let

o A{38,...,n} if n is odd
Odd<n: _{{3,...,n—1}ifnis even.

Let £,(Q) be the set of functions
[: Odd<, — {0,1,...}
satisfying the condition
Y max{k € Odd<, [I(k) > j} < n. (7.31)
j=1

If the parabolic subgroup P corresponds to 0 < i; < --- < ig =n, let Y p
be defined in the same way as in the case of imaginary quadratic fields, i.e.,
as the set of functions

v: {(k,1) |k € Odd<y,, 1 <1< U(k)} — {1,....k}
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with the properties (7.11) and (7.12). For P D P,y € Y.p and § € D5 let

the relation § >y be defined by (7.13). Then the vector space I| with base
. p is functorial in P by formula (7.14), and there is a functor isomorphism

M= @ I7[-degl] (7.32)
€L, (Q)

which maps vy to
1(k)

A AR

kEOddSn =1

The degree deg| is defined in the same way as for imaginary quadratic fields,
by (7.15).
Let
S ={(k,1)|k € Odd<p, 1 <I<I(k)},
and let F'(k,I) = k. As in the case of imaginary quadratic fields, I7 can

be identified with the antisymmetrization of J 3 Puo, with respect to the

product of symmetric groups [ [ coq den Sik)- As a rebult we get a description
for the first summand in (7.30) which is similar to (7.18).

Theorem 7.10. For [ € £,(Q), ¢ € {0,1} and N < 0, let Xy, be the set
of ordered (N + 1)-tuples ¥ = (Xo,...,XnN) of subsets of {Odd<,} with the
following properties:

e Each number k € Odd<,, belongs to precisely (k) of the sets X;;
e We have

N
Zmax#{Xi} =n—e.
i=0

If 1 = 0, we put Xy = 0. Then for each t € Xy, H*(C*(I7)) has a
generator {r} in degree N + ¢, and we have

w(ewm) -6 & oo
e=0reX,_ e,e,l
Consequently, the cohomology of the first summand in (7.80) is given by
wlemn)= @ ® @ cw
€L, (K) e=0r€X;_¢_degl

These cohomology classes are given by formulas similar to (7.19) and (7.20),
with /\;l) replaced by 5\5»2).
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If n is odd, this is the only summand in (7.30), and the computation of
HX (G, (C)?f is complete in this case. For example, if n = 3, the only possible
[is I(3) = 1 or [(3) = 0. In the second case, the Xy ., are empty by definition.
In the first case, the only element of the sets Xy ¢ is {{2}} € Xo,0,1 which
gives us the volume form in degree 5. This compares well to the result of
Soulé [21, Theorem 4] which implies that H*(SL3(Z), C) vanishes in positive
dimension. In particular, there are no harmonic cusp forms for SL3(Z).

If n is even, then we still have to compute the cohomology of the second
summand esz) in (7.30). Let °£,,(Q) be the set of functions

[: Odd<,_y — {0,1,..}

satisfying the condition

o0

> (1 + max {k € Odd<, 1 |((k) > j}) <n. (7.33)

Jj=1

If the parabolic subgroup P corresponds to 0 < i1 < --- < ig =n, let *Yp
be empty of one of the numbers 4; is odd, and be equal to the set of functions

p: {(k, 1) |k € Oddey 1,1 <1< U(k)} — {1,...,k}

with the properties (7.11) and (7.12) if all numbers 4;, are even. The vector
space 1 Z’ with base Q) p is functorial in P by by formula (7.14), where the
relation B> is defined by (7.13), and there is a functor isomorphism

‘M= @ “IT[-n—degl] (7.34)
lecg,(Q)

which maps y to
1(k)

K
A @A A RED,
j=1 =1
Let
S = {(k,1) |k € 0dd<,_1,1 <1< (K)},

and let F(k,l) = k. Recall the poset pn’eg[’F consisting of partitions of n
which have for each s € ¢S a piece of length > F'(s) marked, and recall the
projection R

pr: Pn,CGI,F - m

which sends a partition of n to the corresponding parabolic subgroup of GL,,.
Let Pn,[ C pn’eg[’F be the subposet of all partitions of n into even pieces,
together with a map which for each s € *S; marks a piece of length > F(s),
and let p; be the restriction of p; to 13”,[. Then €I} can be identified with

the antisymmetrization of J ;3 B with respect to the product of symmetric
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groups HkEOddSn—l Si(k)- Proposition 7.7 can be applied to J}) and

n,¢&(,FyP1
gives us an isomorphism

- (C*(J})n,hf,[)) >~ H*(BP,)).

On the other side, the homotopy type of the poset

~ B
Pny[ = ngg[’l-gﬁ'

is given by Proposition 7.6. We arrive at the following explicit description of
the second summand in (7.30).

Theorem 7.11. If n = 2, we have

o (c*(eM;;))) ~ C[2).

Forn >2and !l € °£,(Q), ¢ € {0,1}, and N < 0, let “Xn 1 be the set of
ordered (N + 1)-tuples ¢t = (Xo, ..., Xn) of subsets of {Odd<,_1} with the
following properties:

e Each number k € Odd<,—1 belongs to precisely (k) of the sets X;;

e We have
N

> (14 max{X;}) = n — 2e.

i=0
If 1 =0, we put “Xn,e = 0. Then for each ¢ € *Xn,, H*(C*(°I7)) has a
generator {r} in degree N + ¢, and we have

(0*9I0> @ @ C-{x).

e= Olﬁeef{b e,e,l

Consequently, the cohomology of the second summand in (7.80) is given by

wleem) @ & @ o

leeg, K) e=0 Feexj e—n—deg [
Moreover, let the ordering < on the roots which was used to define the complex
C*(F*) be
1 — T2 <o —T3 <+ <Tp-1— Tnp-

Then fory = (Xo,...,Xn~) € °XnN.0,1, a representative of the cohomology class
{t} is given by the element

N ' #(Xi) .
/\(MA A\ A§”> (7.35)

=0 =
JEX
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in the cohomology ofX . Where P € P is the stabilizer of the standard flag
of vector spaces with dzmenswns

0 < 14 #(Xo) <2+#(Xo)+#(X1)
<N—1+Z# <N+Z#
1=0 1=0

Ifr = (Xo,...,Xn) € Xnay and if 0 < k < N + 1, then a representative of
the cohomology class {r} is given by the element

N-1  k-1#(Xy) N #(X3)
(—1F A @ /\ A A /\/\ N A (7.36)
=0 jéXL jéXL

in the cohomology of Xg\c,zp, where P € P is the stabilizer of the standard flag
of vector spaces with dimensions

0 < 1+#(Xo) <2+ #(Xo) + #(X1) < <k+2#

k—1
<k+2+) #(Xi) < N+2+Z# <1+Z#
=0

In the case n = 4, we have the vector degree 6 in the first summand in
(7.30) defined by [(3) = 1 and r = {{3}} € Xo,1,. In the second summand, we
have the cohomology class defined by [(3) =1 and t = {{3}} € “Xo,,i. It is
the volume form in degree 9. These are all spherical vectors in the cohomology
with compact support, since Hi(SL4(Z), Z) is of dimension one if i € {0;3}
and zero otherwise, by the computation of Lee and Szczarba [16, Theorem 2].
Once again there are no harmonic cusp forms modulo SL4(Z). One may ask
if this is true for all the groups SL,(Z).

It is also possible to give a full computation of H*(G,C) for G = SL,,. The
result has a decomposition similar to (7.30) into a summand containing no
Euler classes and, for n even, a summand containing the Euler classes. The
first of these summands is given by (7.28). The second summand is similar to
(7.28), however, the definition of the summands in (7.28) has to be modified
to allow only parabolic subgroups corresponding to decompositions of n into
even pieces. It is also possible to generalize this to SL,, over arbitrary number
fields. The only difference to the cases treated here is that the cohomology
with compact support of the Levi components has additional generators in
dimension one, which complicate the formulation of the result even more.
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Selective Index of Notation

This is a selective index of the mathematical notations which are most
frequently used. They are listed according to the order in which they are

introduced in the text.

Tom) K.
GO(R), X5

G, K, Ky, Koo, K, Po, Lp, Mp,
va an »Coa Nov Agv ./\/lg, 0

G(A), G(A)s, G(A) s, Kg, Ap(R)T,
Ag(R)*

g, (), 3(a)
ap, Go, ﬂ%, aP, ao; a’%
on AZ))7 A'P A%a Pos PP, p%

(g, K)-module, (Af)-module,
C(9(Ay, K)), C=(P(A)\G(A))

H*(g7(c)a H;k(g7(c)7 *657 ISa H*(ga(c)7
H:(Q,C)I

Pg, FT<2, Fpcg, C*(F*), C*(F.),
C*(F3), C*(FY), C*(F?)
A(G,KZ,,R), A(G,KZ,,C)

G(Ay) qG(Af)
Bpas) Vpay)

B(Q,R)*, B(Q,R).
C(G,R,As)*

G(As) rG(As) <
Q}p(Ass)v mP(Ai)v Gtg(As)’ 6tg(As)

D(9)”

E(R)*, det

J, Az

Az

Hp(g)

EZ(6, ), ¢3(N), 78

S(a%), =5

section 1, p. 28
section 1, p. 28

section 2, p. 31

section 2, p. 31

section 2, p. 31
section 2, pp. 31-32
section 2, p. 32

section 2, p. 32

section 3, (3.1), pp. 32-33

section 3, (3.2), (3.3),
pp. 3334

section 3, pp. 34-35
section 3, (3.5), p. 35

section 4, pp. 37-38

section 4, theorem O,
p- 38

section 4, (4.2), p. 40

section 4, (4.3),
theorem 0, p. 40

section 4, (4.4), pp. 41-42

section 5, p. 42
section 5, (5.3), p. 42

section 5, (5.4), p. 43
section 5, (5.5), pp. 43-44
section 5, (5.9), (5.10),

pp. 44-45
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F(g)* section 5, p. 51

G(9)s section 5, p. 52

Po section 6, (6.3), p. 53
. section 6, (6.4), (6.5),

H(G)e pp. 5354

Tg((ﬁf)) section 6, (6.8), p. 55

i8>0 section 6, (6.9), p. 55

P, s Fr subsection 7.3, p. 68

Pn,gyp, Mnygjp,eyk subsection 737 p. 68

References

1. A. BoreL — Topology of Lie groups and characteristic classes, Bull. Amer. Math.
Soc. 61 (1955), p. 397-432.

2. — , Stable real cohomology of arithmetic groups, Ann. Sci. Ecole Norm. Sup.
(4) 7 (1974), p. 235-272.

3. A. BOREL and J.-P. SERRE — Corners and arithmetic groups, Comment. Math.
Helv. 48 (1973), p. 436-491.

4. — , Cohomologie d’immeubles et de groupes S-arithmétiques, Topology 15
(1976), p. 211-232.

5. A. BorEL and J. T1Ts — Groupes reductifs, Publ. IHES 27 (1965), p. 55-150.

6. — , Complements a l’article: ‘Groupes reductifs’, Publ. IHES 41 (1972), p. 253~
276.

7. A. BOREL and N. WALLACH — Continuous cohomology, discrete subgroups, and
representations of reductive groups, Annals of Mathematics Studies, 94. Prince-
ton: Princeton University Press, 1980.

8. P. CARTIER — Representations of p-adic groups: A survey, Automorphic forms,
representations and L-functions, Proc. Symp. Pure Math. Amer. Math. Soc.,
Corvallis/Oregon 1977, Proc. Symp. Pure Math., 33 1, p. 111-155, Amer. Math.
Soc., Providence, 1979.

9. J. FRANKE — Harmonic analysis in weighted La-spaces, Ann. Sci. Ecole Norm.
Sup. (4) 31 (1998), no. 2, p. 181-279.

10. J. FRANKE, Y. I. MANIN, and Y. TSCHINKEL — Rational points of bounded
height on Fano varieties, Invent. Math. 95 (1989), no. 2, p. 421-435.

11. J. FRANKE and J. SCHWERMER — A decomposition of spaces of automorphic
forms, and the Eisenstein cohomology of arithmetic groups, Math. Ann. 311
(1998), no. 4, p. 765-790.

12. W. GREUB, S. HALPERIN and R. VANSTONE — Connections, curvature, and
cohomology. Vol. I1I: Cohomology of principal bundles and homogeneous spaces,
Pure and Applied Mathematics, 47-I11. New York, San Francisco, and London:
Academic Press, 1976.

13. G. HARDER — Eisenstein cohomology of arithmetic groups. The case GLz2, In-
vent. Math. 89 (1987), p. 37-118.



14

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

Topological Model for Eisenstein Cohomology 85

. G. HARDER — Some results on the Eisenstein cohomology of arithmetic sub-
groups of GL,, Cohomology of arithmetic groups and automorphic forms,
Proc. Conf., Luminy/Fr. 1989, Lecture Notes in Mathematics, 1447, p. 85-153
Springer-Verlag, Berlin and New York, 1990.

R. P. LANGLANDS — On the functional equations satisfied by Fisenstein series,
Lecture Notes in Mathematics 544, Berlin and Heidelberg : Springer-Verlag,
1976.

R. LEE and R. SzZCZARBA — On the torsion in K4(Z) and K5(Z), Duke Math.
J. 45 (1978), p. 101-129.

C. MOEGLIN and J.-L. WALDSPURGER — Le spectre résiduel de GL(n), Ann.
Sci. Ecole Norm. Sup. (4) 22 (1989), no. 4, p. 605-674.

— , Spectral decomposition and Eisenstein series, Cambridge Tracts in Mathe-
matics. 113. Cambridge: Cambridge Univ. Press, 1995.

D. QUILLEN — Higher algebraic K-theory. I, Algebr. K-Theory I, Proc. Conf.
Baitelle Inst. 1972, Lecture Notes in Math., 341, p. 85-147 Springer-Verlag,
Berlin and Heidelberg, (1973).

J. SCHWERMER — Kohomologie arithmetisch definierter Gruppen und FEisen-
steinrethen, Lecture Notes in Math. 988, Berlin-Heidelberg-New York, Springer-
Verlag, (1983).

C. SOULE — The cohomology of SL3(Z), Topology 17 (1978), p. 1-22.

B. SPEH — A note on invariant forms on locally symmetric spaces, Representation
theory of reductive groups, Proc. Conf., Park City/Utah 1982, Prog. Math. 40,
p. 197206, Birkhauser, Boston (1983).

T. SPRINGER — Reductive groups, Automorphic forms, representations and L-
functions, Corvallis/Oregon 1977, Proc. Symp. Pure Math. 33, 1, p. 3-27, Amer.
Math. Soc., Providece, 1979.

V. SRINIVAS — Algebraic K-Theory, Progress in Mathematics 90, Birkh&user,
1991.

R. STAFFELDT — Reduction theory and K3 of the Gaussian integers, Duke Math.
J. 46 (1979), p. 773-798.

D. A. VOGAN — Representations of Real Reductive Lie Groups, Progress in
Mathematics 15, Birkhauser, 1981.

N. R. WALLACH — Real reductive groups I, Pure and Applied Mathematics 132,
Academic Press, 1988.






