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Multidimensional Scalar Conservation
Laws

Just send me the theorems,
then | shall find the proofs.!

Chrysippus told Cleanthes, 3th century B.C.

Our analysis has so far been confined to scalar conservation laws in one
dimension. Clearly, the multidimensional case is considerably more impor-
tant. Luckily enough, the analysis in one dimension can be carried over to
higher dimensions by essentially treating each dimension separately. This
technique is called dimensional splitting. The final results are very much
the natural generalizations one would expect.

The same splitting techniques of dividing complicated differential equa-
tions into several simpler parts, can in fact be used to handle other
problems. These methods are generally denoted operator splitting methods
or fractional steps methods.

4.1 Dimensional Splitting Methods

We will in this section show how one can analyze scalar multidimensional
conservation laws by dimensional splitting, which amounts to solving one

1Lucky guy! Paraphrased from Diogenes Laertius, Lives of Eminent Philosophers, c.
A.D. 200.
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118 4. Multidimensional Scalar Conservation Laws

space direction at a time. To be more concrete, let us consider the two-
dimensional conservation law

ue+ f(u)e +g(u)y =0, u(z,y,0) =uo(z,y). (4.1)
If we let Sif "1y denote the solution of
'Ut""f('u)w =0, v(m,y,O) :’UO(.T,y)

(where y is a passive parameter), and similarly let SYYug denote the
solution of

thFg(w)y :07 w(xvyao) ZUO(Ivy)

(z is a parameter), then the idea of dimensional splitting is to approximate
the solution of (4.1) as follows:

u(z, y, nAt) ~ [Si’f o Sﬁ’ﬂ ug- (4.2)
¢ Example 4.1 (A single discontinuity).

We first show how this works on a concrete example. Let

Lo

Fw) = g(u) = S

and

(2.9) Uy for z <y,
ug(z,y) =
%Y Uy for x >y,

with u, > wu;. The solution in the x-direction for fixed y gives a rar-
efaction wave, the left and right part moving with speeds w; and wu.,
respectively. With a quadratic flux, the rarefaction wave is a linear
interpolation between the left and right states. Thus

U for x <y + wAt,
ul/? = Sﬁ’fuoz (x —y)/At for y+ wAt <z < y+ uAt,
Uy for z > y + u, At.

The solution in the y-direction for fixed 2 with initial state u!/? will
exhibit a focusing of characteristics. The left state, which now equals
uy, will move with speed given by the derivative of the flux function,
in this case u,, and hence overtake the right state, given by wu;, which
moves with smaller speed, namely ;. The characteristics interact at a
time ¢ given by

Upt + x — up At = wit + x — At

or t = At. At that time we are back to the original Riemann problem
between states u; and u, at the point x = y. Thus

1._ q9v,1/2 _
u =S¥/ u T = .
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Another application of S gf will of course give

= SLrut = ul/2,

So we have that u" = wug for all n € N. Introducing coordinates
1 1

= — (x+ , = — (1 — s

3 7 (z+y) U \@( y)

the equation transforms into

1 ., Uy for n <0,
ur+ | —=u =0, u(,n0) =
' (ﬂ >§ (&m.0) {UT for n > 0.

We see that u(z,y,t) = ug(z,y), and consequently lima;.ou™ = ug
(where we keep nAt = t fixed). Thus the dimensional splitting procedure
produces approximate solutions converging to the right solution in this
case. ¢

We will state all results for the general case of arbitrary dimension, while
proofs will be carried out in two dimensions only, to keep the notation
simple. We first need to define precisely what is meant by a weak entropy
solution of the initial value problem

Uy +ij(u)%. =0, w(®@i,...,Tm,0)=ug(x1,...,Tm). (4.3)

Here we adopt the Kruzkov entropy condition from Chapter 2, and say
that u is a (weak) Kruzkov entropy solution of (4.3) for time [0, 7] if w is
a bounded function that satisfies?

m

/ / |u—k|<pt+81gn u—k Z (k)) cp%)dxl - dx,y, dt

# [ (elemolto = K = (u— kIl T) doy-o iy >0, (44)
for all constants k£ € R and all nonnegative test functions ¢ € C§°(R™ x

[0,T7). It certainly follows as in the one-dimensional case that u is a weak
solution, i.e.,

0 m =1

+ / Plimoup dxy -+ dxy, =0,  (4.5)

for all test functions ¢ € C§°(R™ x [0, 00)).

2If we want a solution for all time we disregard the last term in (4.4) and integrate ¢
over [0, co).
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Our analysis aims at two different goals. We first show that the dimen-
sional splitting indeed produces a sequence of functions that converges to
a solution of the multidimensional equation (4.3). Our discussion will here
be based on the more or less standard argument using Kolmogorov’s com-
pactness theorem. The argument is fairly short. To obtain stability in the
multidimensional case in the sense of Theorem 2.13, we show that dimen-
sional splitting preserves this stability. Furthermore, we show how one can
use front tracking as our solution operator in one dimension in combination
with dimensional splitting. Finally, we determine the appropriate conver-
gence rate of this procedure. This analysis strongly uses Kuznetsov’s theory
from Section 3.2, but matters are more complicated and technical than in
one dimension.

We shall now show that dimensional splitting produces a sequence
that converges to the entropy solution w of (4.3); that is, the limit
should satisfy (4.4). As promised, our analysis will be carried out in the
two-dimensional case only, i.e., for equation (4.1). Assume that g is a com-
pactly supported function in L°°(R?) N BV (R?) (consult Appendix A for
a definition of BV (R?)). Let t,, = nAt and thti/2 = (n + %)At. Define

u® = ug, ut? = S&fu”, untt = §QYunt/2) (4.6)

for n € Ng. We shall also be needing an approximate solution for ¢ # ¢,.
We want the approximation to be an exact solution to a one-dimensional
conservation law in each interval [tj,tj+1/2}, j =k/2and k € Ng. The way
to do this is to make “time go twice as fast” in each such interval; i.e., let
uay be defined by?

fs
uae(z,t) = SQ(f*tn)un for tn S < tuyayz, (4.7)
, Sg(,?—tnﬂ/z)unJrl/z for tnp1/2 S TS tntr

We first show that the sequence {ua;} is compact. Since both operators
S5® and S9Y take L™ into itself, ua; will be uniformly bounded, i.e.,

luadll, < M (4.8)

for some constant M determined by the initial data and not depending on
At.
For the solution constructed from dimensional splitting we have

TV (u172)
- / TV, (S57um) dy+ / TV, (Shiu") do

1
< [ TV, (u" im —
,/TVI(U)der/}ng%h/

3We will keep the ratio A = At/Ax fixed, and thus we index with only At.

w2 (@, y 4+ h) — w2 (2, y)| dy da
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w2 (2, y + h) — w2 (2, y)| dody

—/T.V.x(u )dy+lllir})ﬁ//
1
< /T-V-m (u™) dy+,{ir%g//lu”(m,y+h) —u"(z,y)| dxdy

1
= [rve @y dys [ [y ) - o) dydo
=TV, (@), (4.9)

using first the TVD property of S/+* and Lemma A.1, and subsequently the
L'-stability in the z-direction. The interchange of integrals and limits is jus-
tified using Lebesgue’s dominated convergence. Similarly, T.V.. , (u”“) <
T.V.py (u"1/2), and thus

TV, W) <T. V., (u)
follows by induction. This extends to
T V. (uar) < TV, (uo). (4.10)
We now want to establish Lipschitz continuity in time of the L'-norm, i.e.,
Juse(t) —use(s)ll, < Clt - s (4.11)

for some constant C'. By repeated use of the triangle inequality it suffices
to show that

un+1/2 _an

Juad((n + 1)AE) = uar(nAt)]; < |[|u u

n+1l un+1/2” + ‘
1

1

= HSf’Z (e (4.12)

1
+ "Squn+1/2 _ un+1/2H
¢ 1

< CAt.
To this end, assume that

ug =0 for |[x| > N or |y| > N. (4.13)

//‘Sf’T ™( —u"(x,y)| dzdy

< / MAtdy
[y|<N+lglluip At

< CAt,

Then
st

which proves (4.12) and consequently (4.11).

Using Theorem A.8 we conclude the existence of a convergent subse-
quence, also labeled {ua;}, and set v = lima¢— uas.

Let ¢ = ¢(x,y,t) be a nonnegative test function, and define ¢ by
o(x,y,t) = ¢(x,y,t/2 4+ t,,). By defining 7 = 2(t — nAt) we have that for
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each y, the function ua; is a weak solution in x on the strip ¢ € [t,, tn+1/2]
satisfying the inequality

At
/ / (lunt — Kl o+’ (une, K)pa) dadr
0

-]

for all constants k. Here ¢/ (u, k) = sign (u — k) (f(u) — f(k)). Changing
back to the ¢ variable, we find that

tnt1/2 1
2 / / (2 huad —k¢t+qf<um,k>¢z) da dt
tn

y

(4.14)

w2k (A0 do [ " -k p(0) da,

w2 k\ H(tns1/2) dv — / " — k| ¢(tn) dar.  (4.15)

Similarly,

tn41 1
2 [ [ (Glac=Hont atuni 96, ) dud
tnt1/2

2/|u"+1—k|¢(tn+1)dy—/

Here ¢9 is defined similarly to ¢f, using g instead of f. Integrating (4.15)
over y and (4.16) over = and adding the two results and summing over n,
we obtain

Q/OT//<; |UAt_k|¢t+Zanf(uAt7k)¢:r

> [ (us =t oiwr dody ~ [ [ fua 1l 0(0) dzdy,

where x,, and ¥, denote the characteristic functions of the strips ¢, <t <
tnt1/2 and t, 41/ <t < t,q1, respectively. As At tends to zero, it follows
that

W2 | Gt j2) dy. (4.16)

« 1 _ox 1
zn:Xnéia zn:Xnéﬁ



4.1. Dimensional Splitting Methods 123

Specifically, for continuous functions ¢ of compact support we see that

E;Ammwﬁzélgwmwm
LR
= 2wt
H%/¢ﬁ%Apao

(where t} is in [tn,t,41/2]), by definition of the Riemann integral. The
general case follows by approximation.
Letting At — 0, we thus obtain

/OT //(|u — kloy + ¢’ (u, k) by + qg(%k)(by) dz dy dt
+//|u0 — k| Bloco d dy > //(\U(T) k@) da dy,

which proves that u(z,y,t) is a solution to (4.1) satisfying the Kruzkov
entropy condition.

Next, we want to prove uniqueness of solutions of multidimensional
conservation laws. Let w and v be two Kruzkov entropy solutions of the
conservation law

u + f(u)e + g(u)y =0 (4.17)

with initial data ug and vg, respectively. The argument in Section 2.4 leads,
with no fundamental changes in the multidimensional case, to the same
result (2.58), namely,

[u(®) = v(@®)lly < lluo = volly, (4.18)

thereby proving uniqueness. Observe that we do not need compact support
of ug and vy, but only that wg — vy is integrable. Using the fact that if
every subsequence of a sequence has a further subsequence converging to
the same limit, the whole sequence converges to that (unique) limit, we
find that the whole sequence {ua;} converges, not just a subsequence. We
have proved the following result.

Theorem 4.2. Let f; be Lipschitz continuous functions, and furthermore,
let ug be a bounded and compactly supported function in BV (R™). Define
the sequence of functions {u"} by u® = ug and

whtim = ngt’zju""’(j_l)/m, j=1,...,m, n €N
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Introduce the function (where t, = rAt for any rational number r) ua; =
uat(T1, .oy T,y t) by
fizj n+(j— m

uar(@1y - o t) = ey o0 o
fort € [tny(i—1)/m>tntj/ml. Fix T >0, then for any sequence {At} such
that At — 0, for all t € [0,T) the function uat(t) converges to the unique
weak solution u(t) of (4.3) satisfying the Kruzkov entropy condition (4.4).
The limit is in C([0,T]; LL .(R™)).

loc

To prove stability of the solution with respect to flux functions, we will
show that the one-dimensional stability result (2.71) in Section 2.4 remains
valid with obvious modifications in several dimensions. Let u and v denote
the unique solutions of

Ut + f(u)a: + Q(U)y =0, U|t:0 = U,
and
vy + f(v)x +3(v)y =0, v|i=o = vo,

respectively, that satisfy the Kruzkov entropy condition. Here we do not
assume compact support of ug and vy, but only that ug—uvq is integrable. We
want to estimate the L'-norm of the difference between the two solutions.
To this end we first consider

’un+1/2_vn+1/2H ://
1
g/(/|u"—v"| dx

£ ATmD{TV . (u"), TV (0 F — sy )

un+1/2 _ ,Un+1/2 dibdy

= [[u™ =",
+ At f - f||Lip / min{T.V., ("), T.V., (v")} dy.
Next we employ the trivial, but useful, inequality
anNb+eANd<(a+c)AN(b+d), a,bc,deR.

Thus

Hun+1 _ vn+1H1 — / ‘un+l _ ,Un+1‘ dxdy

<J

+ Atmin {T.V.y (u"+1/2> JT.V., (v"“/?) } llg — g||Lip) dz

W2 ,Un+1/2’ dy
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< ‘ u
+ Atllg — QHLip/min {T.V_y (un+1/2> JT.V., (vn+1/2)} e

< Nl =l + Atmax {|1f = Flluip: lg = luip |
X (min{/T.V.z (u™) dy,/T.V.z (v™) dy}
+min{/T.V.y (u™) dac,/T.V.y (v™) dx})

< flu” ="
+ At max{||f = fllrip, llg — dllrip}

« min {f T.V., (") dy+ [T.V. (u™) dx,}
JTV., (") dy+ [T.V., (v") dz

= [lu" — Un||1
+ Atmax{|[f = Fluip. llg = 3lluip} min { T.V. (@), T.V. (") },

which implies

n+1/2 vn+1/2H

[u"™ = v"™[l; < [luo — voll;
+ nAtmax{||f — fllLip, lg — GllLip} min{T.V. (uo), T.V. (vo)}. (4.19)

Consider next t € [t,,t,41/2). Then the continuous interpolants defined by
(4.7) satisty

lue(®) = vael®)llps ey = || S5 = S50,y 0"

g/[/w—wdx

+2(t = ta) min{T.V .y ("), TV o ) HIS = Flln] dy
= ”un - UnHLl(]Rz) (4.20)

+2(t —t)|If = flluip / min{T.V., (u"),T.V., (v™)} dy
< luo = voll,
+ tpmax{[|f = flluip, 19 = dlluip} min{T.V. (uo) , T.V. (vo)}
+2(t — t,) min{T.V. (ug) , T.V. (vo)} max{|| f — FllLip, g — FllLip}
< Jluo = volly + t min{T.V. (ug) , T.V. (vo) } max{[| f = fllLip, g — §llip}-

Observe that the above argument also holds mutatis mutandis in the gen-
eral case of a scalar conservation law in any dimension. We summarize our
results in the following theorem.

L1(R2)
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Theorem 4.3. Let ug be in L*(R™) N L>(R™) N BV(R™), and let f; be

Lipschitz continuous functions for j = 1,...,m. Then there exists a unique
solution u(x1, ..., Tm,t) of the initial value problem
m
up + Z fi(uw)z; =0, w(wi,...,0m,0) =uo(z1,...,Tm), (4.21)
j=1

that satisfies the Kruzkov entropy condition (4.4). The solution satisfies
T.V. (u(t)) < T.V. (up) - (4.22)

Furthermore, if vy and g share the same properties as ug and f, respectively,
then the unique weak Kruzkov entropy solution of

m

v + Zgj(v)xj =0, v(1,. s Tm,0) =vo(T1,...,Tm), (4.23)
j=1
satisfies
[u(-,t) =v(-, D)y < lluo —volly (4.24)

+ tmin{T.V. (up), T.V. (vg) } mjax{ Il fi — gjllLip }-

Proof. Tt remains to consider the case where ug no longer is assumed to
have compact support. Observe that we only used this assumption to prove
(4.11). In particular, the estimate (4.22) carries over with no changes.

Let ugx be compactly supported functions in L'(R™) N BV (R™) such
that

luo,x — uoll; — 0 when k — oco.

Furthermore, let ua¢, ; and ua; denote the approximate solution with initial
data uy and ug, respectively, constructed using dimensional splitting. We
know from Theorem 4.2 that ua¢r — ug, the unique solution with initial
data wug x, in C([0,T); LL.(R™)) as At — 0 for each fixed T > 0. From
(4.18) we know that

sup [Jur(t) = we(D)l; < lluok — vo.ellys

and hence uy is a Cauchy sequence in C([0,T]; L (R™)) that converges

loc
to some function v as k — oo. Furthermore, by considering the Kruzkov

entropy condition applied to u; and taking the limit & — oo we conclude
that u is a weak Kruzkov entropy solution. But
Juae(t) —u@®)lly < lluac(t) —var k@l + luaest) —ue@)l;
+ [lu(t) = u(@®)lly
< luo = wo.klly + lluaek(t) — (@)l + llur(t) —u(®)ll;,

where for the first term we have used (4.20). The first and the third terms
are small by taking k large, while the middle term is small by taking At
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small. We conclude that uas(t) — u(t) in L. .. Finally, by taking the limit

loc*

At — 0 in (4.20), we see that (4.24) holds. O

4.2 Dimensional Splitting and Front Tracking

It doesn’t matter if the cat is black or white.
As long as it catches rats, it's a good cat.

Deng Xiaoping (1904-97)

In this section we will study the case where we use front tracking to
solve the one-dimensional conservation laws. More precisely, we replace the
flux functions f and ¢ (in the two-dimensional case) by piecewise linear
continuous interpolations fs5 and g5, with the interpolation points spaced a
distance 0 apart. The aim is to determine the convergence rate towards the
solution of the full two-dimensional conservation law as § — 0 and At — 0.

With the front-tracking approximation the one-dimensional solutions will
be piecewise constant if the initial condition is piecewise constant. In order
to prevent the number of discontinuities from growing without bound, we
will project the one-dimensional solution S75%u onto a fixed grid in the
x,y plane before applying the operator S92-¥.

To be more concrete, let the grid spacing in the x and y directions be
given by Az and Ay, respectively, and let I;; denote the grid cell

Lij ={(z,y) | idz <z < (i+ 1Az, jAy <y < (j+1)Ay}.
The projection operator 7 is defined by
1
mu(z,y) = N //11 udz dy for (z,y) € I;.
Let the approximate solution at the discrete times ¢, be defined as

un+1/2 — 7o ngwu" and u"t! = 1o Sist7yun+1/27

forn=0,1,2,..., with u® = mug. We collect the discretization parameters
in n = (6, Az, Ay, At). In analogy to (4.7), we define u,, as

SPT, Jun for tn <t < tyy1/2,
=" ort=tnt1y2 (4.25)
u = .
! gfggtn+l/2)un+1/2 for t7b+1/2 S t < tn+1,
untt for t = tp41.

If Figure 4.1 we illustrate how this works. Starting in the upper left corner,
the operator Sﬁt’m takes us to the upper right corner; then we apply =
and move to the lower right corner. Next, S%°;¥ takes us to the lower left

corner, and finally 7 takes us back to the upper left corner, this time with
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Y
SLr
u™(0) u™(At)
T | n—on+1 7r
SR
WAL u"t1/2(0)

x T

Figure 4.1. Front tracking and dimensional splitting on a 3 x 3 grid.

n incremented by 1. To prove that u, converges to the unique solution
u as 7 — 0, we essentially mimic the approach we just used to prove
Theorem 4.2. First of all we observe that

g ()]l < [J0°]] s (4.26)

since S5 §95¥ and 7 all obey a maximum principle. On each rectangle
I;; the function u,, is constant for £ = At. In a desperate attempt to simplify
the notation we write

ugy = uy(z,y,nAt) for (z,y) € I;;.

Next we go carefully through one full-time step in this construction, starting
with u. At each step we define a shorthand notation that we will use in

the estimates. When we consider uj; as a function of = only, we write

uf(0) = uy = uy (-, jAy, nAt).

(The argument “0” on the left-hand side indicates the start of the time
variable before we advance time an interval At using .S ﬁ’t’m.) Advancing the

solution in time by At by applying front tracking in the z-variable produces

wp (At = (8L (@),
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(The z-dependence is suppressed in the notation on the left-hand side.) We
now apply the projection m, which yields

u?j_‘_lm = muj (At).

After this sweep in the xz-variable, it is time to do the y-direction.

n+1/2

Considering u;; as a function of y we write

n n . 1
W2 (0) = uij+1/2 = u, (ZAQJ’ L (n+ §)At),
to which we apply the front-tracking solution operator in the y-direction
A = (S8 ).

(The y-dependence is suppressed in the notation on the left-hand side.)
One full time step is completed by a final projection

u?jﬂ = WUZLJFI/Q (At).

Using this notation we first want to prove the analogue of Lipschitz
continuity in time of the spatial L'-norm as expressed in (4.11). In this
context the result reads

[l (tm) — “n(tn)”1 = Z |u?; - “Z| Azly

,J
< (max{ | folluip. llgs lip }AE + (Az + Ay))
x T.V. (u’) [m — n|. (4.27)

To prove (4.27) it suffices to show that
St ) sy
,J
< (masc{ | fslluip: I gslliip AL + (Az + Ay)) TV, (u0) . (4.28)
We start by writing

utt — ”’<

+1/2
ij ij u P —ap (At)‘

n n+1/2
wit = an)] +

|2l = T0)] + (a8 — 7 0)

- ‘wu?“m(At) — Y Q(At)‘ + |run (At) — ul(Ab)|

+

a2 a0 T 0)] + g (a) - wp0)].



130 4. Multidimensional Scalar Conservation Laws

Integrating this inequality over R? gives
Z ‘u"“ —ujs| AzAy < // ‘ﬂu?ﬂ/z(At) — u?H/z(At)‘ dz dy

+/ |7ru’7(At) —un(At)‘ dx dy

“Jf

+/ |u§L(At) fu;L(O)| dz dy.

(4.29)

n+1/2 (At) — n+1/2( )’ dz dy

We see that two terms involve the projection operator m. For these terms
we prove the estimate

/ |mp — | dedy < (Az+ Ay) T.V.(¢) = O (max{Az, Ay}). (4.30)

We will prove (4.30) in the one-dimensional case only. Consider (where
I; = (iAz, (i 4+ 1)Azx))

[~ w|dx—2/\w (2)] de

< /I D)y - ()| do

— (@) dy‘ dx

Az

SAxZ//W ) dyds
- mz/ /_M e+ &) — ()| de da
—sz// — ()] dé do

/ Wi+ €) — ()| da de
Am
_f/|mv
= AzT.V.( (4.31)

For the two remaining terms in (4.29) we find, using the Lipschitz continuity
in time in the L' norm in the x-variable (see Theorem 2.14) that
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J[ 180 0] avay < st shusy [TV (500)
< At| £l TV (u"). (4.32)

Combining this result with (4.30) we conclude that (4.28), and hence also
(4.27), holds.

Finally, we want to show that the total variation is bounded in the sense
that

T.V. (u") < T.V. (ug) - (4.33)
We will show that
T.V. (u“+1/2) <TV. (W) (4.34)

an analogous argument gives T.V. (u"*!) < T.V. (u"1/2), from which we
conclude that

T.V. (") < T.V. (u"),
and (4.33) follows by induction. By definition

T.V. (u"+1/2) = Z ( U

n+1/2 n+1/2‘ Ay + |u

n+1/2 n+1/2’ Az )

i+1,5 Uy ,J+1
i,
(4.35)
while
TV (u") =Y (Jufy; —ufy| Ay + Jul 1y —ullj| Az) . (4.36)
%,J
We first consider
Z u;:p11§2 _ n+1/2‘ TV, (7ru (At))
< T.V., (u} (A1) < T.V., (u(0))
= Z |uityy ;= uiy| (4.37)

where we first used that T.V.(r¢) < T.V.(¢) for step functions ¢, and
then that T.V.(v) < T.V.(vg) for solutions v of one-dimensional conser-
vation laws with initial data vg. For the second term in the definition of
T.V. (u"*1/2) we obtain (cf. (4.9))

T
2
—Z/ jHAt — uj At)|d;cdy

< Z/I ™ (’u?Jrl(At) - u?(At)’) dx dy
i,j ij

+1/2 +1/2
nJH uy ‘ dx dy
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= Z/I |u?+1(At) - u?(At)| dz dy
1,) ¥

i+1)Az
= E Ay/A |u?+1(At) —u;-L(At)| dx
4,7 iAx

= ZAy/R sy (2, At) — u? (2, At)| dz
J

< ZA:Z//R |“?+1($a0) — u?(:c,()ﬂ dx
J

= Z |“Zj+1 - U?]| AzAy. (4.38)
‘7j

The first inequality follows from |7¢| < 7 |¢]; thereafter, we use | I, TP =
fIU ¢, and finally we use the L'-contractivity, ||v — w|; < |lvo — wol,, of
solutions of one-dimensional conservation laws. Multiplying (4.37) by Ay,
summing over j, dividing (4.38) by Az, and finally adding the results, gives
(4.34).

So far we have obtained the following estimates:

(i) Uniform boundedness,
@)l < 1]
(i) Uniform bound on the total variation,
T.V. (u") <T.V. (up).
(iii) Lipschitz continuity in time,

[t (Em ) = ()l

1 (4.39)
< (C +0 (At max{Az, Ay})) T.V. (uo) |tm — tn] -
From Theorem A.8 we conclude that the sequence {u,} has a convergent
subsequence as ) — 0, provided that the ratio max{Az, Ay}/At remains
bounded. We let u denote its limit. Furthermore, this sequence converges
in C([0,77; L .(R?)) for any positive T'.

It remains to prove that the limit is indeed an entropy solution of the full
two-dimensional conservation law. We first use that v} (z,t) (suppressing
the y-dependence) is a solution of the one-dimensional conservation law in
the time interval [t,,,?,1/2]. Hence we know that

2SnJrl/Q 1
// (2‘u?(xvt)—k’¢t+qf‘;(u?(as,t),k)¢x> dt dx
R Jt,

1
— 5 /R ”U,;"(x,tn+1/2—) — k“ (b(a:, tn+1/2) dx
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1
+ 5/ ’u;‘(x,tn) - k‘| oz, ty) dz > 0.
R
Similarly, we obtain for the y-direction
tnt1 1 n+1/2 Gs/ nt+1/2
(y7 k ¢t + q (ui (yv t)7 k)d)y dt dy
tnt1/2
2.
2 Jo "
A
2 Jr

Integrating the first inequality over y and the second over z and adding
the results as well as adding over n gives, where T' = N At,

//R/ 5 ln = k|¢t+zan (tn k)

+3 Kna® (uy, k)¢y) dz dy dt

n+1/2(

Yytny1—) k”ﬂj) Yy tng1) dy

e (Ys tng1/2+) — k‘ (Y, tng1/2) dy > 0.

_;(/ |y (z,y, T) — k| p(x,y,T) dz dy
/ lug(x,y,0) — k| d(z, y, )dxdy)
12N
2 7;1//]1@2 (’un(%y’t"ﬂ) - k| - !url(x7y7tn/2_) — k|)

X ¢(x7yatn/2) dx dy

v

=1,

and x, and X, as before denote the characteristic functions on {(z,y,t) |
t € [tn,tpy1/2]} and {(2,y,t) | t € [tny1/2,tnr1]}, Tespectively. Observe
that we have obtained the right-hand side, denoted by I, by using a pro-
jection at each time step. As n — oo and At — 0 while keeping T fixed,
we have that > x»n A % To estimate the term I we write

1123 [ [ ol votuget) = wne:ta/2) | 6.9, t2) drdy
< ”QS”OOZ// |7Tu77('ray7tn/2_) _U’T](xayytn/2_)| dI‘dy

< O (max{Az, Ay}/At),

using (4.30). In order to conclude that u is an entropy solution, we need
that I — 0; that is, we need to assume that

max{Az, Ay}/At — 0
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as 7 — 0. Under this assumption
T
// / (lu — k| ¢ + ¢ (u, k) o + ¢7 (u, k) ) dt da dy
R2 Jo
_/]R2 |U($, y7T) - k' ¢(l‘,y,T> d.’Ildy

+/ lu(z,y,0) — k| p(z,y,0) dx dy > 0,
]RZ

which shows that u indeed satisfies the Kruzkov entropy condition. We
summarize the result.

Theorem 4.4. Let ug be a compactly supported function in L (R™) N
BV (R™), and let f; be Lipschitz continuous functions for j = 1,...,m.
Construct an approzimate solution u, using front tracking by defining

W =7y, uwH/M =10 Sﬁjt"s’xju"+(j_l)/m, j=1,....,m, ne€N,
and

f’..y{s’m. i1
" (:E t) _ Sn;(tftjnﬂj_l)/m)un-i_(] )/m7 fort e [tn+(j71)/m7tn+j/m>>
UAGE unti/m fort = tn+j/m,

where © = (x1,...,Tm).
For any sequence {n}, with n = (Az1,..., Az, At,5) where n — 0 and

max {Az;} /At — 0,
J

we have that {u,} converges to the unique solution v = u(x,t) of the initial
value problem

U + Z f](u)17 =0, u(z,0)=uo(x), (4.40)

that satisfies the Kruzkov entropy condition.

4.3 Convergence Rates

Now | think I'm wrong on account
of those damn partial integrations.
| oscillate between right and wrong.

Letter from Feynman to Walton (1936)
In this section we show how fast front tracking plus dimensional split-

ting converges to the exact solution. The analysis is based on Kuznetsov’s
lemma.
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We start by generalizing Kuznetsov’s lemma, Theorem 3.11, to the
present multidimensional setting. Although the argument carries over, we
will present the relevant definitions in arbitrary dimension.

Let the class K consist of maps u: [0, 00) — LY(R™)NBV (R™)NL>(R™)
such that:

(i) The limits u(tt) exist.

(ii) The function w is right continuous, i.e., u(t+) = u(t).

(iif) u(®). < [u(0)]...

(iv) T.V.(u(t)) <T.V.(u(0)).

Recall the following definition of moduli of continuity in time (cf. (3.2)):

vi(u,0) = sup [[u(t +7) —u()ll;, o>0,
ITI<e

viu,o) = OiltlgT vi(u, o).

The estimate (3.39) is replaced by
v(u,0) < |o| T.V. (uo) max{||fjllvip },

for a solution u of (4.21).
In several space dimensions, the Kruzkov form reads

AT(U7¢vk):// [OT](|u—k|¢t+2qu(u,k)¢mj)dx1---da:mdt
(o, :

_ / lu(a, T) — k| ¢z, T) day ... dy di

—|—/ lug(xz) — k| ¢(x,0) day - - - da,y, dt.

(4.41)
In this case we use the test function
Qz, 2, 8,8") = we, (s — we (1 — 7)) -+ we (@ — 2,), (4.42)
= (21,...,2m), ' =(@,...,2).
Here w, is the standard mollifier defined by
1 /x
we(z;) = gw(?])
with
1
0<w<1, suppwC[-1,1], w(—z;)=uw(z;), w(z)dz =1.

When v is the unique solution of the conservation law (4.23), we introduce

T
Ac o (u,v) :/ / Ar (u, (-, 2, -, 8),v(a,s")) dx'ds’.
0 m
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Kuznetsov’s lemma can be formulated as follows.

Theorem 4.5. Let u be a function in K, and v be an entropy solution of
(4.23). If 0 <eo < T and e > 0, then

(- 7<) = o(- D)y < fluo —volly
F TV (v0) (22 -+ comax{ |l })
+v(u,e0) — Ac gy (1, 0), (4.43)
where ug = u(-,0) and vy = v(-,0).

The proof of Theorem 3.11 carries over to this setting verbatim. We want
to estimate

1S(T)uo — uylly < NS(T)uo — Ss(T)uolly + 1S5(T)uo — uylly,  (4.44)

where u = S(T)ug and Ss(T")up denote the exact solutions of the multidi-
mensional conservation law with flux functions f replaced by their piecewise
linear and continuous approximations fs. The first term can be estimated
by

15(Tuo — S5(Tyuolly < Tmax {Ifj = fslluip} T-V- (uo),  (445)
while we apply Kuznetsov’s lemma, Theorem 4.5, for the second term.
For the function u we choose u,, the approximate solution by using front
tracking along each dimension and dimensional splitting, while for v we use
the exact solution with piecewise linear continuous flux functions fs and
gs and ug as initial data, that is, v = vs = Ss(T)up. Thus we find, using
(4.39), that

V(uny, £0) < 20 (C’ +0 (Alt max {ij})> T.V. (uo).

Kuznetsov’s lemma then reads

150 — < o = 7], + |2 + max (1 alhan) o

+ £ (C + o(mif“”}))] T.V. (uo)

— Ac ey (n, v5), (4.46)

and the name of the game is to estimate A, ..

To make the estimates more transparent, we start by rewriting
A7 (uy, ¢, k). Since all the complications of several space dimensions are
present in two dimensions, we present the argument in two dimensions
only, that is, with m = 2, and denote the spatial variables by (z,y). All
arguments carry over to arbitrary dimensions without any change. By def-
inition we have (in obvious notation, ¢s (u) = sign (u — k) (f5(u) — fs5(k))
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and similarly for ¢9)
T
Al 00 = [ [ (g = K60+ 07 g, K16+ 07 (0 00, e disdy
0
[ [ 1 = K¢l dody ~ [ [ 1uy K olir—dody

N-1 tnti/2 tnt1
o/ VA B [T
n=0 ln tny1/2

+ qfé (um k')(bl + q95 (U’U’ k)¢y> dt dx dy

+ // luy — k| §li=04 dz dy —/ ly — k| Bli—r_ da dy
Nl tny1/2

N Z /// (|un — Kl + 2qf6 (um k)qu) dt dx dy
n=0 tn

tost
+ Z/// (Jwy — K| ¢t + 2¢% (uyy, k)¢, dt dz dy
n tht1/2

= bnt1 tnt1/2
" Z//(/ _/ >qf5(un7k)¢mdtd$dy
n=0 tnt1/2 tn
= tny1/2 tni1
+ Z // </ _/ )qgé(un7k)¢ydtd$dy
n=0 tn bnt1/2

# [ [ 1=kl olemar dady = [ [ 1wy = olir— dody.

We now use that u, is an exact solution in the z-direction and the y-
direction on each strip [ty t,41/2] and [t,41/2, tny1], respectively. Thus we
can invoke inequalities (4.15) and (4.16), and we conclude that?

N-1
Ar(uy, ¢, k) > [ty =l li=t, 41 /0~ P(tns1/2)
T\Un 7;0//( n t=tny1, +1/2

= |uy — k| |t:t”+¢(tn)) dx dy

N-—-1
S / / (T ——
n=0

— |uy — K \t:tn+1/2+¢(tn+1/2)) dz dy

40bserve that because we employ the projection operator m between each pair of
consecutive times we solve a conservation law in one dimension; u™t1/2 and u™ are in
general discontinuous across ¢, 1,2 and tn, respectively.
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= tnt1 tni1/2
tny1/2 tn
tnyi/2 trni1
n,+1/2
+ // |ty — k| li=0+ dz dy — / [ty — k| Plier_ d dy
R tny1/2
/// *(ty, k) o dt dax dy
tn+l
_22/// g% (un, k)dy dt dz dy
tnt1/2
0
N-1
-k
X [l

~ uy — k| L:tmm)wnﬂ/g) da dy
N—-1
—|uy =k tn)dzd
- n§::1 // ( [y t=t,— [t | =t 4 )QS( ) dx dy
= —Il(una k) - IQ(’LLn,k) — Ig(un,k) — _[4(”777]4;). (447)

The terms I; and I5 are due to dimensional splitting, while I3 and I, come
from the projections.

Choose now for the constant k the function vs(z’,%,s’), and for ¢ we
use ) given by (4.42). Integrating over the new variables we obtain

Ac ey (g, vs) /// Ar(uy, Q- 2!, -y, -8, vs(2’, Y, ")) ds’ da' dy'

> =17 (up, vs) — 137°° (un, v5) — I57°° (U, v5) — I " (un, vs),

where I7°°° are given by

e T N=1 tni1/2 f
I7°° (g, vs5) = ///0 // (2 g /f q"% (uy, v5)Qg ds
n=0""'n

T
- / q%% (up, v5) Qs ds> dx dy ds’ dx'dy’,
0
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n+1
I5°° (uy, vs) /// //( / g% (uy, vs)Qy ds
tnt1/2

- / q% (g, v5)8Yy dS) dr dyds' dz'dy’,
0

5% 05) = NZ I [ e e

— |uy — vs] |S:tn_)Qdm dy ds' dz'dy’,

N-—1 T
I (up,vs) = /// / ('u" =Vl et o
n=0 0

— |uy — vs] |5:tn+1/2,)ﬂda: dy ds' dx'dy’ .

We will start by estimating I7°° and I5°°°.
Lemma 4.6. We have the following estimate:
77+ [I7°] < T max {]| f||Lip: l9llLip} T-V. (uo)
< (254 (Ui + g} At + A+ Ay)). (248)
Proof. We will detail the estimate for |I7°°|. Writing
g% (uy (5), v5(5")) = @ (uy(tns12), 05(s"))
+ (a7 (un (), 05(s")) = a7 (uy (tny12), 05 ("))

we rewrite 17" as

N-1
I (uy, v5) Z [ Ji(tn, tng1/2) — Jl(tn+1/27tn+1))

n=0

(4.49)
+ (J2(tn tns1/2) — J2(tni1/2, tns1))

1(71,72) /// /// * (up (2, y, n+1/2) Ué(ff/vylas/))

Qu(z, 2", y,y', 8,8 ) dsdx dy ds’ dx’ dy,

wer= [ [ ][ (qﬁ(un(x,y,s>,v5<xeyes’>>

- qf(S (un(gj’ Y, tn+1/2)a ’U(;(I/, y/, 5,)))
X Qu(z, 2"y, s,8) dsdr dy ds’ dx' dy'.

with
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Here we have written out all the variables explicitly; however, in the fol-

lowing we will display only the relevant variables. All spatial integrals are
over the real line unless specified otherwise. Rewriting

S
weo(s — 8") = wey (tngry2 — 8') + / wl, (5—s")ds,
n+1/2

we obtain

Jl tnatn+1/2

/// // T5 (g (g1 /2), v5(s)) 2% </"+1/2 Weo (tpg1y2 — 8') ds

nt1/2
/ / —s')ds ds) dx dy ds’ dx’ dy’
tny1/2

T fs ! € At /
= q (un(tn+1/2)»vé(3 ))SE ?Wso(tn+1/2 —5')
0
n+1/2
/ / —8')ds ds> dx dy ds’ dx' dy’,
tnt1/2

where Q° = w.(x — 2’)w:(y — ') denotes the spatial part of €.
If we rewrite Ji(t,41/2,tns1) in the same way, we obtain

Ji(tnir/2 1)

(un(tns1/2),v5(s")Q% | 5 weo (tngr/2 — )
SN (AJ

tnt1
/ / —s')ds ds) dx’ dy' ds’ dz dy,
tny1/2 Ytng1y2

Ji(tntns1/2) — J1(tng1 /2, tns1)

nt1/2
/// // (tn (tns1)2), vs(s Qg / / wl, (5—s")dsds
tnt1/2
nt1
— / / wl, (5—+5")ds ds) dr dyds' dz' dy'. (4.50)
n+1/2 n+1/2

Now using the Lipschitz continuity of ¢/* we can replace variation in ¢/
by variation in u, and obtain, using [[ w. (z — ') dzdz’ = 0, that

] J[ 0t syt vt (o ) e

’// w, ( "Ydx dx’

X [qf5 (up(z, yatn,+1/2)a Ué(sl)) - qf‘; (un(x/,yvtn+1/2)7U6(s/))]

and hence
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< Wslan [ ot =2
X ‘un(a:,y,tnﬂ/g) — un(x',y,tnﬂ/g)‘ dz dz’
= Wfslhan [ [ Tl + 200 tu1/2) = gl o] o )] '
<l [ 77 [ Toola’ + 2.9 trr2) = (a1t 0)|
x |zwl, (2)] dz
< Uslhan Ve (agltasn ) [ 3, (2)] o

< ||f6HL1pTVx (Un(tn+1/2)) )
using that [ |2w] (z)| dz = 1. We combine this with (4.50) to get

‘Jl(tn7tn+1/2) — Jl(tn+1/27tn+1>’

gnﬁmm//mvmwﬁ%gﬂ»w%@—y@

T ptpti/2 s
X (/ / / lwl (5— )| ds
o Jt, togi/2
T trnt1 S
+/ / / |wl, (5 — 5| ds
0 tnr1/21tny1)2

Inserting the estimate

T
1
/ |wl, (5 —s")] ds' < —/|w'(z)| dz < 2/eo,
0 €0

dsds’

ds ds’) dy’ dy.

we obtain

_ Wsllup(at)?

‘Jl(tnvthrl/Q) - Jl(tn+1/27tn+1)‘ < 5o T.V. (uy(tns1/2)) -

(4.51)
Next we consider the term J,. We first use the Lipschitz continuity of ¢f¢,
which yields

‘J2(tn7 tn+1/2)‘

< I fslluip // /OT // /t:nH/Q | (2,9, 8) — g (2, Y, trs1)2)]

X |Qy| dsdx’ dy' ds' dx dy
. tnt1/2
= %/ //|u77(x’y>s)_un(xay>tn+1/2)’ ds dx dy
tn

fsllui bn+1/2
= w |u,,(x,y,s) - uﬁ(x7y7tn+1/2_)| dsdz dy
ln
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5|l Lip At
+ %/ ‘“n(x,anH/Q—) - Un($>y7tn+1/2)’ dx dy

ip At
S % (||f5||L1pAt -+ AIZ’) TV (Un (t7z+1/2)) .

Here we integrated to unity in the variables s’ and %', and estimated
[ |wi(xz —2")| da’ by 2/e. Finally, we used the continuity in time of the
L'-norm in the z-direction and estimated the error due to the projection.
A similar bound can be obtained for Ja(t,,41/2,tn+1), and hence

‘JQ(tnvtn+l/2) - JQ(tn+1/2atn+1)‘
< | Ja(tns tugay2)| + [ J2(tngry2s tnr)|

W2 o) iyt + 8+ &) TV (1) (452

IN

where we used that T.V. (uy(ts41/2)) < T.V. (u,(t,)). Inserting estimates
(4.51) and (4.52) into (4.49) yields

115 (1 v5)] < [ Fslip TV (11 (0))

N-1
(At)? At |
8 Z ( 2e0 + % (2Hf5||LlpAt+Az+Ay)

n=0

< T || f5llipT-V. (uy(0))

At 1
x <2€0 + 5ol slluipAt + A+ Ay)) ’

where we again used that T.V. (u,) is nonincreasing. An analogous argu-
ment gives the same estimate for I5°°. Adding the two inequalities, we
conclude that (4.48) holds. O

It remains to estimate I5°°° and I;°°. We aim at the following result.

Lemma 4.7. The following estimate holds:
T(Az + Ay)?
Ate
Proof. We discuss the term I3°° only. Recall that

15750 4+ 1570 < V. (o).

I§7ao(umvé)

o/ F R

- |un($7 Y, tn_) - ’U(s(l‘/, y/’ 5l)| )

X Qx, 2,9,y  tn, s') da’ dy' ds' dx dy.
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The function u,(z,y,t,+) is the projection of u,(z,y,t,—), that is,

Up (2, Y, tht) AxAy // Uuy(Z, g, tn—) dT dy. (4.53)

If we replace [z by 37, ; fflij and use (4.53), we obtain

€,E
157 (uy, v5)

_Z/// Z//I HAZ‘Ay// unxy, dxdy—v(;(mys)
ij
- |u77<x?yatn_) - 05(37/,2/, 3/):|Q(Jf,$/,y,y/7tn, 3/) dx dy dS/ dl‘/ dy/
= 0 ’ Iy
AwAy,;///o ($7-T,y,y,t,“5)
S (et
1,7 I L
— Ju (9, ta=) = vs(2', ¢/, &) | ddyj da dy ds' da’ dy
) / A d d d d d /d /d /
= 9] / / . /
2A93Ay7;///0 (z, 2", y,y', tn, s")
S]] (e oz
i, i I
— uy(2,y,tn—) —vs(2", Yy, 8 z dy dz dy ds' do’ dy
7 "8 ) dz dy dx dy ds’ da’ dy'’
- Qz, 2 5,1yt s
+2A$Ay;///0 (@, 2", 9,9, tn, s")
S]] (sieicr oz
i, i 1
— |uy(Z, 7, tn—) — vs(2’, ¥/, 5’)|) dx dy dzdy ds’ dx’ dy’
= ’ ’ ’ -y ,
Mg;///o <Q(I,$7yay,tn,s)Q(x,z,y,y,tn,5)>
]I (s st
i 7LV i

— uy (@, y, tn—) — vs (2, y/, 5’)|) dz dijdx dy ds’ dx’ dy'.




144 4. Multidimensional Scalar Conservation Laws

Estimating I5°°° (u,, vs) using the inverse triangle inequality we obtain

I§,60(umv§)‘

< sximy X ] L S I oo st

X |z, 2y, v tn, ') — QUT, 2 5,y  tn, 8')| dT dydx dy ds’ dz’ dy'.
(4.54)

The next step is to bound the test functions in (4.54) from above. To this
end we first consider for x,Z € (iAx, (i + 1)Az),

/|w€(x—ac') —w.(z — 2| do’ :/|w(z) —w(z+ (T —2)/e)| dz

z+(Z—x)/e
w'(€) d¢

<[/ T @) dea
< [ [t o) dwas =225

Integrating the time variable to unity we easily see (really, this is easy!)
that

T
/ / / 1, 2,5,y st ') — T, & 5,1ty )| ' da’dy’
0

T
= / Weo (s — 8') ds’
0
x / (@ — 2 )we(y — ) — we(@ — Ve (F — of)| da'dy’

dz

< [[ oo = a) — (e = ) wely - ') do'dy
+ [ty =) = ol =)o - 0" 'y
< [lorta =2~ wea— o) da'+ [ lonly = o) = el = o) df
< (Azx+ Ay)z (4.55)
Furthermore,

|u77(i‘7g7tn ) (33 y7 )| - |U77(.’13 yat ) un(m7y7tn_)‘
< T.V.(jAy7(j+1)Ay> (un(w, ',tn—)) . (456)
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Inserting (4.55) and (4.56) into (4.54) yields

|15 (uy, v5) |
< 1 2(Az+ Ay)
- QAxAy €

x Z Z// // T.V.(ay,G+ay) (Un(@, - tn—)) dz dy dx dy

n=1 1,j

Aac—i—Ay G+1)A
= Auhy ZA (A9) Z/ T~V‘<J‘Ay,(y‘+1)Ay> (un (2, - tn=))

n=1

< MAy%T.V. (uy(0)), (4.57)

where in the final step we used that T.V. (u,(t,—)) < T.V. (u,(0)).
The same analysis provides the following estimate for I7°° (vs, uy):

(Az+Ay), T
foKtT‘V’ (uy(0)). (4.58)

Adding (4.57) and (4.58) proves the lemma. O

150 (un, vs)| <

We now return to the proof of the estimate of A. ., (uy,vs). Combining
Lemma 4.6 and Lemma 4.7 we obtain

_A€7€0 (“nv 'U5)
<70 (uy ve)| + 11377 (g, vs)| + 1570 (uy, 05)| + [ 1770 (wn, vs)|

At 1
<T[( + - ({fsleip + ”95|Lip}At+Ax+Ay)>

€0
Az + Ay)?
s (s ol + S22\ .. o)
3
=TT.V. (UO) A(EaEOﬂ?)- (459)

Returning to (4.44), we combine (4.45), (4.46), as well as (4.59), to obtain
1S(T)uo — un (Tl
< [15(T)uo = Ss(T)uolly + [1S5(T)uo — uy (T[]
< Tmax{[|f = fsllLip: |9 = gsllLip YTV (u0) + |Juo — u[|,

+ (22 4 mae( | sl lasllap Yoo + 20 (€ + O QL 201

+ T A(e, eo, n))T.V. (uo) - (4.60)
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Next we take a minimum over € and gy on the right-hand side of (4.60).
This has the form

b d
min (a£+ z +ceg + 6—) = 2Vab+ 2Vcd.
0

€,€0
The minimum is obtained for ¢ = 1/b/a and gy = /d/c. We obtain
1S(T)uo —uy(T)]y

< Tmax{||f = f5lltip, |9 — gsllrip} T-V. (uo) + [luo — °||,

+0 (((Am +Ay)+ A+ W)W) TV. (w).  (4.61)

We may choose the approximation of the initial data such that Huo — 0 H 1=
O (Az + Ay) T.V. (ug). Furthermore, if the flux functions f and g are
piecewise C? and Lipschitz continuous, then

1f = Fsllip < 01" [l oo-

We state the final result in the general case.

Theorem 4.8. Let ug be a function in L'(R™) N L*(R™) with bounded
total variation, and let f; for j =1,...,m be piecewise C? functions that
in addition are Lipschitz continuous. Then

Ju(T) = ()], < O (5+ (Aw+ Ay)'/?)
as n — 0 when
Ax = K1 Ay = Ko At
for constants K1 and K.

It is worthwhile to analyze the error terms in the estimate. We are clearly
making three approximations with the front-tracking method combined
with dimensional splitting. First of all, we are approximating the initial
data by step functions. That gives an error of order Az. Secondly, we
are approximating the flux functions by piecewise linear and continuous
functions; in this case the error is of order §. A third source is the intrinsic
error in the dimensional splitting, which is of order (At)!/2, and finally, the
projection onto the grid gives an error of order (Az)'/2.

The advantage of this method over difference methods is the fact that
the time step At is not bounded by a CFL condition expressed in terms of
Az and Ay. The only relation that must be satisfied is (4.25), which allows
for taking large time steps. In practice it is observed that one can choose
CFL numbers® as high as 10-15 without loss in accuracy. This makes it a
very fast method.

51n several dimensions the CFL number is defined as maxl-(|fﬂ At/Ax;).
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4.4 Operator Splitting: Diffusion

The answer, my friend, is blowin’ in the wind,
the answer is blowin' in the wind.

Bob Dylan, Blowin' in the Wind (1968)

We show how to use the concept of operator splitting to derive a (weak)
solution of the parabolic problem®

Uup + Z [i(w)e, = p Z (T (4.62)
j=1 j=1

by solving
ug + fi(u)z; =0, j=1,...,m, (4.63)
and
uy = pAu, (4.64)

where we employ the notation Au =3, 1y, 4,. To this end let Sj(t)uo and
H (t)uo denotes the solutions of (4.63) and (4.64), respectively, with initial
data ug. Introducing the heat kernel we may write

u(z,t) = (H(t)uo) (2,1)

= K(z —y,t)uo(y) dy
Rm

1 a:fy2
- (47wt)m/2/ exp <| 4,ut| )Uo(y)dy-

Let At be positive and t,, = nAt. Define
u’ =ug, u"t = (H(AH)S,,(At)---S1(AL)) u™, (4.65)

with the idea that u™ approximates u(zx, t, ). We will show that 4™ converges
to the solution of (4.62) as At — 0.

Lemma 4.9. The following estimates hold:
lu™] ., < HuOHOO, (4.66)
T.V.(u") <T.V. (u°), (4.67)

6 Although we have used the parabolic regularization to motivate the appropriate
entropy condition, we have constructed the solution of the multidimensional conservation
law per se, and hence it is logically consistent to use the solution of the conservation law
in combination with operator splitting to derive the solution of the parabolic problem.
A different approach, where we start with a solution of the parabolic equation and
subsequently show that in the limit of vanishing viscosity the solution converges to the
solution of the conservation law, is discussed in Appendix B.
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lu"t — w2 ||L1100(R,,,L) < Cy/|n1 — ng| At. (4.68)

Proof. Equation (4.66) is obvious, since both the heat equation and the
conservation law obey the maximum principle.

We know that the solution of the conservation law has the TVD property
(4.67); see (4.22). Thus it remains to show that this property is shared by
the solution of the heat equation. To this end, we have

/ - \H (t)u(z +h) — H(t)u(x)‘ dz
: /m /m |K(z +h =y, huly) — Kz —y,t)u(y)| dy dv
B / / |K(y,thu(z +h —y) — K(y,t)u(z — y)| dydz

= K(y,t) dy/ |u(z + h) — u(x)| de

R’HL m
- / u(z + h) — u(z)| de.
Dividing by |h| and letting h — 0 we conclude that
T.V.(H(t)u) <T.V.(u),

which proves (4.67).

Finally, we consider (4.68). We will first show that the approximate so-
lution obtained by splitting is weakly Lipschitz continuous in time. More
precisely, for each ball B, = {z | |z| < r}, we will show that

/B (u™ — “"2)¢5’ < Cy |ny — na| (|<;5||Oo + mjax (o2 ||oo) , (4.69)

for smooth test functions ¢ = ¢(x), where C,. is a constant depending on 7.
It is enough to study the case ms = n1+1, and we set ny = n. Furthermore,
we can write

L/kun+1—u@)¢dw +k/kﬂ"——u")¢dx

where 4" = (Sp,(At)---S1(At))u™. This shows that it suffices to prove
this property for the solutions of the conservation law and the heat equa-
tion separately. From Theorem 4.3 we know that the solution of the
one-dimensional conservation law satisfies the stronger estimate

15w —ull, < Ct].

(4.70)

< ’ / (H(AY)T — i) dz

This implies that (for simplicity with m = 2)

[S2(#)S1(t)u — ully, < [[S2(8)S1(t)u — Si(®)ull, + [[S1(t)u — ull,
<Clt,
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and hence we infer that the last term of (4.70) is of order At, that is,
[a" —u"[l; < Cllgllo AL

The first term can be estimated as follows (for simplicity of notation we

assume m = 1). Consider
t t
:‘// uy dt ¢ dx :‘// Uy dt ¢ dx
0 0
t
S// |tg e | dt da
0
t
<Nl [ [ ucl dzat
0

t
< |l6alloo / TV (u) dt < ol T.V. (ug) t.

‘/(H(t)uo — ug)¢ dx

Thus we conclude that (4.69) holds.
From the TVD property (4.67), we have that

sup /|u"(m +&,t) —u(z,t)| de < pT.V. (u"). (4.71)
l€l1<p

Using Kruzkov’s interpolation lemma (stated and proved right after this
proof) we can infer, using (4.69) and (4.71), that

/ |’U,711 ((E) —un? (x)| dx § Cr <5 + W)
B,

for all € < p. Choosing € = \/|n — m| At proves the result. O

We next state and prove Kruzkov’s interpolation lemma. To do this we
need the multi-index notation. A vector of the form a = (a,...,qnm),
where each component is a nonnegative integer, is called a multi-indez of
order || = a1 + -+ 4+ Q. Given a multi-index a we define

olelu(x)

D* =
u(x) axtlbq o 8x%m

Lemma 4.10 (Kruzkov interpolation lemma). Let u(z,t) be a bound-

ed measurable function defined in the cylinder B4+ x [0,T], # > 0. Fort €

[0,T] and |p| < 7, assume that u possesses a spatial modulus of continuity

sup / (@ +€,1) - ulz, )] de < verallolsu),  (472)
[E1<]p| /B,
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where vy does not depend on t. Suppose that for any ¢ € C3°(B,) and
any t1,te € [0,T7,

/ (u(z,t2) —u(z,t1)) ¢(z) dw
B,

(4.73)
S COHStnT Z HD&QS”LOO(B,,) ) |t2 — t1| s

loa|<m

where o denotes a multi-index.
Then fort and t + 7 € [0,T] and for all € € {0,7],

/B lu(z,t +7) — u(x,t)| de < Const, (5 +vpri(e;u) + g) . (4.74)

Proof. Let 6 € C§° be a function such that
0<d(z)<1, suppéd C By, /6(x)dx:1,
and define
1 T
0:(@) = 0(2)

Furthermore, write f(x) = wu(z,t + 7) — u(x,t) (suppressing the time
dependence in the notation for f),

o(x) =sign (f(z)) for |x| < r —e, and 0 otherwise,
and

0u(x) = (0% 6.)(z) = / o(z — )b (v) dy.

By construction, o, € C§°(R™) and suppo. C B,.. Furthermore, |o.| < 1

and
0 1 0 . x—y
— .| < — — d
8.Z‘j0—5 em/‘ﬁxj ( 3 ) J(y) y
1 T —y C
< m/ 62 ( - )| o(y)dy < =
This easily generalizes to
C
[1D%0clloo < =57+
€

Next we have the elementary but important inequality

/BT \f(2)] da = ’/B |f(2)] da
_ ’ /B (@) = o) @) + @) @) d
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< ] / S = o-(a) () da| +

/B (@) (@) do

< /B @) - 0@ @) da +
=1 + Is.

/B (@) (@) do

We estimate I; and I, separately. Starting with I; we obtain

L— / 1£(@)] - 0u(2)f(z)| da

/ '*/

y)dy f(z)| dx

z)| —o(y)f(z)| dydz.

The integrand is integrated over the domain

{(zy) [|z] <7 o —y| <}

see Figure 4.2. We further divide this set into two parts: (i) |y| > r — ¢,

y
rte
(i)
r—e
(it)
-r r x

—r+e

(i)

—r—£

Figure 4.2. The integration domain.

and (i) |y| <r —e; see Figure 4.2. In case (i) we have

(@) = o) f ()] = ()],

since o(y) = 0 whenever |y| > r — . In case (i)

(@) = o) f (@) = |[f ()] - sign (f(y)) f(2)| <2|f(x) = f(y)]
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using the elementary inequality
o] —sign (b) a| = [|a| — |b] + sign (b) (b — a)]
< [la] —[b] | + |sign (b) (b — a)]

<2|a—0b|.
Thus
ne o [ e - sl ayas
= / S 1) dy de
ly|>r—e
<2/ §(2) |f(z) = flx —ez)| dz dx
By
r—=y
+\|f||oo/ =
ly|>r—c €
<2 sup/ |f(z) = f(z+&)| dedz
l€l<e
1 _
+Hf||oo/ e
BT+€\BT—E € B, €
< 2v(e; f) + | flloovol (Brie \ Br—c)
< 20(e ) + /e
Furthermore,

v(e; f) < 2u(e;u).

The second term I is estimated by the assumptions of the lemma, namely,

/ oe(z) f(z) dz| < Const,. ( Z HDQUEHLOC B, )> 7| < C 7 |
B,

la]<m

I, =

Combining the two estimates we conclude that

/ lu(z,t + 7) —u(z,t)| de < C, (g + vpra(e;u) + |577—r|z) .
B,

O
Next we need to extend the function u™ to all times. First, define
un /D) GG/ Gy
Now let
Si((m 4 1)t =ty (1) (meyr))Ju™ O D/ D
N for t € [tny(j—1)/(m+1) tnj/(m+1))» (4.75)

H((m + 1)(t - tn+m/(m+1)))un+m/(m+l)

for t € [tn+m/(m+1)a tpa1)-
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The estimates in Lemma 4.9 carry over to the function uas. Fix T > 0.
Applying Theorem A.8 we conclude that there exists a sequence of At — 0
such that for each t € [0,T] the function ua:(t) converges to a function
u(t), and the convergence is in C([0,T]; L{,.(R™)). It remains to show that
u is a weak solution of (4.62), or

/m /Ot (uds + f(u) - Vo — culg) dt dz =0 (4.76)

for all smooth and compactly supported test functions ¢. We have

i/ (m+1) 1
/ / wae by + fluae) - v¢) dt dz

bt (i— 1>/<m+1> m+1

A -
/ / ' +(i— 1)/(m+1)( g) bt (:v t— t"+(j—1)/(m+1))
m+1 Jom s ’ m+1

_tn 1Y (m 5
b f(urHaD /)y W( J;r(LJ+1)1/( +1>)>dtdx

t=tnij/(m+1)

1
- | waie)

for j = 1,...,m, where we have used that u"tU=D/(m+1) is 4 solution of
the conservation law on the strip ¢ € [t,4(j—1)/(m+1)s tntj/(m+1))- Similarly,
we find for the solution of the heat equation that

ntl 1
/m / ( + 1uAt¢)t +€uAtA¢) dt dx

n+7n/(7n+1) (4.78)
mi—i—l /m ((uace) T CINT)) li=tns1) da.

Summing (4.77) for j = 1,...,m, and adding the result to (4.78), we obtain

dz, (4.77)

1=ty i (j—1)/(m+1)

/m / ( UAt¢t + fac(uae) - Vo — EXm+1UAtA¢> dtdxr =0,
(4.79)

where

fae = (xafis - Xmfm)

and

o 1 fort € Un[tn+(j_1)/(m+1)7tn+j/(m+1)>»
Xj = .
0 otherwise.

As At — 0, we have x; — 1/(m + 1), which proves (4.76). We summarize
the result as follows.

Theorem 4.11. Let ug be a function in L= (R™)NLY(R™)NBV (R™), and
assume that f; are Lipschitz continuous functions for j = 1,...,m. Define
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the family of functions {ua¢} by (4.65) and (4.75). Fiz T > 0. Then there
exists a sequence of At — 0 such that {ua+(t)} converges to a weak solution
u of (4.62). The convergence is in C([0,T]; Li . (R™)).

One can prove that a weak solution of (4.62) is indeed a classical solution;
see [112]. Hence, by uniqueness of classical solutions, the sequence {ua¢}
converges for any sequence {At} tending to zero.

4.5 Operator Splitting: Source

Experience must be our only guide;
Reason may mislead us.

J. Dickinson, the Constitutional Convention (1787)

We will use operator splitting to study the inhomogeneous conservation
law

U + ij s =gz, tu),  uli=o = uo, (4.80)

where the source term g is assumed to be continuous in (z,¢) and Lipschitz
continuous in u. In this case the Kruzkov entropy condition reads as follows.
The bounded function w is a weak entropy solution on [0, 7] if it satisfies

m

/ / |u—k|<pt+blgn u—k Z (k)) @IJ)dxl - dx,y, dt

Jj=1

+/ |ug — k| @lt=o dxy - - - da — / (|lu—kl@)|t=r dzy - -+ dem
R’Vn m

T
> / / sign (u — k) wg(x,t,u) dxy - - - dzy, dt, (4.81)
O m

for all constants k£ € R and all nonnegative test functions ¢ € Cg°(R™ x
0,7)).

To simplify the presentation we consider only the case with m = 1, and
where g = g(u). Thus

u + f(u)e = g(u). (4.82)

The case where g also depends on (z,t) is treated in Exercise 4.7. Let
S(t)up and R(t)ug denote the solutions of

ug + f(u)e =0,  uli=o = uo, (4.83)
and

uy = g(u), ule=o = uo, (4.84)
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respectively. Define the sequence {u™} by (we still use t,, = nAt)
u’ =g, u"Tt = (S(A)R(AL)) u™

for some positive At. Furthermore, we need the extension to all times,
defined by”

S(2(t —tn))u™ for t € [tn,ty41/2),

4.85
R (2 (t - tn+1/2)) Un+1/2 fort € [tn+1/27 tn+1>7 ( )

uat(x,t) = {
with
1
u”H/Q = S(At)u”, tn+1/2 = (Tl + §)At
For this procedure to be well-defined, we must be sure that the ordinary

differential equation (4.84) is well-defined. This is the case if ¢ is uniformly
Lipschitz continuous in u, i.e.,

l9(u) = g(v)| < llglluip [u — vl (4.86)

For convenience, we set v = ||g||Lip. This assumption also implies that the
solution of (4.84) does not “blowup” in finite time, since

lg(u)] < [g(0)] + v [u] < Cy(1 + |u]), (4.87)

for some constant Cy. Under this assumption on g we have the following
lemma.

Lemma 4.12. Assume that ug is a function in Li (R), and that ug is of

bounded variation. Then for nAt < T, the following estimates hold:
(i) There is a constant My independent of n and At such that
. < M. (4.88)
(ii) There is a constant My independent of n and At such that
T.V. (u") < Ms. (4.89)

(iii) There is a constant M3 independent of n and At such that for t1 and
to, with 0 < t; <t < T, and for each bounded interval B C R,

/ |'LLAt(.’E,t1) — ’LLAt(ZL',tQ)‘ dCC é Mg |t1 — t2| . (490)
B

Proof. We start by proving (i). The solution operator S; obeys a maximum
principle, so that ||u”+1/2||Oo < ||lu™|| o, - Multiplying (4.84) by sign (u), we
find that

|ul, = sign (u) g(u) < |g(u)] < Cg(1 + [ul),

"Essentially replacing the operator H used in operator splitting with respect to
diffusion by R in the case of a source.
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where we have used (4.87). By Gronwall’s inequality (see Exercise 4.5), for
a solution of (4.84), we have that

lu(?)| < ecgt(l + |uo|) — 1.
This means that

||un+1||oo < CoBt (1+’

unJrl/QH ) 1< ngAt (1 + ”un”OO) -1,
which by induction implies
[u oo < €t (1 + Juolloe) — 1.
Setting
My =e%T (1+ |lugll o) — 1

proves (i).

Next, we prove (ii). The proof is similar to that of the last case, since
Sy is TVD, T.V. (u"*1/2) < T.V.(u"). As before, let u be a solution of
(4.84) and let v be another solution with initial data vg. Then we have

(u—v); = g(u) — g(v). Setting w = v — v, and multiplying by sign (w), we
find that

|w], = sign (w) (9(u) — g(v)) <vw].
Then by Gronwall’s inequality,
[w(t)] < e w(0)].
Hence,

|un+1(x) _ un—i—l(y)‘ S e'yAt ’U,n+1/2(1'> o un+1/2(y) )

This implies that
TV, () < ATV, (0 12) < TV (7).
Inductively, we then have that
T.V. (u") < e’ T.V. (ug),

and setting My = €T concludes the proof of (ii).
Regarding (iii), we know that

J

w2 (2) — u(z)| de < CAL.
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We also have that

/B u" ' (x) — u"+1/2(aj)‘ dx = /B /Omg (uae(z, t —ty,)) dt

At
é//lﬂmMJ4MMMx
B JO
At
gcg/ /(1—|—M1)da:dt
0 B

= |B|Cy(1 + M)A,

dx

where |B| denotes the length of B. Setting M3 = C'+|B| Cy(1+ M;) shows
that

/ |t (z) — u”(z)| < M3At,
B
which implies (iii). O

Fix T > 0. Theorem A.8 implies the existence of a sequence At — 0
such that for each ¢ € [0,77], the function ua.(t) converges in L{ (R)
to a bounded function of bounded variation w(t). The convergence is in
C([0,T); LL .(R™)). It remains to show that u solves (4.82) in the sense of
(4.81).

Using that ua; is an entropy solution of the conservation law without
source term (4.83) in the interval [t,,, t,,41/2], we obtain®

/tn+1/2/( luas — k| ¢ + sign (uar — k) (f(UAt)—f(k))<pI> de dt

+ / (use—K[@) | " dz>0. (4.91)
t=tn41/2
Regarding solutions of (4.84), since k; = 0 for any constant k we find that
|u — k|, = sign (u — k) (u — k)¢ = sign (u — k) g(u).

Multiplying this by a test function ¢(t) and integrating over s € [0,t] we
find after a partial integration that

A(w—kwwaMu—m<>@d»wmso—

Since ua; is a solution of the ordinary differential equation (4.84) on the
interval [t,41/2,tn41] (With time running “twice as fast”; see (4.85)), we

8The constants 2 and % come from the fact that time is running “twice as fast” in
the solution operators S and R in (4.85) (cf. also (4.14)—(4.15)).
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find that

tny1/2 1
2/ / <2 luar — k| pr — sign (uar — k)g(uﬁt)¢> dz dt
t7l

t=tn41/2

+/(|umfk'|g0) dx = 0.

t=tn4+1

Adding this and (4.91), and summing over n, we obtain
Trn
2 [ (5 luae = bl + xasion (ue = ) (Fluse) = S0
0
— Xasign (uar — k) 9(“At><ﬁ) dx dt

- / (lua — k) =T do > 0,

where xa¢ and ya; denote characteristic functions of the sets Uy, [ty t,41 /2>

and Up[tpy1/2,tn11), Tespectively. We have that yaq N % and Ya; — %,
and hence we conclude that (4.81) holds in the limit as At — 0.

Theorem 4.13. Let f(u) be Lipschitz continuous, and assume that g =
g(u) satisfies the bound (4.86). Let ug be a bounded function of bounded
variation. Then the initial value problem

ur + f(u)g = g(u), u(z,0) = up(z) (4.92)

has a weak entropy solution, which can be constructed as the limit of the
sequence {ua:} defined by (4.85).

4.6 Notes

Dimensional splitting for hyperbolic equations was first introduced by
Bagrinovskii and Godunov [3] in 1957. Crandall and Majda made a com-
prehensive and systematic study of dimensional splitting (or the fractional
steps method) in [38]. In [39] they used dimensional splitting to prove con-
vergence of monotone schemes as well as the Lax—Wendroff scheme and the
Glimm scheme, i.e., the random choice method.

There are also methods for multidimensional conservation laws that are
intrinsically multidimensional. However, we have here decided to use di-
mensional splitting as our technique because it is conceptually simple and
allows us to take advantage of the one-dimensional analysis.

Another natural approach to the study of multidimensional equations
based on the front-tracking concept is first to make the standard front-
tracking approximation: Replace the initial data by a piecewise constant
function, and replace flux functions by piecewise linear and continuous
functions. That gives rise to truly two-dimensional Riemann problems at
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each grid point (:¢Az, jAy). However, that approach has turned out to be
rather cumbersome even for a single Riemann problem and piecewise linear
and continuous flux functions f and g. See Risebro [122].

The one-dimensional front-tracking approach combined with dimensional
splitting was first introduced in Holden and Risebro [69]. The theorem on
the convergence rate of dimensional splitting was proved independently
by Teng [138] and Karlsen [80, 81]. Our presentation here follows Haugse,
Lie, and Karlsen [100]. Section 4.4, using operator splitting to solve the
parabolic regularization, is taken from Karlsen and Risebro [82]. The
Kruzkov interpolation lemma, Lemma 4.10, is taken from [87]; see also
[82].

The presentation in Section 4.5 can be found in Holden and Risebro [70],
where also the case with a stochastic source is treated. The convergence
rate in the case of operator splitting applied to a conservation law with a
source term is discussed in Langseth, Tveito, and Winther [93].

Exercises

4.1 Consider the initial value problem
ut + f(u)e +g(u)y =0, ult=o0 = uo,

where f, g are Lipschitz continuous functions, and wug is a bounded,
integrable function with finite total variation.

a. Show that the solution w is Lipschitz continuous in time; that
is,
lu(t) —u(s)]]; < CT.V.(ug)|t —s|.

b. Let vg be another function with the same properties as ug. Show
that if ug < vg, then also u < v almost everywhere, where v is
the solution with initial data vg.

4.2 Consider the initial value problem
ug + f(u)e =0,  uli=o = uo, (4.93)

where f is a Lipschitz continuous function and wug is a bounded,
integrable function with finite total variation. Write

f=h+1/
and let S;(t)ug denote the solution of
uy + fi(u)e =0, ult=0 = uo.

Prove that operator splitting converges to the solution of (4.93).
Determine the convergence rate.
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4.3 Consider the heat equation in R™,
" 0%u

e u(z,0) = up(x). (4.94)

Uy =
i=1
Let H} denote the solution operator for the heat equation in the ith
direction, i.e., we write the solution of
0%u

27
0x;

up = u(x,0) = up(x),

as Hiug. Define
(@) = [HR, 00 Hx]" uo(w),

W ) = H, 0 HAG o o H " (),

forj=1,...,m,and n > 0.
For t in the interval [t,, + (( — 1)/m)At, t, + (j/m)At] define
uat(x,t) = an(t_t o) )u”+(j_1)/m(x).

If the initial function wp(x) is bounded and of bounded variation,
show that {ua:} converges in C([0,T]; Li .(R™)) to a weak solution
of (4.94).

4.4 We consider the viscous conservation law in one space dimension
U + f(u)ac = Ugz, U(JL‘, 0) = UQ(JS), (495)

where f satisfies the “usual” assumptions and ug is in L' N BV.
Consider the following scheme based on operator splitting:

n 1 n n n o
U = 5 (U + U) = M (F (UF) = £ (T30)),

+1 _ prn+1/2 n+1/2 n+1/2 n+1/2
Ut = Ut (U R Ot

for n > 0, where A = At/Ax and u = At/Az?. Set
0 1 (j+1/2)Ax ()
U, = — / uo(x) dx.
T AT 1900
We see that we use the Lax—Friedrichs scheme for the conservation
law and an explicit difference scheme for the heat equation. Let

up(z,t) = U}

for (j — 3)Az <2 < (j+ 3)Az and nAt < t < (n+ 1)At.
a. Show that this gives a monotone and consistent scheme,
provided that a CFL condition holds.

b. Show that there is a sequence of At’s such that ua; converges
to a weak solution of (4.95) as At — 0.
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4.5 We outline a proof of some Gronwall inequalities.

a. Assume that u satisfies

u'(t) < yu(t).
Show that u(t) < e*u(0).

. Assume now that u satisfies

u'(t) < C(1+ u(t)).
Show that u(t) < e“*(1 4 u(0)) — 1.

. Assume that u satisfies

u'(t) < e(tyult) + d(t),
for 0 <t < T, where c(t) and d(t) are in L'([0,7]). Show that

u(t) < (u(0)+ /0 t d(s) exp (- /O "(5) d3) ds) exp( /0 t o(s) ds)

fort <T.
. Assume that u is in L*([0,7]) and that for ¢ € [0, 7],

u(t) < 01/0 u(s)ds + Cs.

Show that
u(t) < Chert.

. Assume that u, f, and g are in L*([0,7]), and that g is non-
negative, while f is strictly positive and nondecreasing. Assume
that

ut) < £+ [ als)u(s)ds, e (0.7
Show that

u(t) < F(t) exp (/Otg(s) ds), te[0,T].

4.6 Assume that u and v are entropy solutions of

ug + f(u)e = g(u), u(,0)=uo(z),
vt + f(U)x = g(U), ’U(JJ,O) = ’UO(x)’

where ug and vy are in L'(R) N BV(R), and f and g satisfy the
assumptions of Theorem 4.13.

a. Use the entropy formulation (4.81) and mimic the arguments

used to prove (2.53) to show that for any nonnegative test
function 1,
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J[ (Gt = ot -+ a0y, a s
—/|u(x,T) —v(z, T)|¢(z,T) dx
+/|u0(m) —vo(z)|¥(x,0) dx

> [ [ sign(u= ) (sw) ~ g(0) it da.
b. Define 9(x,t) by (2.54), and set

h(t) :/|u(a:,t) — oz, 8)] b(x, 1) da.

Show that

T
hT) < h(0) + 'y/o h(t) dt,

where v denotes the Lipschitz constant of g. Use the previous
exercise to conclude that

hT) < h(0) (1 +~Te™).
c. Show that
[u(-,t) = v(-, )y < lluo —volly (1+~te),

and hence that entropy solutions of (4.92) are unique. Note
that this implies that {ua;} defined by (4.85) converges to the
entropy solution for any sequence {At} such that At — 0.

4.7 We consider the case where the source depends on (z,t). For ug €
LlloC N BV, let u be an entropy solution of
u + f(u)e = gz, t,u),  u(z,0) =wuo(z), (4.96)
where g bounded for each fixed u and continuous in ¢, and satisfies
|g($7t7u) - g(l’,t/l))‘ <y |u - U| )
where the constant « is independent of x and ¢, for all v and v and

for a bounded function b(¢) in L([0,T]). We let S; be as before, and
let R(x,t,s)up denote the solution of

() = glz,t,u), u(s)=uog,
for t > s.

a. Define an operator splitting approximation ua; using S; and
R(x,t,s).

b. Show that there is a sequence of At’s such that ua; converges
in C([0,77; LL .(R)) to a function of bounded variation u.

loc
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c. Show that u is an entropy solution of (4.96).

4.8 Show that if the initial data uy of the heat equation u; = Au is
smooth, that is, uy € C§°, then

[u(t) = uoll, < Ct.
Compare this result with (4.4).





