
Social Choice and the Mathematics of Manipulation

Honesty in voting, it turns out, is not always the best policy. Indeed, in the early 1970s,
Allan Gibbard and Mark Satterthwaite, building on the seminal work of Nobel
Laureate Kenneth Arrow, proved that with three or more alternatives there is no
reasonable voting system that is non-manipulable; voters will always have an
opportunity to benefit by submitting a disingenuous ballot. The ensuing decades
produced a number of theorems of striking mathematical naturality that dealt with the
manipulability of voting systems. This book presents many of these results from the
last quarter of the twentieth century – especially the contributions of economists and
philosophers – from a mathematical point of view, with many new proofs. The
presentation is almost completely self-contained and requires no prerequisites except a
willingness to follow rigorous mathematical arguments.
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5.4 The MacIntyre–Pattanaik Theorem 113

6 Ultrafilters and the Infinite 118
6.1 The Infinite Version of Arrow’s Theorem 118
6.2 Infinite Gibbard–Satterthwaite without Invisible Dictators 122
6.3 Invisible Dictators Resurrected 123
6.4 Infinitely Many Voters and Infinitely Many

Alternatives 125

PART THREE

7 More on Resolute Procedures 133
7.1 Combinatorial Equivalents 133
7.2 Characterization Theorems for Resolute Voting Rules 136
7.3 Characterization Theorems for Resolute Social Choice

Functions 140
7.4 Characterizations for Resolute Social Welfare Functions 142

8 More on Non-Resolute Procedures 147
8.1 Gärdenfors’ Theorem 147
8.2 Characterization Theorems for Non-Resolute Voting Rules 152
8.3 Another Feldman Theorem 154
8.4 Characterization Theorems for Non-Resolute Social

Choice Functions 157
9 Other Election-Theoretic Contexts 160

9.1 Introduction 160
9.2 Ballots That Are Sets: Approval Voting and

Quota Systems 160
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Preface

Were honesty always the best policy, this indeed might be a better world. But
there seems to be a place for the little white lie, and there is certainly reason
for many supporters of Ralph Nader in the state of Florida – as they watched
Albert Gore concede the U.S. presidential election to George W. Bush on the
evening of December 12, 2000 – to regret having cast sincere ballots, the result
of which was a victory for their third choice (Bush) instead of their second
choice (Gore).

We have nothing to say here about the little white lie. In this book, however,
we collect much of what is known regarding a single fundamental question of
obvious political importance and surprising mathematical naturality: In what
election-theoretic contexts is honesty in voting the best policy?

For example, consider an election in which there are three or more candidates
from which a unique winner must be chosen, and in which each voter casts a
ballot that gives his or her ranking of the candidates from best to worst with
no ties. Can one, in this situation, devise a voting procedure such that each
candidate wins at least one hypothetical election and with which no voter can
ever gain by unilaterally changing his or her ballot?

As stated, this turns out to be a trivial question. If there are n voters, then a
moment’s reflection reveals n such voting procedures, each obtained by fixing
one of the voters and taking the winner to be his or her top-ranked candidate.
Dismissing these – they are, after all, dictatorships – leaves the better question:
Are there any others?

The answer, quite remarkably, is no. This is precisely what the Gibbard–
Satterthwaite theorem of the early 1970s asserts, and it is this result that gives
rise to most of what follows in this book. That theorem is related to – indeed,
some would say equivalent to – the celebrated 1950 result known as Arrow’s
impossibility theorem.

ix
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x Preface

If there is a weakness to the Gibbard–Satterthwaite theorem, it is the as-
sumption that winners are unique. But if we drop the uniqueness of winners
as an assumption, then there are voting systems that intuitively seem to be
non-manipulable. For example, the voting procedure that declares everyone to
be tied for the win regardless of the ballots (a very uninteresting example) or
the one that takes as winners all candidates with at least one first-place vote
(certainly a more interesting example).

Why do we speak of these two procedures as being only “intuitively” non-
manipulable? The problem is that if a voter’s preferences are given by a list,
then it is not at all clear what it means to say that he or she prefers one set of
candidates to another set of candidates. For example, if a voter ranks alternative
a over alternative b over alternative c over alternative d, does he or she then
prefer the set {a, d} to {b, c} or vice versa? It’s certainly not obvious.

Thus, one of our objectives is to collect many of the definitions, theorems,
and questions that arise when one asks about single-voter manipulability in
election-theoretic contexts in which winners are not necessarily unique. Most
of the results we present – whether in the concrete setting of the twenty voting
rules that we introduce in Chapter 1 or the more abstract context of theorems like
that of Gibbard and Satterthwaite – are organized around four kinds of manip-
ulability that we call, from strongest to weakest, single-winner manipulability,
weak-dominance manipulability, manipulability by optimists and pessimists,
and expected-utility manipulation.

Our undertaking is interdisciplinary in the sense that it is, in large part, a
mathematician’s presentation of some major contributions that economists and
philosophers have made to the field of political science. Thus, few of the results
in this book originated with the author, but many of the proofs did. For example,
we give unified proofs of three important manipulability results in three of
the major voting-theoretic contexts: the Gibbard–Satterthwaite theorem in the
context wherein the outcome of an election is a single winner (Chapter 3), the
Duggan–Schwartz theorem in the context wherein the outcome of an election
is a set of winners (Chapter 4), and the Barberá–Kelly theorem in the context
wherein the outcome of an election is a choice function (Chapter 5).

There are virtually no prerequisites for reading this book, except that a certain
degree of what is usually called mathematical maturity is required beginning
with Chapter 3. The nine chapters in the book are organized into three parts,
each consisting of three chapters. We comment on each part in turn.

Part I of the book is presented at a suitably accessible level for use in a
number of undergraduate or graduate courses in mathematics, economics, and
political science. In particular, Chapter 1 is an introduction to social choice
theory that provides (i) an explicit discussion of the different contexts in which
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Preface xi

one works; (ii) something of the history of the field; (iii) accurate statements
of Arrow’s impossibility theorem for voting rules, social choice functions, and
social welfare functions; and (iv) a wide range of examples of voting rules.
Chapter 2 is an introduction to the notion of manipulability, largely in the
context of twenty specific voting procedures, and Chapter 3 presents a careful
proof of the Gibbard–Satterthwaite theorem and deals with the question of the
extent to which it is equivalent to Arrow’s theorem.

There are more than seventy-five exercises in Part I, and these range from
routine verifications to additional development of the material in the chapter,
with hints (or outlines) provided where needed. Each exercise is labeled with a
“C” for computational, an “S” for short answer, or a “T” for theory. Hopefully
these labels will be of some use, but all three terms are being used somewhat
metaphorically.

Part II of the book begins with a treatment of manipulation in the contexts
wherein the outcome of an election is a set of winners (Chapter 4) and a so-
cial choice function (Chapter 5). Each chapter contains a direct proof of the
main result that mimics what was done with the Gibbard–Satterthwaite theo-
rem in Chapter 3 by combining a new idea – down-monotonicity for singleton
winners – with a number of classical ideas, most of which arose in later treat-
ments of Arrow’s impossibility theorem.

In Chapter 6, we move to the case of infinitely many voters, and we present the
known ultrafilter versions of Arrow’s theorem and the Gibbard–Satterthwaite
theorem, the latter of which requires finitely many alternatives and coalitional
non-manipulability. We also provide an extension to the case where there are
infinitely many alternatives as well as infinitely many voters. The proofs in
Chapter 6 are completely self-contained, though less pedestrian than the pre-
sentations in Part I.

Part III of the book contains a number of additional results in cases of
both single winners (Chapter 7) and multiple winners (Chapter 8). Finally, in
Chapter 9, we conclude the book with a brief treatment of some voting-theoretic
situations in which ballots and election outcomes are different from those of
Chapters 1–8.
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