10

Application to Optimal Stopping

10.1 The Time-Homogeneous Case

Problem 5 in the introduction is a special case of a problem of the following
type:

Problem 10.1.1 (The optimal stopping problem)
Let X; be an It6 diffusion on R™ and let g (the reward function) be a given
function on R", satisfying

a) g(§) >0 forall £ € R” (10.1.1)
b) g is continuous.

Find a stopping time 7* = 7*(x,w) (called an optimal stopping time) for
{X:} such that

E*[g(X.+)] = sup E°[g(X;)] for all z € R™, (10.1.2)

the sup being taken over all stopping times 7 for {X;}. We also want to find
the corresponding optimal expected reward

g"(2) = E*[g(X,-)] . (10.1.3)

Here g(X;) is to be interpreted as 0 at the points w € {2 where 7(w) = oo
and as usual E* denotes the expectation with respect to the probability law
Q" of the process X;; t > 0 starting at Xg = x € R™.

We may regard X; as the state of a game at time ¢, each w corresponds to
one sample of the game. For each time ¢ we have the option of stopping the
game, thereby obtaining the reward g(X;), or continue the game in the hope
that stopping it at a later time will give a bigger reward. The problem is of
course that we do not know what state the game is in at future times, only the
probability distribution of the “future”. Mathematically, this means that the
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possible “stopping” times we consider really are stopping times in the sense
of Definition 7.2.1: The decision whether 7 < ¢ or not should only depend
on the behaviour of the Brownian motion B, (driving the process X) up to
time t, or perhaps only on the behaviour of X, up to time ¢. So, among all
possible stopping times 7 we are asking for the optimal one, 7*, which gives
the best result “in the long run”, i.e. the biggest expected reward in the sense
of (10.1.2).

In the following we will outline how a solution to this problem can be
obtained using the material from the preceding chapter. Later in this chapter
we shall see that our discussion of problem (10.1.2)—(10.1.3) also covers the
apparently more general problems

g*(s,x) = sup BV [g(s + 7, X,)] = EC [g(s + 7%, X )] (10.1.4)

T

and

G*(S7 .’17) = sup E(SJJ) |:/f(s + t, Xt)dt + g(S =+ T, X‘r):|
T 0

= 509 [ S+t Xtk gls 477X 05)
0

where f is a given profit rate (or reward rate) function (satisfying certain
conditions).

We shall also discuss possible extensions of problem (10.1.2)—(10.1.3) to
cases where g is not necessarily continuous or where g may assume negative
values.

A basic concept in the solution of (10.1.2)—(10.1.3) is the following:

Definition 10.1.2 A measurable function f:R™ — [0,00] is called super-
meanvalued (w.r.t. X;) if

f(z) = E*[f(X7)] (10.1.6)

for all stopping times 7 and all x € R™.
If, in addition, f is also lower semicontinuous, then f is called l.s.c. su-
perharmonic or just superharmonic (w.r.t. X¢).

Note that if f:R™ — [0, 00] is lower semicontinuous then by the Fatou
lemma

F(z) < B°[ lim f(X,,)] < lim E°[f(X,,)], (10.1.7)

k—oo k—o0

for any sequence {71} of stopping times such that 7, — 0 a.s. P. Combining
this with (10.1.6) we see that if f is (l.s.c.) superharmonic, then

flz) = klim E*[f(X:,)] for all =, (10.1.8)

for all such sequences 7.
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Remarks. 1) In the literature (see e.g. Dynkin (1965 II)) one often finds
a weaker concept of X;-superharmonicity, defined by the supermeanvalued
property (10.1.6) plus the stochastic continuity requirement (10.1.8). This
weaker concept corresponds to the X;-harmonicity defined in Chapter 9.
2) If f € C?(R") it follows from Dynkin’s formula that f is superharmonic
w.r.t. X; if and only if
Af <0

where A is the characteristic operator of X;. This is often a useful criterion
(See e.g. Example 10.2.1).

3) If X; = B; is Brownian motion in R™ then the superharmonic functions
for X; coincide with the (nonnegative) superharmonic functions in classical
potential theory. See Doob (1984) or Port and Stone (1979).

We state some useful properties of superharmonic and supermeanvalued
functions.

Lemma 10.1.3 a) If f is superharmonic (supermeanvalued) and o > 0, then
af is superharmonic (supermeanvalued).

b) If f1, fa are superharmonic (supermeanvalued), then f1 + fo is superhar-
monic (supermeanvalued).

c) If{f;j}ics is a family of supermeanvalued functions, then f(x):]lgg{fj (x)}

is supermeanvalued if it is measurable (J is any set).

d) If fi1, fa, -+ are superharmonic (supermeanvalued) functions and fir T f
pointwise, then f is superharmonic (supermeanvalued).

e) If f is supermeanvalued and o < T are stopping times, then E*[f(X,)] >
E[f(X,)). i

£) If f is supermeanvalued and H is a Borel set, then f(x):= E*[f(X,,)] is
supermeanvalued.

Proof of Lemma 10.1.3.

a) and b) are straightforward.
c¢) Suppose f; is supermeanvalued for all j € J. Then

fi(z) > E°[f;(X;)] > E*[f(X;)]  forall j.
So f(z) = inf fj(x) > E*[f(X;)], as required.
d) Suppose f; is supermeanvalued, f; T f. Then
fz) > fi(z) > E°[f;(X.)] for all j, so
flz) = Jim E[fi(X0)] = E*[f(X-)]

by monotone convergence. Hence f is supermeanvalued. If each f; is also
lower semicontinuous then if y, — x as k — oo we have

fi(x) < lim fi(yr) < lim f(yx)  for each j.

k—oo k—o0
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Hence, by letting j — oo,

flx) < lim f(yx) .

k—oo
If f is supermeanvalued we have by the Markov property when ¢ > s
E*[f(Xo)|Fe] = E¥*[f(Xi-0)) < f(Xa) (10.1.9)
i.e. the process

G = f(Xe)

is a supermartingale w.r.t. the o-algebras F; generated by {B,;r < t}.
(Appendix C). Therefore, by Doob’s optional sampling theorem (see Gih-
man and Skorohod (1975, Theorem 6 p. 11)) we have

E*[f(Xo)] = E*[f(X7)]

for all stopping times o, 7 with o < 7 a.s. Q*.
Suppose f is supermeanvalued. By the strong Markov property (7.2.2) and
formula (7.2.6) we have, for any stopping time «,

Em[f(on)} = EI[EX& [f(XTH)H = Ew[Ex[Haf(XTHN}—aH
= Ex[eaf<X7_H>] = Ex[f(XT;_’})] (10'1'10)

where 75 = inf{t > o; X; ¢ H}. Since 75, > 7 we have by e)

E*[f(Xo)] < E*[f(X7p)] = f(2)
SO f is supermeanvalued. ]
The following concepts are fundamental:

finition 10.1.4 Let h be a real measurable function on R™. If f is a su-

perharmonic (supermeanvalued) function and f > h we say that f is a super-
harmonic (supermeanvalued) majorant of h (w.r.t. X¢). The function

the

h(z) = ir}ff(x); reR™, (10.1.11)

inf being taken over all supermeanvalued majorants f of h, is called the

least supermeanvalued majorant of h.

(i)
(i)

Similarly, suppose there exists a function h such that

his a superharmonic majorant of h and
if f is any other superharmonic majorant of kA then h < f.
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Then £ is called the least superharmonic majorant of h.

Note that by Lemma 10.1.3 ¢) the function & is supermeanvalued if it is
measurable. Moreover, if h is lower semicontinuous, then h exists and h = h.
Later we will prove that if g is nonnegative (or lower bounded) and lower
semicontinuous, then g exists and § = g (Theorem 10.1.7).

Let ¢ > 0 and let f be a supermeanvalued majorant of g. Then if 7 is a
stopping time

flz) = E*[f(X7)] = E"[g(X,)] -
So
f(a) = sup Eg(X,)) = g"(@)

Therefore we always have, if g exists,
g(z) > g*(2) for all z € R™. (10.1.12)

What is not so easy to see is that the converse inequality also holds, i.e. that
in fact
g=qg. (10.1.13)

We will prove this after we have established a useful iterative procedure for
calculating g. Before we give such a procedure let us introduce a concept which
is related to superharmonic functions:

Definition 10.1.5 A lower semicontinuous function f: R™ — [0, 00] is called
excessive (w.r.t. X¢) if

f(z) > E*[f(Xs)] forall s>0, z€R". (10.1.14)

It is clear that a superharmonic function must be excessive. What is not
so obvious, is that the converse also holds:

Theorem 10.1.6 Let f:R™ — [0,00]. Then f is excessive w.r.t. X; if and
only if f is superharmonic w.r.t. X;.

Proof in a special case. Let L be the differential operator associated to X
(given by the right hand side of (7.3.3)), so that L coincides with the generator
A of X on CZ. We only prove the theorem in the special case when f € C?(R")
and Lf is bounded: Then by Dynkin’s formula we have

E*[f(Xy)] = f(z) + B [/Lf(xr)dr] for all >0,

0

so if f is excessive then Lf < 0. Therefore, if 7 is a stopping time we get
E*[f(Xinr)] < f(2) forall t>0.

Letting t — oo we see that f is superharmonic. (]
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A proof in the general case can be found in Dynkin (1965 II, p. 5).
The first iterative procedure for the least superharmonic majorant g of g
is the following:

Theorem 10.1.7 (Construction of the least superharmonic majorant)
Let g = go be a nonnegative, lower semicontinuous function on R™ and define
inductively

gn(x) = sup E*[g,—1(X)] (10.1.15)
tes’ﬂ
where Sy, = {k-27™0<k<4"}, n=1,2,.... Then g, T g and g is the least

superharmonic majorant of g. Moreover, g = 3.

Proof. Note that {g,} is increasing. Define g(z) = lim g, (z). Then

J(x) > gn(x) > E*[gn—1(Xt)] forall nand allt € S, .

Hence
3(z) > lim E®[g, 1(X))] = E*[5(Xy)] (10.1.16)

n—oo

o0
forallte S= U S, .
n=1
Since ¢ is an increasing limit of lower semicontinuous functions
(Lemma 8.1.4) g is lower semicontinuous. Fix ¢ € R and choose ¢, € S such
that ¢ — ¢. Then by (10.1.16), the Fatou lemma and lower semicontinuity

9(z) > lim E*[g(Xy, )] > E*[ lim §(Xy,)] > E¥[g(X¢)] -

k—o0o k—oo

So g is an excessive function. Therefore g is superharmonic by Theorem 10.1.6
and hence ¢ is a superharmonic majorant of g. On the other hand, if f is any
supermeanvalued majorant of g, then clearly by induction

f(z) > gn(z)  forall n

(x). This proves that g is the least supermeanvalued majorant
O

It is a consequence of Theorem 10.1.7 that we may replace the finite sets
Sy, by the whole interval [0, oo

Corollary 10.1.8 Define hg = g and inductively

hn(x) = sup E*[hy,—1(X31)] 5 n=12...

t>0

Then hy, 7.



10.1 The Time-Homogeneous Case 213

Proof. Let h =1lim h,,. Then clearly h > g = g. On the other hand, since g is

excessive we have

g(x) = sup E*[g(X4)].

So by induction
g>hn for all n .

Thus g = h and the proof is complete.

We are now ready for our first main result on the optimal stopping prob-
lem. The following result is basically due to Dynkin (1963) (and, in a martin-
gale context, Snell (1952)):

Theorem 10.1.9 (Existence theorem for optimal stopping)
Let g* denote the optimal reward and g the least superharmonic magjorant of
a continuous reward function g > 0.

a) Then
9" (x) =g(z) . (10.1.17)

b) Fore> 0 let
D. = {z;9(x) <g(z) —€}. (10.1.18)

Suppose g is bounded. Then stopping at the first time 1. of exit from D,
is close to being optimal, in the sense that

9" (x) — E*[g(X~,)]| < 2¢ (10.1.19)

for all x.
c) For arbitrary continuous g > 0 let

D = {z;9(x) < g*(x)} (the continuation region) . (10.1.20)

For N = 1,2,... define g, = g AN, Dy = {z;9,(x) < gy(z)} and

on = Tpy- Then Dy C Dyy1, Dn € DNg Y ([0,N)), D = UDy. If
ony < 0 a.s. QF for all N then "

g (z) = lim E%[g(X,\)] - (10.1.21)

N—o0

d) In particular, if Tp < o0 a.s. Q% and the family {g(X,\)}n is uniformly
integrable w.r.t. Q* (Appendiz C), then

9" (x) = E*[9(X7p)]

and T = Tp is an optimal stopping time.
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Proof. First assume that g is bounded and define
ge(z) = E*[9(X;,)] fore>0. (10.1.22)
Then g, is supermeanvalued by Lemma 10.1.3 f). We claim that
g(x) <ge(z)+e  foral z. (10.1.23)

To see this suppose
B:=sup{g(x) — ge(z)} > €. (10.1.24)

Then for all n > 0 we can find z( such that
g(w0) = ge(xo) 2 B—1n . (10.1.25)
On the other hand, since g, + ( is a supermeanvalued majorant of g, we have
g(x0) < ge(wo) + 5. (10.1.26)

Combining (10.1.25) and (10.1.26) we get

g(zo) < g(o) + 1. (10.1.27)
Consider the two possible cases:

Case 1: 7. > 0 a.s. Q™. Then by (10.1.27) and the definition of D,

g(xo) + 1> g(xo) > E™[g(Xinr )] = E™[(g(Xy) + €)X, ] forallt>0.

{t<7e}

Hence by the Fatou lemma and lower semicontinuity of ¢

g(wo) +n > E%Ez°[(9(Xt) +€)X{1<r.y]

> EC”“[}LI&(Q(L) + €)X i<ry] = g(w0) + €.

This is a contradiction if n < e.

Case 2: 7. =0 a.s. Q™. Then g.(xo) = g(z0), s0 g(xo) < Ge(x0), contradict-
ing (10.1.25) for n < G.

Therefore (10.1.24) leads to a contradiction. Thus (10.1.23) is proved and
we conclude that g. + € is a supermeanvalued majorant of g. Therefore

9<gete=Eg(Xr )l +e<El(g+e)(Xr )| +e<g”+2  (10.1.28)

and since € was arbitrary we have by (10.1.12)

*

g=9g".
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If g is not bounded, let
gy = min(N,g), N=12,...
and as before let g, be the least superharmonic majorant of gy. Then
g >9. =395 1h as N — oo, where h > ¢

since h is a superharmonic majorant of g. Thus h = g = g* and this proves
(10.1.17) for general g. From (10.1.28) and (10.1.17) we obtain (10.1.19).
Finally, to obtain ¢) and d) let us again first assume that ¢ is bounded.
Then, since
T T 7D as €0

and 7p < 00 a.s we have

E*lg(X,,)] = E*lg(Xep)]  as €0, (10.1.29)
and hence by (10.1.28) and (10.1.17)

9" (z) = E®[9(X+,)] if g is bounded . (10.1.30)
Finally, if ¢ is not bounded define

h= lim g, .
NgnoogN

Then h is superharmonic by Lemma 10.1.3 d) and since g, < g for all N we
have h < g. On the other hand g, < g, < h for all N and therefore g < h.
Since g is the least superharmonic majorant of g we conclude that

h=3. (10.1.31)
Hence by (10.1.30), (10.1.31) we obtain (10.1.21):

g"(x) = lim gy (x) = lim E*[gy(Xoy)] < lim E%[g(Xoy)] < g"(2) -

N—oo N —o0

Note that gy <N everywhere, so if g, (z) <g, (z) then g, (z) <N and there-
fore g(z) = g, (2) < G (2) < §(x) and gy, (2) = g (2) < G5(2) < G ()
Hence Dy € DN{x;g(xz) < N} and Dy C Dy for all N. So by (10.1.31) we
conclude that D is the increasing union of the sets Dy; N = 1,2,... Therefore

D = lim ON .
N

So by (10.1.21) and uniform integrability we have
§() = Jim gi(x) = lim E7lg, (X,,)
= EI[A}EHOOQN(XUN)] = EI[Q(XTD)] )

and the proof of Theorem 10.1.9 is complete. a
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Remarks.

1) Note that the sets D, D, and Dy are open, since g = g* is lower semicon-
tinuous and g is continuous.

2) By inspecting the proof of a) we see that (10.1.17) holds under the weaker
assumption that g > 0 is lower semicontinuous.

The following consequence of Theorem 10.1.9 is often useful:
Corollary 10.1.10 Suppose there exists a Borel set H such that
G (@)= E7lg(X,, )]
is a supermeanvalued magjorant of g. Then
g (x) =7g,(x), so 7" =7y is optimal .
Proof. 1f g,, is a supermeanvalued majorant of g then clearly
g(z) < gy (z) .

On the other hand we of course have
9u(x) < sup E*[g(X7)] = g"(x) ,
so g* =g, by Theorem 10.1.7 and Theorem 10.1.9 a). O
Corollary 10.1.11 Let
D = {w;g(x) <g(z)}
and put
9(x) = g, (z) = E*[g(X7p)] -
If g > g then g = g*.
Proof. Since X, ¢ D we have g(X,;,) > g(X,,) and therefore g(X,,) =

9(X:p), as. Q7. So g(z) = E*[g(X,,)] is supermeanvalued since g is, and the
result follows from Corollary 10.1.10. O

Theorem 10.1.9 gives a sufficient condition for the existence of an optimal
stopping time 7*. Unfortunately, 7% need not exist in general. For example, if

X; =t for t >0 (deterministic)

and
62
- . R
9(&) = 1 =i §e
then ¢g*(x) = 1, but there is no stopping time 7 such that
Eolg(X,)] = 1.

However, we can prove that if an optimal stopping time 7* exists, then the
stopping time given in Theorem 10.1.9 is optimal:
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Theorem 10.1.12 (Uniqueness theorem for optimal stopping)
Define as before
D ={z;g(z) <g"(x)} CR".

Suppose there exists an optimal stopping time 7 = 7*(x,w) for the problem

(10.1.2) for all x. Then
™ >7p  forall z€D (10.1.32)

and
9" (z) = E®[9(X;,)] forall x € R™. (10.1.33)

Hence 1p is an optimal stopping time for the problem (10.1.2).
Proof. Choose x € D. Let 7 be an F;-stopping time and assume

Q®[r < tp] > 0. Since g(X,) < ¢*(X,) if 7 < 7p and g < g* always, we have

E[g(X,)] = / 9(X,)dQ" + / 9(X,)dQ"

T<TD T>TD
< </ 0" (X,)dQ" + / 0 (X,)dQ" = E°[g*(X,)] < ¢ (x) |

since ¢g* is superharmonic. This proves (10.1.32).
To obtain (10.1.33) we first choose x € D. Since g is superharmonic we
have by (10.1.32) and Lemma 10.1.3 e)

9" (x) = E*[g(X74)] < E*[g(X74)] < E*[g(X7,)]
= E%g(X;:p)] < g"(z), which proves (10.1.33) for x € D .

Next, choose z € D to be an irregular boundary point of D. Then 7p > 0
a.s. @*. Let {ax} be a sequence of stopping times such that 0 < o < 7p and
ar — 0 as. QF, as k — oo. Then X,, € D so by (10.1.32), (7.2.6) and the
strong Markov property (7.2.2)

B [g(Xrp)|= B[00, 9( X7, )] = E°[EXx [g(X7,)]| = B [9"(Xa,)]  for all k.
Hence by lower semicontinuity and the Fatou lemma

9" () < E*[lim g*(Xo,)] < lim E¥[g"(Xa,)] = E*[9(X7,)] -

k—oo k—o0

Finally, if z € 0D is a regular boundary point of D or if x € D we have 7p = 0
a.s. Q% and hence g*(z) = E*[g(X,,)]- O

Remark. The following observation is sometimes useful:
Let A be the characteristic operator of X. Assume g € C?(R™). Define

U = {z; Ag(z) > 0} . (10.1.34)
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Then, with D as before, (10.1.20),
UcD. (10.1.35)

Consequently, from (10.1.32) we conclude that it is never optimal to stop the
process before it exits from U. But there may be cases when U # D, so that
it is optimal to proceed beyond U before stopping. (This is in fact the typical
situation.) See e.g. Example 10.2.2.

To prove (10.1.35) choose z € U and let 7y be the first exit time from a
bounded open set W >z, W C U. Then by Dynkin’s formula, for v > 0

ToAUw

E”[g(XTOAuﬂ:g(xHEw[ / Ag(Xs>ds} _

so g(x) < ¢*(z) and therefore z € D.

Example 10.1.13 Let X; = B, be a Brownian motion in R?. Using that B,
is recurrent in R? (Example 7.4.2) one can show that the only (nonnegative)
superharmonic functions in R? are the constants (Exercise 10.2).

Therefore

9" (z) = |lgll: = sup{g(y);y € R*}  for all z.

So if g is unbounded then g* = oo and no optimal stopping time exists.
Assume therefore that g is bounded. The continuation region is

D ={z;9(z) <lgll}

so if OD is a polar set i.e. cap (0D) = 0, where cap denotes the logarithmic
capacity (see Port and Stone (1979)), then 7p = oo a.s. and no optimal
stopping exists. On the other hand, if cap(dD) > 0 then 7p < co a.s. and

E*[g(Brp)] = ll9lloc = g% ()
so 7" = 7p is optimal.
Example 10.1.14 The situation is different in R™ for n > 3.

a) To illustrate this let X; = B; be Brownian motion in R3 and let the reward

function be € ) €
_ ST for gl =1, 3

Then g is superharmonic (in the classical sense) in R3, so g* = g every-
where and the best policy is to stop immediately, no matter where the
starting point is.



10.1 The Time-Homogeneous Case 219

b) Let us change g to

x| for |z > 1
h(w) = {1 for |z] <1

for some o > 1. Let H = {x;|x| > 1} and define
h(z) = E*[M(Byy)] = P¥lry < oo] .
Then by Example 7.4.2

(1 iffa <1
h($>—{|x|—1 if 2] > 1,

ie. h= g (defined in a)), which is a superharmonic majorant of h. There-
fore by Corollary 10.1.10 _
h*=h=g,

H = D and 7" = 7 is an optimal stopping time.

Reward Functions Assuming Negative Values

The results we have obtained so far regarding the problem (10.1.2)—(10.1.3)
are based on the assumptions (10.1.1). To some extent these assumptions can
be relaxed, although neither can be removed completely. For example, we have
noted that Theorem 10.1.9 a) still holds if g > 0 is only assumed to be lower
semicontinuous.

The nonnegativity assumption on g can also be relaxed. First of all, note
that if g is bounded below, say g > —M where M > 0 is a constant, then we
can put

g1=9g+M2=>0

and apply the theory to g;. Since
E®lg(X;)] = E°l1(X;)] — M if 7 <ooas.,

we have g*(z) = g} (z) — M, so the problem can be reduced to the optimal
stopping problem for the nonnegative function g;. (See Exercise 10.4.)

If g is not bounded below, then problem (10.1.2)-(10.1.3) is not well-
defined unless

Elg™(X;)] < for all (10.1.36)
where
g9~ (x) = —min(g(x),0) .

If we assume that g satisfies the stronger condition that

the family {¢~(X,); 7 stopping time} is uniformly integrable  (10.1.37)

then basically all the theory from the nonnegative case carries over. We refer to
the reader to Shiryaev (1978) for more information. See also Theorem 10.4.1.
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10.2 The Time-Inhomogeneous Case

Let us now consider the case when the reward function g depends on both
time and space, i.e.

g=g(t,z):RxR" —[0,00) , g is continuous . (10.2.1)
Then the problem is to find go(x) and 7* such that
go(x) = sup E®g(r, X;)] = E®[g(1", X;+)] . (10.2.2)
To reduce this case to the original case (10.1.2)—(10.1.3) we proceed as follows:
Suppose the It6 diffusion X; = X' has the form
dX; = b(Xy)dt + o(X)dBy ; t>0, Xo=1x

where b: R" — R™ and 0:R"” — R™ ™ are given functions satisfying the
conditions of Theorem 5.2.1 and B; is m-dimensional Brownian motion. Define
the Tt6 diffusion V; = V;**) in R"*1 by

Y= {S;tf} ;o t>0. (10.2.3)
Then
= [b&t)} t + [U&t)} dB, =b(Y))dt +5(Y,)dB:  (10.2.4)
where
~ ~ 1 0---0
bn) = b(t, &) = [b(g)] CRM. () = B(tE) = e ROm+DXm

with n = (t,€) € R x R™

So Y; is an Tto diffusion starting at y = (s, ). Let RY = R(>®) denote the
probability law of {Y;} and let EY = E(*®) denote the expectation w.r.t. RY.
In terms of Y; the problem (10.2.2) can be written

golw) = g0, 2) = sup OV [g(¥;)] = BO2 g (V)] (10.2.5)

which is a special case of the problem

g (s,2) = sup BC[g(¥r)] = B g(¥Vr )] (10.2.6)

which is of the form (10.1.2)—(10.1.3) with X; replaced by Y;.
Note that the characteristic operator A of Y; is given by

Ap(s,z) = %(s,x) + A¢(s, ) ; € C*(R xR") (10.2.7)

where A is the characteristic operator of X; (working on the z-variables).
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Example 10.2.1 Let X; = B; be 1-dimensional Brownian motion and let
the reward function be

g(t,§) =e P ceR
where o, 8 > 0 are constants. The characteristic operator A of Yt = [‘Eﬁt]
t

is given by

~ of 1 0%f

Af(s,2) = —+ = —5; eC?.

f(s,2) 0s 2 0Ozx? /

Thus

Ag = (—a+ 3079,
so if 42 < 2a then ¢* = ¢ and the best policy is to stop immediately. If

32 > 2a we have R
U:={(s,2); Ag(s, ) > 0} = R?

and therefore by (10.1.35) D = R? and hence 7* does not exist. If 5% > 2«
we can use Theorem 10.1.7 to prove that g* = oco:

sup E(%) [9(Y;)] = sup E[eia(HtHﬁBf]

teSy teSy
2
= sup [e~ (). Hatah t] (see the remark following (5.1.6))
tes,
132
= sup g(s,2) - e T = g(s,2) - exp((—a + 15%)27)
teS,

SO gn(s,x) — oo as n — oo.
Hence no optimal stopping exists in this case.

Example 10.2.2 (When is the right time to sell the stocks?
(Part 1)) We now return to a specified version of Problem 5 in the introduc-
tion:

Suppose the price X; at time ¢ of a person’s assets (e.g. a house, stocks,
oil ...) varies according to a stochastic differential equation of the form

dXt = T’Xtdt + OtXtdBt7X0 =x>0 5

where B; is 1-dimensional Brownian motion and r, a are known constants.
(The problem of estimating « and r from a series of observations can be
approached using the quadratic variation (X, X); of the process {X;} (Ex-
ercise 4.7) and filtering theory (Example 6.2.11), respectively. Suppose that
connected to the sale of the assets there is a fixed fee/tax or transaction cost
a > 0. Then if the person decides to sell at time ¢ the discounted net of the
sale is
e "Xy —a),

where p > 0 is given discounting factor. The problem is to find a stopping
time 7 that maximizes

ECS e (X, - a)] = BOPg(r, X,)],
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where

g(t,&) = e (€ —a).
The characteristic operator A of the process Y; = (s + ¢, X;) is given by

o~ 8 8 82
Af(s,z) = a—i + maTJ: + %a2x287;; ;. feC*R?).

Hence Ag(s, ) = —pe=P5(z — a) + roe " = e P*((r — p)z + pa). So

R xRy ifr>p

U:.= {(s,x);ﬁg(s,m) >0} = { {(s,z);2z < p“_”r} ifr<p.

So if » > p we have U = D = R x Ry so 7* does not exist. If r > p then
g* = oo while if r = p then

g (s,x) =xze P .
(The proofs of these statements are left as Exercise 10.5.)

It remains to examine the case r < p. (If we regard p as the sum of
interest rate, inflation and tax etc., this is not an unreasonable assumption in
applications.) First we establish that the region D must be invariant w.r.t. ¢,

in the sense that
D + (tp,0) =D for all tg . (10.2.8)

To prove (10.2.8) consider
D+ (t0,0) = {(t + to, 2); (,2) € D} = {(s,2); (s — to, ) € D}

(s,2):9(s —to, x) < g"(s —to, x)} = {(s,2);"0g(s,x) < e”g"(s,2)}
(s,2);9(s,2) < g"(s,2)} = D,

where we have used that
g (s —tg,z) = sup B0 [e7PT(X, — a)] = sup E[e P70 (X7 _ g)]

= e sup E[e_”(TJrs) (XT —a)] = efog*(s,x) .

T

Therefore the connected component of D that contains U must have the form

D(xo) = {(t,2);0 < x < zo} for some xo > ¥ .

Note that D cannot have any other components, for if V' is a component of
D disjoint from U then Ag < 0 in V and so, if y € V,

BYlg(Y)] = g(y) + BV [ / ﬁgm)dt] < g(w)
0
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for all exit times 7 bounded by the exit time from an z-bounded strip in V.
From this we conclude by Theorem 10.1.9 ¢) that ¢*(y) = ¢g(y), which implies
vV =0.

Put 7(x9) = Tp(a,) and let us compute

E(va) = gxo (3,.23) = gl [Q(Y‘r(zo))] : (1029)

From Chapter 9 we know that f = g is the (bounded) solution of the boundary
value problem

2
%+T$%+%O&2I2%:O for 0 <z <z

f(s,z9) = e P(xzg —a) .

(Note that R x {0} does not contain any regular boundary points of D w.r.t.
If we try a solution of (10.2.10) of the form

f(s,x) = e ¢(x)

we get the following 1-dimensional problem

(10.2.10)

—pp +ra¢/ (x) + La2a?¢"(z) = 0 for 0 <z < x0 } (102.11)
d(xg) = 29— a.
The general solution ¢ of (10.2.11) is
d(x) = Cra™ + Coz? |
where C7, Cy are arbitrary constants and
Vi :a_Q[%ag —r:l:\/(r— 102)2 + 2pa? (i=1,2), 72<0< .

Since ¢(z) is bounded as x — 0 we must have Co = 0 and the boundary
requirement ¢(zg) = o — a gives Cy = xy "' (xg — a). We conclude that the
bounded solution f of (10.2.10) is

X

Guo(8,2) = f(s5,7) = e "*(z9 — a) ()71 : (10.2.12)

Zo

If we fix (s, ) then the value of 2y which maximizes g, (s, ) is easily seen to

be given by am (10.2.13)
Lo = Tmax — o
0 "1

(note that vy, > 1 if and only if r < p).
Thus we have arrived at the candidate g, . (s,z) for g*(s,z) =
sup EG®) [e=P7 (X, — a)]. To verify that we indeed have g, = g* it would
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suffice to prove that g, . is a supermeanvalued majorant of g (see Corol-
lary 10.1.10). This can be done, but we do not give the details here, since this
problem can be solved more easily by Theorem 10.4.1 (see Example 10.4.2).

The conclusion is therefore that one should sell the assets the first time
the price of them reaches the value x,,x = —2-. The expected discounted

Y1i—1°
profit obtained from this strategy is '

_ -1 71—1 71
g*(s,x) = gzmax(svx) =e <%> < - ) .

a "

Remark. The reader is invited to check that the value xg = zax is the only
value of g which makes the function

T = Guo (8, ) (given by (10.2.9))

continuously differentiable at x(. This is not a coincidence. In fact, it illustrates
a general phenomenon which is known as the high contact (or smooth fit)
principle. See Samuelson (1965), McKean (1965), Bather (1970) and Shiryaev
(1978). This principle is the basis of the fundamental connection between opti-
mal stopping and variational inequalities. Later in this chapter we will discuss
some aspects of this connection. More information can be found in Bensoussan
and Lions (1978) and Friedman (1976). See also Brekke and (Jksendal (1991).

10.3 Optimal Stopping Problems Involving an Integral

Let
dY; = b(Yy)dt + o(Y;)dBy YYo=y (10.3.1)

be an It6 diffusion in R¥. Let g: R*¥ — [0, 00) be continuous and let f:R* —
[0,00) be Lipschitz continuous with at most linear growth. (These conditions
can be relaxed. See (10.1.37) and Theorem 10.4.1.) Consider the optimal stop-
ping problem: Find ®(y) and 7* such that

#(0) =sup £ | / P+ 9(1:)] =Ey[7f<mdt+g<m (1032)
0 0

This problem can be reduced to our original problem (10.1.2)—(10.1.3) by
proceeding as follows: Define the It6 diffusion Z; in R* x R = R*+! by

- 3]

o [b(Yt)} dt + {o(Yt)} dB,; Zo—z—=(yw). (103.3)

f(Y) 0

Then we see that

P(y) = sup EVO[W, + g(Y;)] = sup E¥V[§(Z,)]
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with
G2 = glpw)i=gly) +w;  c=(pw) eRFxR.  (103.4)

This is again a problem of the type (10.1.2)—(10.1.3) with X; replaced by
Z: and g replaced by g. Note that the connection between the characteristic
operators Ay of Y; and Ay of Z; is given by
¢ 2R k+1
Azd(2) = Az¢(y,w) = Ay oy, w) + f(y) 5~ ¢ € CO(RT). (10.3.5)

w

In particular, if §(y, w) = g(y) + w € C?(R**!) then

Az gy, w) = Ayg(y) + f(y) - (10.3.6)
Hence, in this general case the domain U of (10.1.34) gets the form
U={y; Avg(y) + f(y) > 0} . (10.3.7)

Example 10.3.1 Consider the optimal stopping problem
&(z) = sup E¥ {/ fe Pt X;dt + e_pTXT} ,
" 0
where

dX; = aX,dt + BX;dB;; Xo=1z>0

is geometric Brownian motion (a, 3,6 constants, § > 0). We put

dt | 1 [0
dy; = {dXt_ = {QXJ dt + ﬁXJ dBy; Yo =(s,1)
and
iv. ! [0
dZ, = [dVVt ] = aX, dt + | BX; | dB; ; Zy = (s,z,w) .
! | fe=PtX, 0
Then with
fly) = f(s,x) = 0e P, gly) =e Pz
and
§(s.z,w) = g(s,2) +w =zt
we have
~ g ag 82§ —pPSs 6§ —pPSs
Azg= 55 T T %52952@ +0e™” T (=p+atb)e .
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R3 ifp<a+0

From this we conclude (see Exercise 10.6):

Ifp>a+6then 7" =0

and &(s,z,w) = g(s,z,w) = e Pr+w. (10.3.8)
If a < p<a+ 80 then 7* does not exist

and &(s,x, w)= :L—””ae“’s—&—w . (10.3.9)
If p < a then 7* does not exist and ¢ = oo . (10.3.10)

10.4 Connection with Variational Inequalities

The ‘high contact principle’ says, roughly, that — under certain conditions —
the solution g* of (10.1.2)-(10.1.3) is a C* function on R™ if g € C?(R"™).
This is a useful information which can help us to determine g*. Indeed, this
principle is so useful that it is frequently applied in the literature also in cases
where its validity has not been rigorously proved.

Fortunately it turns out to be easy to prove a sufficiency condition of
high contact type, i.e. a kind of verification theorem for optimal stopping,
which makes it easy to verify that a given candidate for g*(that we may have
found by guessing or intuition) is actually equal to ¢g*. The result below is a
simplified variant of a result in Brekke and Oksendal (1991):

In the following we fix a domain G in R* and we let

dY; = b(Yy)dt + o(Y;)dBy Yo=y (10.4.1)
be an It6 diffusion in R*. Define
T¢ = 1¢(y,w) = inf{t > 0; Yi(w) ¢ V} . (10.4.2)

Let f:R* = R, ¢: R¥ — R be continuous functions satisfying
TG

(a) Ey[/f—(Yt)dt] <oo  forally e R¥ (10.4.3)
0

and
(b) the family {g~(Y;); T stopping time, 7 < 7} is uniformly integrable
w.r.t. RY (the probability law of Y;), for all y € R*. (10.4.4)

Let 7 denote the set of all stopping times 7 < 7. Consider the following
problem: Find @(y) and 7* € 7 such that

ly) = sup J7(y) = T (), (10.4.5)
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where

J7(y) = EY Uf(yt)dt+g(YT)] for 7 €T .
0

Note that since J°(y) = g(y) we have
D(y) > gly) forall y e G. (10.4.6)

We can now formulate the variational inequalities. As usual we let

) i 0*
L=Ly= Zbi(y)a—y +31> (GGT)ij(y)W
i=1 v i,j=1 e

be the partial differential operator which coincides with the generator Ay of
Y; on C2(RF).

Theorem 10.4.1 (Variational inequalities for optimal stopping)
a) Suppose we can find a function ¢: G — R such that

(i) ¢eCHG)NC(G)
(i) ¢>gonG lim (b(Y;t) = g(YTG)X{TG<OO} a.s.

t—Tg

Define
D ={z € G;¢(z) > g(z)} .

Suppose Yy spends 0 time on 0D a.s., i.e.
TG
(i) EY [ / XaD(m)dt] =0 foralyeG
0

and suppose that

(iv) 9D s a Lipschitz surface, i.e. 0D 1is locally the graph of a function
h:R*=! — R such that there exists K < oo with

|h(z) — h(y)| < K|z — y| for all z,y .

Moreover, suppose the following:
(v) ¢ € C?*(G\OD) and the second order derivatives of ¢ are locally bounded
near 0D
(vi) Lo+ f<0onG\D.
Then
¢(y) = 2(y)  forallyeG.

b) Suppose, in addition to the above, that

(vil) Lo+ f=0o0onD
(viil) 7p:=1inf{t > 0;Y; ¢ D} < o0 a.s. RY for ally € G
and
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(ix) the family {¢(Y;);7 < mp, 7 € T} is uniformly integrable w.r.t. RY, for

ally € G.
Then .
o(y) = d(y) = sup EY [/f(Yt)dt +g(YT)] ; yeG (10.4.7)
TeT 5
and

™ =1p (10.4.8)

s an optimal stopping time for this problem.

Proof. By (i), (iv) and (v) we can find a sequence of functions
¢; € C*(G)NC(G), j=1,2,..., such that

(a) ¢; — ¢ uniformly on compact subsets of G, as j — oo

(b) L¢; — L¢ uniformly on compact subsets of G\ 0D, as j — oo
(c) {L¢;}32, is locally bounded on G.
(

See Appendix D).

Let {GR}j::1 be a sequence of bounded open sets such that G = |J Gg.
R=1
Put Tp = min(R,inf {t > 0;Y; & Ggr}) and let 7 < 7¢ be a stopping time.
Let y € G. Then by Dynkin’s formula
TATR

Ey[¢j(YTATR)]:¢j(y)+Ey|: / L@(Yt)dt} (10.4.9)
0

Hence by (a), (b), (¢) and (iii) and the bounded a.e. convergence

TATR

oly) = jILH;oEy{ 0/ L¢j(Yt)dt+¢>j(YmTR)}
TATR
_ EJ[ O/ —L¢(Yt)dt+¢(YTATR)]. (10.4.10)

Therefore, by (ii), (iii) and (vi),
TATR

P(y) > EY fYo)dt + g(Yrary)| -
i |

Hence by the Fatou lemma and (10.4.3), (10.4.4)

TATR

o)z 5| [0+ V)| = 27| / PO + ()]

R—o00
0
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Since 7 < 7 was arbitrary, we conclude that
o(y) =2 d(y)  forall ye G, (10.4.11)

which proves a).
We proceed to prove b): If y ¢ D then ¢(y) = g(y) < $(y) so by (10.4.11)

we have
oY) =P(y) and T=T(y,w):=0 is optimal for y ¢ D . (10.4.12)

Next, suppose y € D. Let {Dj}32, be an increasing sequence of open sets Dy,

such that Dy C D, Dy, is compact and D= |J Dy. Put 7, =inf{t >0;Y; € Dy},
k=1
k=1,2,... By Dynkin’s formula we have for y € Dy,

T NTR
o) = Jim 630) = tim B[ ~Los V)t + 05(Voonm,)|
Tk ATR Tk ATR
= o [ ot o) | =2 | [ s oem)
0 0
So by uniform integrability and (ii), (vii), (viii) we get
T ANTR
o(y) = nggooEy[ / f(Y%)dt+¢(YTMTR)]
0

Ey|:/f(yt)dt+g(Y7—D)] =JP(y) <P(y). (10.4.13)
0

Combining (10.4.11) and (10.4.13) we get
o(y) = D(y) = J™ (y) = d(y)
SO
o(y) =P(y) and T(y,w):=7p is optimal when y € D . (10.4.14)
From (10.4.12) and (10.4.14) we conclude that
o(y) = D(y) forall y € G.
Moreover, the stopping time 7 defined by

0 fory¢ D
p forye D

) = {

is optimal. By Theorem 10.1.12 we conclude that 7p is optimal also. O
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Example 10.4.2 (When is the right time to sell the stocks?

(Part 2))

To illustrate Theorem 10.4.1 let us apply it to reconsider Example 10.2.2:
Rather than proving (10.2.8) and the following properties of D, we now

simply guess/assume that D has the form

D ={(s,2);0 <z < x0}

for some xo > 0, which is intuitively reasonable. Then we solve (10.2.11) for
arbitrary x¢ and we arrive at the following candidate ¢ for g*:

o(s, 1) = {eps(xo —a)(;5)" for 0 <z <o

e P(x —a) for z > xg .
The requirement that ¢ € C' (Theorem 10.4.1 (i)) gives the value (10.2.13)
for zg. It is clear that ¢ € C? outside D and by construction L¢ = 0 on
D. Moreover, conditions (iii), (iv), (viii) and (ix) clearly hold. It remains to
verify that

(il)  o(s,x)>g(s,x) for 0<x <z, i.e. P(s,2)>e P°(x — a) for 0<x <z
and
(v) Lo¢(s,x) <0 for > xg, i.e. Lg(s,z) <0 for x > xo.

This is easily done by direct calculation (assuming r < p).
We conclude that ¢ = ¢g* and 7* = 7p is optimal (with the value (10.2.13)
for xg).

Exercises

10.1.* In each of the optimal stopping problems below find the supremum
g* and — if it exists — an optimal stopping time 7*. (Here B; denotes
1-dimensional Brownian motion)

a) g*(z) = sup E*[B]]

b) g*(x) = sup E*[| B |"],
where p > 0.

¢) g*(z) =sup E”[e

d) g*(s,z) = sup E® [e= P+ cosh B,

_R2
B7)

where p > 0 and cosh x = 3 (e +e™).

10.2.* a) Prove that the only nonnegative (B,-) superharmonic functions in
R? are the constants.
(Hint: Suppose u is a nonnegative superharmonic function and that
there exist ,y € R? such that

u(z) < u(y) -
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Consider
E*u(B;)],

where 7 is the first hitting time for B; of a small disc centered at

y)-
b) Prove that the only nonnegative superharmonic functions in R are
the constants and use this to find g*(x) when

g(z) = ze ™ forx >0
0 for x <0.

¢) Let v € R, n > 3 and define, for x € R",

fo(x) = { |1x|7 for |z| > 1

for x| < 1.

For what values of v is f,(-) ((B¢)-) harmonic for |z| > 1 ? Prove
that f, is superharmonic in R™ iff y € [2 — n, 0] .

10.3.* Find g*,7* such that
g (s,x) = sup BEC?) [P+ B2 = EOD [P+ BT

where B; is 1-dimensional Brownian motion, p > 0 is constant.
Hint: First assume that the continuation region has the form

D ={(s,z); —x0 < x < zo}
for some x( and then try to determine xg. Then apply Theorem 10.4.1.

10.4. Let X; be an Ito diffusion on R™ and g: R® — R™ a continuous reward
function. Define

g°(z) = sup{E*[g(X;)]; T stopping time, E*[r] < oo} .

Show that ¢g® = g*.
(Hint: If 7 is a stopping time put 7, = 7Ak for k = 1,2, ... and consider
E* [g(X‘r) - X

<os]

< EZ[ lim Q(Xm)]) :

k—o0

10.5. With g,r, p as in Example 10.2.2 prove that
a) if r > p then g* = oo,
b) if r = p then g*(s,z) = ze r.

10.6. Prove statements (10.3.8), (10.3.9), (10.3.10) in Example 10.3.1.
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10.7. As a supplement to Exercise 10.4 it is worth noting that if g is not
bounded below then the two problems
9" (z) = sup{ E®[g(X;)]; T stopping time}
and
9°(z) = sup{ E*[g(X;)]; T stopping time, E*[7] < oo}

need not have the same solution. For example, if g(x)=z, X;=B;€R
prove that
g (x) = 0 forall z € R

while
¢°(x) = forall x € R..

(See Exercise 7.4.)

10.8. Give an example with g not bounded below where Theorem 10.1.9 a)
fails. (Hint: See Exercise 10.7.)

10.9.* Solve the optimal stopping problem

T

&(x) = sup E* [/epthdt +eP"B2| .

10.10. Prove the following simple, but useful, observation, which can be re-
garded as an extension of (10.1.35):
Let W = {(s,2); 37 with g(s,z) < B9 [g(s + 7, X,)]}.
Then W C D.

10.11. Consider the optimal stopping problem

g (s,2) = sup ECD[e~r(-+7) B

where B; € R and 21 = max{z,0}.

a) Use the argument for (10.2.8) and Exercise 10.10 to prove that the
continuation region D has the form

D ={(s,z);z <z}

for some x¢ > 0.
b) Determine z( and find g*.
¢) Verify the high contact principle:

g _ g
dr Oz

when (s,z) = (s,z0) ,

where g(t,z) = e Ptat.
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10.12.* The first time the high contact principle was formulated seems to
be in a paper by Samuelson (1965), who studied the optimal time for
selling an asset, if the reward obtained by selling at the time ¢ and
when price is £ is given by

g(t, &) =e (€ -1,

The price process is assumed to be a geometric Brownian motion Xy
given by
dXt = TXtdt + CMXtdBt 5 XO =x>0 5

where r < p.
In other words, the problem is to find ¢g*, 7" such that

g (s,) = sup B [e (7 (X, ~1)¥] = B2 [e (7 (X, —1)*] .

T

a) Use the argument for (10.2.8) and Exercise 10.10 to prove that the
continuation region D has the form

D ={(s,2);0 <x < xp}

for some xg > =
b) For a given g > £

— solve the boundary value problem

af—i—rxaf—i- a2m23f—0 for 0<z <z

f(s,0) =
o) =

(s,

by trying f(s,z) = e P*¢(x).
¢) Determine zy by using the high contact principle, i.e. by using that

=e ps(:co - 1"

g = @ when z ==z
or Ox -
d) With f,z¢ as in b), c) define
_ [ f(s2) s x < o
V(Sa-r) - {e—ps(x _ 1)+ Cox>x.

Use Theorem 10.4.1 to verify that v = ¢g* and that 7 = 7p is
optimal.

10.13.* (A resource extraction problem)
Suppose the price P; of one unit of a resource (e.g. gas, oil) at time ¢
is varying like a geometric Brownian motion

dPt:OlPtdt+ﬂPtdBt, P():

where By is 1-dimensional Brownian motion and «, 8 are constants.
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Let Q; denote the amount of remaining resources at time ¢. Assume
that the rate of extraction is proportional to the remaining amount, so
that

dQy = —AQdt ; Qo=gq
where A\ > 0 is a constant.

If the running cost rate is K > 0 and we stop the extraction at the
time 7 = 7(w) then the expected total discounted profit is given by

JT(Sap, Q) = E(s,p,q) |:/()‘PtQt - K)eip(Sth)dt + eip(SJrT)g(PT» Q‘r) )

where p > 0 is the discounting exponent and g(p, q) is a given bequest
function giving the value of the remaining resource amount ¢ when the
price is p.

a) Write down the characteristic operator A of the diffusion process

dt
dX, = | dpP, | ; Xo=(s,p,9)
dQy

and formulate the variational inequalities of Theorem 10.4.1 corre-
sponding to the optimal stopping problem

B(s,p,q) =sup J7(s,p,q) = J" (5,p,q) -

b) Assume that g(p,q) = pg and find the domain U corresponding to
(10.1.34), (10.3.7), i.c.

U={(s,p,9); Ale""*g(p,q)) + f(s,p,q) >0},

where
f(s:p,q) = e " (Apg — K) .

Conclude that
(i) if p > « then 7* =0 and P(s,p, q) = pge”*
(i) if p < o then D D {(s,p,q);pq > ai_p}
¢) As a candidate for ¢ when p < a we try a function of the form

e P%pq ; 0<pg<wo
o(s,p,q :{ _ ’
( ) e " P(pq) s g > yo

for a suitable ¥: R — R, and a suitable yg. Use Theorem 10.4.1 to
determine v, yo and to verify that with this choice of ¥, yy we have
p=®and 7* =inf{t > 0; P,Q: <yo}, il p<a<p+ A\

d) What happens if p+ A <« ?



Exercises 235

10.14.* (Finding the optimal investment time (I))
Solve the optimal stopping problem

W(S»p):supE(“”[ / e Pt Pt — Cem Pt |

where
dP; = aP,dt + 3P,dB; ; Ph=p,

B; is 1-dimensional Brownian motion and «, 3, p, C' are constants,

0 < a < pand C > 0. (We may interpret this as the problem of finding
the optimal time 7 for investment in a project. The profit rate after
investment is P; and the cost of the investment is C. Thus ¥ gives the
maximal expected discounted net profit.)

o0 o0 T
Hint: Write [ e Pt Pydt = e=P5[ [ e Pt P,dt — [ e~ Pt P,dt]. Compute
T 0 0

oo
E[[e~?'Pdt] by using the solution formula for P, (see Chapter 5) and

0
then apply Theorem 10.4.1 to the problem

&(s,p) = sup EP) {— /e_p(5+t)Ptdt — Ce Pt
! 0
10.15. Let B; be 1-dimensional Brownian motion and let p > 0 be constant.
a) Show that the family
{e7""B;; T stopping time}

is uniformly integrable w.r.t. P*.
b) Solve the optimal stopping problem

&(s,z) = sup EC [e P+ (B — a)]

when a > 0 is constant. This may be regarded as a variation of Ex-
ample 10.2.2/10.4.2 with the price process represented by B; rather
than Xt.

10.16. (Finding the optimal investment time (II))
Solve the optimal stopping problem

W(S,p) = sup E(p) [/e_p(s+t)Ptdt _ Ce—r(s+7)

T

where
dPt:,udt‘FO'dBt, P():p

with p, o # 0 constants. (Compare with Exercise 10.14.)



236 10. Application to Optimal Stopping
10.17. a) Let
dXy = pdt + o dBy ; Xo=2z€R
where p and o are constants. Prove that if p > 0 is constant then

oo
E* [/e*pt|Xt\dt] < 00 for all z .
0
b) Solve the optimal stopping problem

T

(s, x) = sup 5 {/efp(sﬂ) (X — a)dt],
7>0
- 0

where a > 0 is a constant.
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