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2. Lifting Idempotents

2.1. In order to lift idempotents from
characteristic p to characteristic zero, the
safest method is to work over a complete
discrete valuation ring of characteristic zero
with a residue field of characteristic p. Yet,
as a matter of fact, the completeness is a suf-
ficient but not necessary condition. In this
section, we will discuss on this question.

2.2. Let O be a discrete valuation ring
such that k = O/J(O) is a field of charac-
teristic p, where J(O) denotes the radical
of O, and that its field of quotients K
That is to say,
we have a surjective group homomorphism
¥: K* — Z fulfilling

has characteristic zero.

{Ae K [9(N) >0} =0 —{0};

in particular, there is 7 € (O such that
J(O) = wO. Note that, if K’ is a Galois
extension of K, then from the norm map
N: K* — K* it is not difficult to define a sur-
jective group homomorphism ¢': K'* — 7Z;
moreover, it is easy to check that the set

(Ve K™ | (N € O} U {0}

coincides with the integral closure O of O
in K'; in other words, O’ still is a discrete
valuation ring.

2.3. Let {A}nen be a sequence of
elements of I; whenever there is A € K
such that we have A — \, € «"t1O for
any n € N, we say that the sequence
{An}nen has the limit A, and we write
A =lim, oo {An} (note that this condition is
stronger than the usual one). For instance,
if for any n € N we have A\, = X, this se-
quence obviously has the limit A. The se-
quences having a limit fulfill the so-called

Cauchy condition; in particular, for any
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2.5.1

Lifting Idempotents

n € N, we have

Mgl — Ay € 71O

(actually, this condition is stronger than
Cauchy’s condition). Conversely, if all the
K-sequences fulfilling this condition have a
limit then we say that IC and O are complete.

2.4. Tt is not difficult to construct a com-
plete field K containing K. We consider the
following equivalence relationship in the set
of all the sequences fulfilling condition 2.3.1:
if two sequences {A,}nen and {p,}nen of
this set fulfill

i — Ap € o

we say that they are equivalent. For instance,
fixing ¢ € N, if pu, = A¢ or A\, according
ton < ¢ or n > { then these sequences
are equivalent; moreover, {Asy,}nen also
fulfills condition 2.3.1 and clearly is equi-
valent to { A, }nen . Note that, if {\, },en has
not the limit 0 then, for a suitable £, Ay does
not belong to 7‘*t1O; thus, from condition
2.3.1 we get V(Aptn) = ¥(N¢) for any n € N
(cf. 2.2.1).

2.5. Let K be the set of equivalent
classes of sequences of I which fulfill condi-
tion 2.3.1; clearly, the usual sum of sequences

determines a structure of commutative group

in K. Moreover, let A = {/_)‘\_/"}nEN and

—

ft = {ttn},cn be two nonzero elements of K;
by the remarks above, we may assume that,
for any n € N, we have ¥(\,) = 9(\)
and ¥(pn) = P(wo); choose ¢ fulfilling
—9(Xo) < £ and —9(uo) < ¢; at that point,
since the difference

)\n+1,ufn+1 - )\n//fn - )\n+1(,uln+1 - /~Ln) + (/\n+1 - )\n)ﬂvn 5
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belongs to 7" 1 *O, {\rin ptorn fnen fufills
2.3.1; then, it is not difficut to check that the
equivalent class of {Agin fbo4n tnen, noted
;\ﬂ, does not depend on our choice.

2.6. This operation determines a com-
mutative group structure in K — {0} ; indeed,
the associativity is easily checked. On the
other hand, denote by v the biggest of ¥(\o)
and 0; we clearly have

Aogn = Ao(1+ Y 87

i=1
where n € N and §; € O; arguing by in-
duction, we can define the following sequence
{tn}nen

i—1
gi=—0i— Y 08y
=1

since we have ¢; € O for any i € N, this
sequence fulfills condition 2.3.1; thus, it is
easy to check that its equivalent class multi-
plied by the equivalent class of the constant

sequence A\, ! is the inverse of \.

2.7. Obviously, we set 0A=0= 5\0;
now, it is not difficult to check the distribu-
tivity. Hence, we have proved that K is a
field, and it suffices to identify A € K with
the equivalent class of the constant sequence
A to get K as a subfield of K. Let O be the
subset of K of all the equivalent classes of
sequences in O ; clearly, Ois a subring of K
which contains O .

2.8. Moreover, we can extend the dis-
crete valuation ¥: K* — Z of K to a discrete

valuation 9 of K as follows: let A = {/)Tﬁ»

be an element of K* ; recall that we may as-
sume that we have ¥(\,) = 9(Xo) for any

neN
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FneNHIN) =09X); neN;inthis case, we just set O(X) = O(\o);
AR 4wk 4 O(A) = 0(Xo); 44  in particular, note that we have 0(\) > 0 if
0N >0%HEMEAeO. and only if A\ € O.

29. B )5, B Z K F O 2.9. Finally, we claim that K and O
241 3% {Alnen £ K8 are complete. Let {\, }nen be a sequence of
— /N EW B IME R4 E elements of K such that, for any n € N, we
neNAH have

2.9.1 A+l — A € 7T"+1(’j;

—~

A R N\, = {m}meN, thus, if \, = {Am ey then, for a suit-
& B pnm € O, £ able choice of piym € O, where n,m € N,
n,meN, &F we still have

2.9.2 Mt tom = M) — 7"y € 77O

MNET, §2489 T2, 8B 22t recall that, according to the example in 2.4,
EZEM <A Aym = Annt1;  Wwe may assume that A, = A1 for any
BB, TE Mt1m — Am BT m < n; then, for any m,n € N, we obtain
a0 EF mon € Ny BA Appim — dam € 71O since all these se-
iX b B 5 R A& 2.3.1, BivA  quences fulfill condition 2.3.1, for any n € N,
stHEEne N TEHIGE the difference

2.9.3 )\n+1,n+1 - )\n,n = /\n+1,n+1 - /\n+1,n + /\n+1,n - /\n,n ;

BT O XA {Nntnen  belongs to 71O thus, {\n}nen fulfills
W 231, MfmiX A~ F 5k condition 2.3.1 and therefore determines an

2K H—AAEN. element A of K.
2.10. #—F, S EF 2.10. Moreover, for any m,n € N, it
m,neEN R&Em>n#A suffices that m > n to get
m—1
2.10.1 Amn = Anm = 3 Nig1m — Aim) € 7710

FrvA, RE&Je L @dg#F 2 M  hence, it suffices to apply the example above
B 55 { A fmen , T A=\, tothe sequence {Ap, m tmen to get that A=\,
BT 1O, ¥ ne N; 2k  belongs to 7O for any n € N; that is, the
S, /?’3?' {Antnen %‘#&Ff’c A, sequence { A, }nen has the limit A. Note that,
HEFE, R { ey £EK ¥ if {\}nen is a sequence in K which fulfills
R R M 231 895 5), AR condition 2.3.1, then the element of K de-
2 {Antnen BIE M £ A K %  termined by the equivalent class of {Antnen
A XA B A RGMIE; BTvA R actually is the limit of this sequence; hence,
B REEN, HMFF) K =K. if Kis complete then we simply get K = K.
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A(r+1)(n+1) — A(r+1)n
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2.11.  We always assume that the O-
algebras are O-free O-modules of finite rank.
Let A be an Q-algebra; denote by J the
radical of A. It is well-known that if O is
complete then it suffices that a sequence
{an}nen in A fulfills a1 — a, € J*H for
any n € N, to guarantee that it has a limit;
precisely, in that case there is a € A such
that @ — a,, € J"T! for any n € N. Indeed,
we have J" C 7.A for a suitable r € N and
therefore, for any n € N, the difference

T
= Z(a(r-‘rl)n-i-i-i-l - a(r+1)n+i)
i=0
belongs to JTHn+1: gince A is an O-free
O-module of finite rank and, for any n > r,
we have JO )+l « gzntl. A there is a € A
such that, for any n > r, we have

1 1
a— a4y, € 7"t A c gt

and therefore we also have

(r+1)n

a—Qp = 0= Q(r41)n + Z (ai — (11'_1) S Jn+1;

i=n+1
moreover, for any n € N, we still obtain

r—1

a—an:a—ar—i—Z(aiH—ai)EJ"H.

i=n

2.12. In particular, if A’ is an O-algebra
and f an O-algebra homomorphism from A
to A’ such that, for any n € N, we have
flant1) — flan) € J™F1 ) where J' is the
radical of A’, then f(a) — f(a,) belongs
to 7#"*tL. A" C J™F! and therefore we get
fla) — f(an) € J™'; in other terms,
{f(an)}nen has the limit f(a). Moreover,
if r € J then the sequence {d ,_,7‘}nen
has a limit, noted }, .y rf: this limit
actually coincides with the inverse of 1 — r;

consequently, A* contains 1 + J. Note that,
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HEE, R K' £ K# Galois  if K’ is a Galois extension of K, and
Fik, F O 2K FO Et§% O is the integral closure of O in K, then
AR O, RA O 5K 4.2 O and K are complete too.

T A

ZH 213. BEO R7%%&HW. Theorem 2.13. Assume that O is com-
EAR A O-REHE  plete. Let A be a commutative O-algebra and
TRAWEE. & Jit AW I anideal of A. Denote by J the radical of A
A3t siA— A)J ieBRWBE  and by s: A — A/J the canonical map, and
H, B4 set 1

F(0 = (e [ael}+ 7,

2.13.1 ) e
#(s() = s [ae 1}
neN
ML s kE—NR %pN(I) 2]  Then, s determines a bijection between
%px(s(f)) B 4t w B, A %pﬂ(l) and %px(s([)) ; moreover, we have
2.13.2 (1) &) ).

JEBR: HiE R, 2R a,b € A Proof: First of all, note that if a,b € A
& s(a) = s(b), AAAx4E  fulfill the equality s(a) = s(b) then, for any
ZneNHa" —b" cJ*: ne N, we have a?" — b?" € J*!: indeed,
Bk, REAE A%k, &M we argue by induction on n and may as-
FAMBE n > 1 H ¢ = sume that n > 1 and that the element ¢ =

n—1 n—1

a?" " T BT I 2R a" =" belongs to J" ; clearly, we have

2133 " =" 4P €W +pJt+ I CHP 4 T

WA, ke a, be%f’N(I) AR Now, if a, b 6%1)&(]) then for any n € N,
23t HEZE nEN B ap, b, €] we can find an,b, € I and r,,s, € J*!
5rp, 8, € I £ 47 such that
2.134 a=(an)? +rn, b= (b)) +sn;
HAA ab BT FEER in particular, ab belongs to the intersection
2.13.5 ) ((anbn)?" + ")
neN

M ab 4L & T %pR(I) . fnH, hence, ab still belongs to %pN(I) . Moreover, if
4o R A s(a) = s(b) ARAZE A  we have s(a) = s(b) then s(a,)?" = s(b,)?"

'i' The Chinese character % is pronounced “mi” as in “middle” and means“power”or “exponent”.
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5(an)?" = s(bp)P", A 0 =
5(an —by)P" iii&lﬁ?@A/Jf;
HFAE p A9 %“ﬁlﬁ, B4 A T2
B A AT VAs(an) = s(bn);
X H, 175

2.13.6
meN

Bk s it — A St AN
FU(D) 5 B (s(1); AN
FEP A AR A & a
B —A R (s(1)) 8%, sk
R, HEENEN BE anel
A3 s(an)? —a; HAR, A

2.13.7

MRBEA A)J KAHFIES p
0 3R 09 B AR, BT VA &K A1 4T 3
5((an+1)p) = S(Cln); M1, 4,
3]

n+1

2.13.8 (any1)P

MaBEacl EFrER
n>0%H a— (a,)P € J!
(R 2.11), 43 3|

2.13.9 s(a)

LA, 5(a) BT B (s(1)).

#i2.14. BT O RZEH.
#HAROREFET R A
AWEE. 4 Tt A, B4
s:A — AABRE B A, LoF
A=A)J ssEEFRFALIE],
EFI=s(I), BE-NFFL
i € AR s(i) =1.m A, d
RICAR-ANFFALA
s(i') =1H ac A* 4 FFi' =i

WERH: ZRA a€ A @i'a

s(a)=7;4B=3,50

s((an+1)p)p"

—(an)”" = ((ans2)?)""

(s(an))”

13

" =
since A/.J has characteristic p. On the other
hand, since A/J is a direct product of fields,
we also get s(an) = s(by,) ; thus, we obtain

and therefore we still have s(a,, — b,)

a—be [ Jmc () »mA={0}.

meN

Hence, s determines an injective map
N R
from F (I) to & (s(I)) ; we will prove that

this map is surjective too. Let a be an

N
element of #” (s(I)); explicitly, this means
that, for any n € N, there is a,, € I such
that s(a,)?" = a@; in particular, we get

n

= s(a,)?

Ql

and therefore, since A/J is a direct pro-
duct of fields of characteristic p, we have
5((an41)P) = s(an); consequently, we also
obtain
! —(a,)?" € Jnt.
Then, there is a € I such that, for anyn € N,
we have a — (a,)?" € J"*! (see 2.11), and
therefore we get

n

that is to say, s(a) belongs to %pN(S(I)) .

Corollary 2.14. Assume that O is com-
plete. Let A be an O-algebra and I an ideal
of A. Denote by J the radical of A and by
s:A — A the canonical map, where
A = A/J. For any idempotent 1 € I, where
I = s(I), there exists an zdempotent i€ A
such that s(i) = 7. Moreover, if i’ € A is
an idempotent such that s(i') =7, then there
exists a € A* such that i’ = 1.

Proof: Clearly there is a 6 A such that

s(a) =7;8et B =3 yO-a"; then B is a
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Aa B A AHTFRKE mA
BNJ = J(B); Fik RE
B,BNI »3&K% A, I #ik
B AR AL HEHE
213, LK T BT R (s(1)) Frik
Bk B (D) A s()
EiH R s(i?) =12 =1; 131k
213, B2 BT R
Frvdi? =i. %6, R i €
iﬁﬁﬁ%i&ﬁﬂ)=
Aaba=1d4'+(1—1)(1—
— 7@, 2K ia = ai’
A

2.14.1

/\"33_1, I

7,
5
1),
A
7,
i)
s AT

M, TH a€l+J C A
(L 2.11).

2.15. — &893, B A —
A O-RE A RAd O-H, £
tieac AE510ac 000 A
XFE 1®a € KRp A R#E
1®a € K®o A#HER—HK.

Lifting Idempotents

subalgebra of A and we have BN J = J(B);
consequently, up to the replacement of A
and I by B and BN I, we may assume
that A is commutative. Then, according to

Theorem 2.13, since 7 belongs to %px(s(l)) ,
there exists i € %pN(I) fulfilling s(i) = 7,
and in particular s(i?) = 72 = 7; according
to Theorem 2.13 again, since i% also belongs
to %pR(I) , we get 12 = i. Finally, if i’ € A is
an idempotent fulfilling s(i') = 7, then con-
sider the element a = ii' + (1 —4)(1 — ') ;
on the one hand, we clearly have ia = ai’;
on the other hand, we get

s(a) =2 +(1-2)2=1,

and therefore we still get a € 1+ J C A*
(see 2.11).

2.15. As a general rule,
O-algebra A is an O-free O-module, we can
identify « € A with 1®a € O ®p A,
1®a € K®p A or 1®a€/€®oA. More-
over, since we have KN O = O, we clearly

since any

ME, EEKNO =0 2% get
2.15.1 (K®o A)N(O e A)=A.

R 2.16. & A 2/ O-K
K. R HE—ANKQoAWYERR
REAEK Q0 AL LRZKE
W, MLE—NANKBERE
FAEO R0 AL HRE KRB
ER: % i AN AWMKR
%#m P2 RiAIR B AR
B2 AR TEZKRN,
;Jriz, ZiAAA=000A
MRETFERFAFALE T
Fo J" BN K @p A IRE
ERKBRFHFAGELSENA

2.16.1
jedr

d =i,

Proposition 2.16. Let A be an O-algebra.
If any primitive idempotent of K ®@o A
remains primitive in K ®o A, then any
primitive idempotent of A still remains
primitive in O ®po A .

Proof: Let ¢ be a primitive idempotent of
A; up to the replacement of A by iAi, we
may assume that the unity element of A is
primitive. Then, let 2 be a nonzero idempo-
tent of A = O ®o A, and consider two sets
J’ and J" of pairwise orthogonal primitive
idempotents such that

je j//
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B—7 @, §ERAE R K,
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B J=JUJ", F (K2p A)*
MAZ a A EE jed
Hr(j)=j% 4 J=(r)"YJ)
Bi=3 0 SAAA =i,
Fok AMBBLac A; A
2k #E h e N1

2.16.2 aten A,

Brt {an}nGN EJ {bn}nGN 7%

mAS A B A7

2.16.3 a= lim {a,},
AR, HEZneNLE
& — Qan ﬁp W}L'd_l - bn 73‘135’:3;
LA BRI, AE m>2h40
BZ, ERA

2.16.4

= 7T_h
Af e BT ot hA BT
]C®(’) A, i‘ii%]ﬂjb ambm /é’
T A; AmA

2.16.5

HHAWTEL—c AT R
T 1% 89; BTV ay, EK Qo AY
AR, PR
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On the other hand, from our hypothesis,
a set of pairwise orthogonal primitive idem-
potents of K ®o A such that >, ;j =1
remains a set of primitive idempotents in
K®e A . Moreover, according to Lemma 2.17
below, there are a bijective map 7:J — j,
where J = J' U J",
(K®o A)* such that 7(j) = j% for any j € J ;
in particular, setting J' = (7)~1(J') and

and an element @ in

i = ZjEJ,j, we get i = i%. Obviously, we

may assume that a belongs to A; then, con-
sider h, ¢ € N such that

ien tA.

Choose two sequences {a,}neny and

{bn }nen of elements of A such that
a™t = lim {b,};

in other terms, for any n € N, the elements
a—a, and 74~ —b, belong to 7"t A . In

particular, choosing m > 2h + ¢, we have

1= (am + (&= am)) (7" bm + (@ — 77 "by))

A b + €

where ¢ belongs to amtl=h. A and, at the
same time, belongs to K ®» A since a,,by,
belongs to A ; consequently, we have

cerm™ AN (Ko A) = 7™ 17hA

and therefore the element 1 — ¢ is inversible
in A; hence, a,, is inversible in K ® A and
explicitly we have

(am) P =77 b, (1 — )7t

2.16.6

=x b, + Z 7 b

n=1
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EH i (am) ' BT KR0A,
Rt BT A, & 2R A

2.16.7

BT EX ANKopA) = A,
ENBREL anilan)™ B
F A, KB R B BTG
AT

—

712 2.17. & LR AR
& BRA-ANHABREHKN LR
K. R T LT BREHEANA
LERKRBRFAGEE LA
Zjer =1l= Ej’e.]jl7 AR 24
HBEVeB #F T =J°.

HERR: 4ok B AgAR AR RAR
2, R Z&4# F Wedderburn &
T R ER. X A, fR R
Z B ok AIER AR2Ah —
™~ B WMERER N 17
N? = {0}; 4 B = B/N,
B4 bitbe B vh
e, e R i 2 BHRKRF
5, AL T AL AR R X
RXEHA R 0 #£ L € iBi
HE P o= 0, R rR
0= (0202 =10"—20°+ 12,
o A B JE X AN X T 7T ek

2.17.1

HPn > 2, & T Hed 302 — 203
R—ANFEL KNTH 0 =
302203 WA T=307-203=1
BT vA T 4 R JRAY.

A, A4 dimg (B) £
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Lifting Idempotents

thus, a,,i(am)~" belongs to K ®p A and,
simultaneously, it belongs to A since

= i (@) = (@ = apm) i (@) F ami (@7 = (am) ™)

hence, since AN (K ®p A) = A, the idempo-
tent a,, i (am) ! belongs to A, and therefore
it coincides with the unity element; thus,
coincides with unity element too.

Lemma 2.17. Let L be a field and B an
L-algebra of finite dimension. If J and J'
are two sets of pairwise orthogonal primitive
idempotents of B such that Zjer =1=
> jiesd’, then there exists b € B* such that
J =Jb.

Proof: If the radical of B is zero, it suf-
fices to apply the Wedderburn Theorem to
prove the statement. Thus, we may assume
that the radical of B is not zero, and then B
has a nonzero ideal N such that N? = {0} ;
set B = B/N and denote by b the image
of b € B; first of all, we claim that if ¢ is
a primitive idempotent of B then 7 still is
primitive; indeed, if we choose 0 # ¢ € iBi
fulfilling £? = ¢, then we get 0 = (¢2 — ()% =
(% — 203 + ¢% according to our choice of N
and, from this equality, it is not difficult to
check that we have

— (n — 3)¢?

for any n > 2, which easily implies that
302 — 2/% is an idempotent and therefore
we get 3¢ — 2(3 = i; since we have 7 =
302 — 20 = 7, 7 is a primitive idempotent.
Now, we argue by induction on
dim,(B); according to the previous argu-
ment, J and J’ are two sets of pairwise or-
thogonal primitive idempotents of B such
that > .77 = 1 = > ., 77 moreover,
B* clearly contains 1 4+ N ; consequently,
the canonical map B* — B* is surjective;
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thus, there are b € B* and a bijective
map 7:J — J' such that, for any j € J,
we have m = jb. Then, consider the ele-
ment ¢ = Z]EJ]bT( /) ; on the one hand, we

have

c= jbj* =0,
JjeJ

and therefore c¢ is inversible; on the other
hand, we have jc = jbr(j) = er(j) for any
jed.

Corollary 2.18. Let A be an O-algebra.
Denote by J the radical of A and by
s:A— A= A/J the canonical map. Assume
that any primitive idempotent of K @0 A
remains primitive in K @0 A. Then, for any
idempotent T of A, there is an idempotent
i € A such that s(i) =7. Moreover, if i’ € A
is also an idempotent such that s(i') = 7,
then there is a € A* such that i =i%.

Proof: Let J be a set of pairwise ortho-
gonal primitive idempotents of A such that
> jesJ =1, and choose two sets J' and J”
of pairwise orthogonal primitive idempotents
of A such that

According to Proposition 2.16, the idem-
potent s(j) is also primitive in A for any
j € J; then, according to Lemma 2.17,
there are an element a € A* and a bijec-
tive map 7:J — J' U J” such that we have
7(7) = s(j)* for any j € J. But any ele-
ment a € A such that s(a) = a is inversible
since, according to the Nakayama Lemma,
from Aa = A, we can deduce that Aa = A.
Hence, we have

s( > j“) =1.

JET)=HT)



18 Lifting Idempotents

e wRiEiAH/NA Finally, if ¢ and i’ are two idempotents
B R F AAEF s(i)=1=5(i'), of A such that s(i) =7 = s(i’) then, on the
AL—7r ) c=4i'+(1-4)(1—¢')  one hand, ¢ = 4’ + (1 —4)(1 —4') is inversible
AT BAM s(c) =1  since s(c) = 1 implies that Ac = A; on the
THEH Ac = A; B—F®, & other hand, clearly we have ic =i’ = ci’.
KA ic=1i' =ci.



